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Abstract. In the article we consider the space LDp
γ(Ω), being the

space of Lp-bounded deformations in an open set Ω of finite perimeter
and having the Lp-integrability of the boundary values. We demonstrate
the embedding result LpN/(N−1)(Ω) ⊂ LDp

γ(Ω). The necessity of these
type of embeddings appears in the theory, describing the motion of rigid
bodies in a viscous fluid.

1. Presentation of the problem

The problem of motion of rigid bodies in a viscous fluid, filling a bounded
domain, was studied by many authors Hoffmann, Starovoitov [21], San
Mart́ın, Starovoitov, Tucsnak [30], Feireisl, Hillairet, Nečasová [13], Bost,
Cottet, Maitre [8], Gunzburger, Lee, Seregin [16], Takahashi [32], Judakov
[39] and etc.. The authors of these works considered no-slip conditions on
the boundaries of the rigid bodies and the domain. Hesla [19], Hillairet [20],
Starovoitov [31] have shown that such modelling gives a paradoxical math-
ematical result of no collisions of the rigid bodies and no collisions of them
with the boundary of the domain.

One of possibilities to include collisions is to consider the slippage on
the boundaries. The slippage is prescribed by Navier boundary conditions.
Firstly the slippage have been considered by Neustupa, Penel [27], [28].
They have investigated a prescribed collision of a ball with a wall, when the
slippage is allowed on the boundaries of the ball and of the wall. The case of
the motion of a single body, moved in the whole space R3, has been studied
in [29]. Recently Gérard-Varet, Hillairet [14] have proved a local-in-time
existence result: up to collisions. In [15] it has been shown that a rigid ball
touches the boundary of the wall in a finite period of time in the case of
Navier boundary conditions on the boundaries of the ball and the wall. In
the article [9] the Navier condition on the boundary of the body and the
non-slip condition on the boundary of the domain has been considered and
shown the global-in-time solvability result of the weak solution.

One of the main obstacles to study, in a general situation, the motion of
many rigid bodies, which collide, is the absence of embedding results for the
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space of L2 integrable bounded deformations in domains with bad regularity
of boundary.
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(b) Cuspidal subregion of interest generated after
touching

Let Ω ⊂ RN be a bounded open set. Let us consider a vector-function
v : x ∈ Ω→ RN , and define the tensor of deformation Dv = 1

2(∇v+(∇v)T )
with the components

dij(v) = 1
2

(
∂vi
∂xj

+ ∂vj
∂xi

)
, i, j = 1, ...N.

Definition 1.1. We define the space of functions of Lp(Ω)-bounded defor-
mation with p ≥ 1 as

LDp(Ω) = {v ∈ Lp(Ω) : Dv ∈ Lp(Ω)} ,
endowed by the norm ||v||LDp(Ω) = ||v||Lp(Ω) + ||Dv||Lp(Ω).

Since at the moment of collision of the rigid body with the boundary of the
domain and/or of collision of two bodies, the fluid will occupy a domain with
cusps. In the following considerations we will be interested in embedding
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results involving the space LD2(Ω) for Ω with the cusps. The reason is that
under the study of the the motion of colliding rigid bodies it appears the
important question of the validation of the convective term

(1)
∫

Ω
(u⊗ u) : Dψ dx for the test function ψ ∈ LD2(Ω)

in cuspidal domains Ω (see the definition 2.1 in [9]). This question could
be solved if we will demonstrate that the solution u ∈ LD2(Ω) is integrable
at least in L4(Ω).

Let us do a short description of existing embedding results for cuspidal
domains. There are well known embedding results [1], [18], [26], involving
the Sobolev space W 1

2 (Ω), for cuspidal domains Ω. The methods, applied
in these works, can not be applied for LD2(Ω), since the technique, used in
these works, destroy the norm of our space LD2(Ω). The optimal embed-
ding theorem W 1

2 (V (xα)) ↪→ Lr(V (xα)) for r ∈ [1, 2(α+1)
α−1 ] in the cuspidal

domain
V (xα) = {x = (x, y) : 0 < x < 1, 0 < y < xα} ⊂ R2

was obtained in the article [25]. The embedding result W 1
2 (V (xα)) ↪→

Lq(∂V (xα)), with 1 6 q 6 2 for optimal values of α : α < 1 + 2
q , was

shown in [2]. For a more complete description of optimal embedding results
in cuspidal domains, we refer to [7], [22], [24], [26] and [37].

Now let us study the following example.

Example 1.2. Let us consider the cuspidal domain V (x2). This type of
cuspidal domains appears at the moment of touching of a ball moving in a
2D-fluid with a plane wall. We take the vector function
(2) w = ((s− 1)yx−s, x1−s)
with a real parameter s that will be chosen later on. Following the calcula-
tions of [3], p. 219-221, we have

Dw =
[
−s(s− 1)yx−s−1 0

0 0

]
and

||w||2Lq(V (x2)) ≤ C

∫ 1

0

(∫ x2

0
(ypx−ps + x−p(s−1))dy

)
dx ≤ C

∫ 1

0
x−p(s−1)+2)dx,

||Dw||2L2(V (x2)) ≤ C

∫ 1

0
x6−2(s+1)dx.

Considering q = 2, we obtain that

w ∈ LD2(V (x2)) for any s < 1 + 3
2 .

Moreover if we consider q = 2 + ε we conclude

w /∈ L2+ε(V (x2)) for s = 1 + 3
2 + ε

.
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Hence having LD2−integrability of functions in the cuspidal domains we
can not expect the Lq−integrability for q > 2 and can not solve positively the
above posed question of the validation of the convective term (1).

In what follows we will discuss the behaviour of boundary values of
LD2−functions. To do it let us present some notations, definitions and
results given in [4], [23], [36] and [35] which we will use. Let us denote the
Lebesgue measure as Ld in Rd and the d-dimensional Hausdorff measure as
Hd in RN for d ≤ N.

Definition 1.3. Let E ⊂ RN be a bounded LN−measurable set. We denote
the characteristic function of the set E by χE. If χE ∈ BV (RN ), then
E is called set with finite perimeter. It means that the generalized gradient
∇χE = (µ1, ..., µN ) = µ is the vector of bounded Radon measures µi, i =
1, ...N, satisfying∫

E
div φ dx = −

∫
Ω

(φ, dµ), for any φ = (φ1, ..., φN ) ∈ C1
c (RN )

and the number, called the perimeter of E,

P (E) = |∇χE |(RN ) = sup
φ

{∫
E
div φ dx : |φ| ≤ 1, φ ∈ C1

c (RN )
}

is finite.

The following results are presented on the pages 154-156 of [35] and on
the page 159, Proposition 3.62 of [4].

Proposition 1.4. 1) The set of all sets with finite perimeters forms algebra,
that is if E, F have finite perimeters then the sets RN\E, E ∪F, E ∩F also
have finite perimeters;

2) If the set E is an open set, that has Lipschitz boundary, then E is a
set with finite perimeter and P (E) = HN−1(∂E).

Remark 1.5. Let us consider the motion of few rigid bodies inside of a
bounded domain, occupied by a fluid. If we assume that the rigid bodies and
the domain have Lipschitz boundaries, then by Proposition 1.4 we conclude
that the fluid in the domain occupies an open set with finite perimeter (See
Figure 1(c)). By this reason we will be interested to derive an embedding
result LD2(Ω) ↪→ Lq(Ω) for arbitrary set Ω with finite perimeter (with some
additional information).

Let us introduce the concept of essential boundary (see the pages 256, 258
of [35] and on the page 158 of [5]). Let ωN (ρ) = LN (Bρ(x)) be the volume
of the ball Bρ(x) with the radius ρ > 0 and the center x ∈ RN . We define
the unit sphere

SN−1 = {a ∈ RN : |a| = 1}
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(c) Domain with finite perime-
ter

in RN and the hyperplane
Pa = {y ∈ RN : y · a = 0}

orthogonal to a, crossing the zero point of RN .

Definition 1.6. Let E be a given subset of RN . A point x ∈ is point of
density (rarefaction) of the set E if

lim
ρ→0+

LN (E ∩Bρ(x))
ωN (ρ) = 1 (0).

We denote by E∗ the set of all points of density of E and E∗ the complement
of the set of points of rarefaction of E. The set ∂∗E = E∗\E∗ is called the
essential boundary of the set E.

Let us recall some facts about sets with finite perimeter and its essential
boundary. For more details we refer the reader to the works [12], [5], [11],
[17], [38] and [36].

Proposition 1.7. Let E be a set with finite perimeter and let ∂∗E be its
essential boundary. Then:

1) (the page 205 of [11]) The boundary ∂∗E is countably HN−1-rectifiable,
that is

∂∗E = ∪∞n=1Kn ∪ S, where HN−1(S) = 0
and Kn is a compact subset of a C1 hypersurface in RN , that is

Kn = Φn(An), where Φn ∈ C1, An ⊂ RN−1 is compact
and the sets Kn are disjoint pairs.

2) (the page 205 of [11], the pages 227-228 of [36] and the pages 154, 158
of [5]) the unit normal ν = ν(x) exists for HN−1−a.a. points x ∈ ∂∗E.

3) (the page 233 of [36]) For a given a ∈ SN−1 let la(x) be the line parallel
to the vector a and crossing through x ∈ Pa. Then for LN−1-a.a. x ∈ Pa
the set la(x)∩E∗ is an union of finite number of open intervals with disjoint
closures, and the union of the boundary points of the intervals coincides with
the set la(x) ∩ ∂∗E.

Since the space LDp(Ω), p ≥ 1, is a subspace of the space of bounded
deformation BD(Ω), we can apply the result of [34] (see also [33]), that
the trace of functions in LDp(Ω) is well defined. The same result was also
described carrefully in Proposition 4.1. of [6].
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Proposition 1.8. Let Ω be a set with finite perimeter and let ∂∗Ω be its
essential boundary. If u(x) ∈ LDp(Ω), then for HN−1−a.e. x ∈ ∂∗Ω there
exist a vector function γu(x) ∈ RN , such that

(3) lim
ρ→0+

2
ωN (ρ)

∫
Bρ(x,ν)

|u(y)− γu(x)| dy = 0

where ν = ν(x) ∈ SN−1 is the internal normal at x ∈ ∂∗Ω and the half ball
Bρ(x,ν) is defined as

(4) Bρ(x,ν) = {y ∈ RN : |y− x| < ρ, (y− x) · ν > 0}.

We are able to show the embedding result LD2(Ω) ↪→ L2(∂Ω) for any
domain Ω with Lipschitz boundary, using the same approach of Theorem
1.1, the page 117 of [33] and Theorem 3.2 of [6] (see also Theorem and
Example given on the pages 224-227 of [35]). Nevertheless of it such type of
embedding result is not valid for the cuspidal domains. Let us explain it,
returning to the example 1.2.

Example 1.9. As we have shown in this example 1.2, the function (2)
belongs to LD2(V (x2)) for any given s < 1 + 3

2 . Let us fix a real parameter

s ∈ [32 , 1 + 3
2).

Then the boundary integral of w on 0 < x < 1, y = 0 in L2 is equal to∫ 1

0
x−2(s−1)dx = +∞,

that is w /∈ L2+ε(∂V (x2)) and the inclusion
LD2(Ω) ↪→ L2(∂Ω)

is not valid for the cuspidal domain Ω.

Hence the introduction of the following space LDp
γ(Ω) is natural.

Definition 1.10. Let Ω ⊂ RN be a bounded open set with a finite perimeter.
Let LDp

γ(Ω) be a space of functions u ∈ Lp(Ω) and u has the trace value
γu on the essential boundary ∂∗Ω (in the sense of (3)), which is p−power
integrable on ∂∗Ω with respect of Haussdorf measure HN−1. The norm in
the space LD2

γ(Ω) is defined as

‖u‖p
LDpγ(Ω) =

∫
Ω
|Du|p dx +

∫
∂∗Ω
|γu|p dHN−1(x).

Remark 1.11. In fact the space LD2
γ(Ω) appears under the construction of

the weak solutuion for the motion of rigid body in a viscous fluid by a priori
estimate (2.8) deduced in Theorem 2.1 of [9] (see also a priori estimate (4.5)
of Theorem 1 in [14]).
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Let us introduce the following notations. For given a ∈ SN−1 we define
the section

Ωy = {t ∈ R : y + ta ∈ Ω}

of Ω corresponding to a point y ∈ Pa. If Ωy is empty, we set∫
Ωy
f(y + ta) dt = 0

for any Lebesgue integrable function f : Ω → R. Then the Fubini-Tonelli
theorem implies

(5)
∫

Ω
f(x) dx =

∫
Pa

(∫
Ωy
f(y + ta) dt

)
dLN−1(y).

The following result of absolute continuity on lines is an analogue of The-
orems 7.13 and 10.35 of [23].

Lemma 1.12. Let Ω ⊂ RN be an open set. Let ak ∈ RN , k = 1, ..., N, be
arbitrary independent vectors.

For given u ∈ LDp(Ω) there exists a representative u of u, such for each
k = 1, ..., N and LN−1- a.e. y ∈ Pak the function

vk(t) = ak · u(y + tak)

is absolutely continuous on t ∈ Ωy and the following formula

(6) vk(t) = vk(t′) +
∫ t

t′
akDu(y + sak) · ak ds

is valid for any [t′, t] ⊂ Ωy.

Proof. Let us consider a sequence of standard mollifiers {ϕε}ε>0 (see
C.4, the pages 552-560, of [23]) and for every ε > 0 define

uε = u ∗ ϕε ∈ Ωε = {x ∈ Ω : dist(x, ∂Ω) > ε} .

By the same approach as in Lemma 10.16 of [23], we have

lim
ε→0+

∫
Ωε

(|uε − u|p + |Duε − Du|p) dx = 0.

Using (5), we have ∫
Pak

(∫
Ωy
|Du(y + tak)|2 dt

)
dLN−1(y) < ∞,

lim
ε→0+

∫
Pak

(∫
(Ωε)y

|Duε(y + tak)− Du(y + tak)|2 dt
)
dLN−1(y) = 0.
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Therefore there exists a subsequence {εn}, such that for LN−1−a.a. y ∈ Pak ,
k = 1, ..., N, we have ∫

Ωy
|Du(y + tak)|2 dt < ∞,

lim
εn→0+

∫
(Ωεn )y

|Duεn(y + tak)− Du(y + tak)|2 dt = 0.(7)

Let us put un = uεn and

E = {x ∈ Ω : lim
n→∞

un(x) exists in RN}.

This set E is well-defined, since for every x ∈ Ω we have x ∈ Ωεn for all n
sufficiently large (depending on x) and, thus un(x) is well-defined for all n
sufficiently large. Let us define

u(x) =
{

limn→∞ un(x), if x ∈ E;
0, if x ∈ Ω\E.

By Theorem C.19 and Corrollary B.122 of [23] the sequence{un} converges
point-wise to u for LN−a.a. points of Ω. Therefore we conclude that
LN (Ω\E) = 0 and the function u is one of representatives of u. The
Fubini theorem implies that∫

Pak

(
L1({t ∈ R : y + tak /∈ E })|2 dt

)
dLN−1(y) = 0,

and, thus we have that for LN−1−a.a. y ∈ Pak

(8) y + tak ∈ E for L1 − a.a. t ∈ R, ∀k = 1, ..., N,

Let P be a N -dimensional rectangle with the edges parallel to the vectors
a1, ...,aN , that can be described as

P =

x =
N∑

i,j=1
tk ak : tk ∈ [ck, dk] ⊂ R, ∀k = 1, ..., N

 .
Let us consider the rectangle P ⊂ Ω with ck, dk (k = 1, ..., N) being ratio-
nals. For ε > 0 sufficiently small, we have that P ⊂ Ωε, then by (7) we
have ∫ dk

ck

|Du(y + tak)|2 dt < ∞,

lim
n→∞

∫ dk

ck

|Dun(y + tak)− Du(y + tak)|2 dt = 0(9)

for LN−1−a.a. y ∈ Pak and all k = 1, ..., N .
We define vnk (t) = ak · un(y + tak), t ∈ [ck, dk]. Using (8) we choose

t′ ∈ [ck, dk], such that y + t′ak ∈ E. Then there exists the limit

(10) vnk (t′)→ vk(t′) = ak · u(y + t′ak) ∈ R.
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Since vn ∈ C∞([ck, dk]), we have

vnk (t) = vnk (t′) +
∫ t

t′

d

ds
(vnk (s)) ds

= vn(t′) +
∫ t

t′

N∑
i,j=1

aiajdij(un(y + sak)) ds for all t ∈ [ck, dk].

Hence (9)-(10) imply the existence of the limit

lim
n→∞

vn(t) = ak ·u(y+t′ak)+
∫ t

t′
akDu(y+sak ) ·ak ds for all t ∈ [ck, dk].

The definitions of E and u give that
(11) {y + tak : t ∈ [ck, dk]} ⊂ E
and the functions vk(t) = ak · u(y + tak ), k = 1, ..., N, fulfil

(12) vk(t) = vk(t′) +
∫ t

t′
akD(u(y + sak)) · ak ds for all t ∈ [ck, dk].

Hence each function vk=vk(t) is absolutely continuous on [ck, dk], such that
v′(t) = akD(u(y+ tak)) ·ak for L1–a.e. t ∈ [ck, dk] by Lemma 3.31 of [23].

Now if P̃ ⊂ Ω is another rectangle, such that

[ck, dk] ∩ [c̃k, d̃k] 6= ∅, ∀k = 1, ..., N,

then taking y ∈ Pak which is admissible for both P and P̃ and t′ ∈ [ck, dk]∪
[c̃k, d̃k], it follows from (11) and (12) that v is absolutely continuous in
[ck, dk] ∪ [c̃k, d̃k].

Since Ω can be written as a countable union of closed rectangles of this
type and since the union of countably many sets of LN−1-measure zero still
has LN−1-measure zero, using (11), (12) we conclude that for LN−1-a.e.
y ∈ Pak , the function vk(t) is absolutely continuous on any connected
component of Ωy. �

Let us formulate the following result.

Proposition 1.13. Let Ω be a set with finite perimeter. Let ν = ν(x) ∈
SN−1 be the internal normal at x ∈ ∂∗Ω and B1(x,ν) be the half ball defined
by (4).

Let a ∈ SN−1 ∩B1(x,ν) be arbitrary fixed vector and

(13) λa(E) = LN−1(πaE)

for any measurable (Borel) set E ⊂ RN on the plane Pa and πaE is the
projection of the set E ⊂ RN on Pa (the properties of λa are given on the
pages 235-236 of [36]).

For a given function u ∈ LDp
γ(Ω), there exists the limit

γau(x) = lim
ε→0+

1
ε

∫ ε

0
u(x + εsa) ds for λa − a.e. x ∈ ∂∗Ω,
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such that
γau(x) = γu(x) for λa − a.e. x ∈ ∂∗Ω.

The proof of this Proposition is absolutely the same as the proof of The-
orem of 11.2, the pages 243-245, of [36] without some changes. Since the
proof of Theorem, subsection 11.2, of [36] is based on the structure of the
set with finite perimeter and the existence of the trace values γu for a given
function u. In our case when u ∈ LDp

γ(Ω) the existence of γu is guaranted
by Proposition 1.8. By these reasons we omit the proof Proposition 1.13.

Corollary 1.14. Under the assumptions of Proposition 1.12 and the as-
sumption that Ω ⊂ RN is a open set with finite perimeter, then the formula
(11) is valid for any t, t′ ∈ Ωy.

Proof. We have that for LN−1- a.e. y ∈ Pak the relation (11) fulfills

vk(t) = vk(t′) +
∫ t

t′
akDu(y + sak) · ak ds for any [t′, t] ∈ Ωy.

Let us use the structure of sets with finite perimeter. By 3) of Proposition
1.7 there exist t0, t′0 ∈ R, such that

[t′0, t0] = Ωy and y + t0ak, y + t′0ak ∈ ∂∗Ω.

If we integrate this equality (11) over t′ ∈ (t′0, , t′0 + ε), divide on ε and
take the limit transition for ε→ 0, then Proposition 1.13 and (9)1 imply the
validity of this equality for s = t′0. By the same way we can demonstrate the
validation of (11) for the point t = t0. �

We are now ready to prove our main result. Let us formulate a preliminary
lemma, which proof can be find in [33], the page 128-129, Lemma 1.1. For
a vector ξ = (ξ1, . . . , ξN ) ∈ RN and each i ∈ {1, . . . , N}, we denote the
vectors

(14) ξ̂i = (ξ1, . . . , ξi−1, ξi+1, ..., ξN ) ∈ RN−1.

Lemma 1.15. Let θi = θi(ξ̂i) be non-negative integrable functions in RN−1,
i = 1, . . . , N . Then

(15)
∫
RN

(
N∏
i=1

θi

) 1
N−1

dξ ≤
N∏
i=1

(∫
RN−1

θi(ξ̂i) dξ̂i
) 1
N−1

.

The following is the main result of this work.
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Theorem 1.16. Let Ω be a bounded open set with finite perimeter. Then
if u ∈ LDp

γ(Ω), then u ∈ L
pN

(N−1) (Ω) and there exists a positive constant C,
depending only on N , p and the diameter of the domain Ω, such that
(16) ‖u‖

L
pN

(N−1) (Ω)
≤ C ‖u‖LDpγ(Ω) .

Proof. We follow closely the proof in Theorem 1.2, page 117, of [33] and
Theorem 6.95, the pages 333-336, of [10], combining with the approach
developed in Theorem, section 5, the pages 218-220, of [35]. This approach
was adapted to the case at hand of sets with finite perimeter.

(I) To explain our proof let us start from the simplest situation, consid-
ering the 2−dimensional case and p = 2, as warm up for the general case.
Let {e1, e2} be the euclidean basis of R2. We denote a point in R2 with
x = (x1, x2) and a vector field with u = (u, v).

1st step: Since the set Ω has a finite perimeter, then by 3) of Proposition
1.7 for L1-a.a. x2 ∈ R the intersection

Ω(x2) = le1((0, x2)) ∩ Ω
consists of a finite number M2(x2) of open intervals with disjoint closures

Ω(x2) = ∪M2(x2)
l=1 42,k, such that 42,l ∩42,m = ∅, ∀l 6= m,

where 42,l = (c2,l(x2),d2,l(x2)) is a straight line connecting the points
c2,l(x2) = (c2,l(x2), x2), d2,l(x2) = (d2,l(x2), x2) ∈ ∂∗Ω.

Consequently, Corollary 1.14 implies that for such admissible x2 ∈ R and
arbitrary chosen x1 ∈ Ω(x2), there exists an index k ∈ {1, . . . ,M2(x2)}, such
that x1 ∈ 42,k and

u(x) = u(x1, x2) = γu(c2,k(x2)) +
∫ x1

c2,k(x2)
∂x1u(s, x2) ds.

It follows that

u2(x) ≤ 2
[
|γu(c2,k(x2))|2 + (d2,k(x2)− c2,k(x2))

∫ d2,k(x2)

c2,k(x2)
|∂x1u(s, x2)|2 ds

]

≤ C

M2(x2)∑
l=1

[
|γu(c2,l(x2))|2 +

∫ d2,l(x2)

c2,l(x2)
|d11(u)(s, x2)|2 ds

]
= f2(x2)(17)

with the constant C depending only on the diameter of Ω.
In the same fashion, for L1-a.a. x1 ∈ R the intersection

Ω(x1) = le2((x1, 0)) ∩ Ω
consists of a finite number M1(x1) of open intervals with disjoint closures

Ω(x1) = ∪M1(x1)
l=1 41,l, such that 41,l ∩41,m = ∅, ∀l 6= m,

where 41,l = (c1,l(x1),d1,l(x1)) is a straight line connecting the points
c1,l(x1) = (x1, c1,l(x1)), d1,l(x1) = (x1, d1,l(x1)) ∈ ∂∗Ω.
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For admissible x1 ∈ R and arbitrary chosen x2 ∈ Ω(x1), there exists an
index k ∈ {1, . . . ,M1(x1)} , such that x2 ∈ 41,k and

v(x) = v(x1, x2) = γv(c1,k(x1)) +
∫ x2

c1,k(x1)
∂x2v(x1, s) ds.

Hence
(18)

v2(x) ≤ C
M1(x1)∑
l=1

[
|γu(c1,l(x1))|2 +

∫ d1,l(x1)

c1,l(x1)
|d22(u)(x1, s)|2 ds

]
= f1(x1).

Multiplying (17) with (18) and integrating over Ω, by Lemma 1.15 (or
simply by the Fubini-Tonelli theorem) we obtain∫

Ω
u2(x)v2(x) dx ≤

∫
Ω
f1(x1)f2(x2) dx ≤

∫
I1
f1(x1) dx1

∫
I2
f2(x2) dx2,

where Ii, i = 1, 2, are the projections of Ω on the xi-coordinate axis. We
have ∫

I1

M1(x1)∑
l=1

|γu(c1,l(x1))|2 dx1

∫
I2

M2(x2)∑
l=1

|γu(c2,l(x2))|2 dx2


≤
∫
∂∗Ω
|γ(u)|2 dHN−1(x)

by the properties of the measure λa given on the pages 235-236, section 7,
of [36]. Therefore∫

Ω
u2(x)v2(x) dx ≤ C

∫
I2
f1(x1) dx1

∫
I1
f2(x2) dx2

≤ C
(∫

∂∗Ω
|γ(u)|2 dx +

∫
Ω
|Du|2 dx

)2
= C ‖u‖4LD2

γ(Ω) .(19)

2nd step: Now we consider the basis a1 = 1√
2(1, 1), a2 = 1√

2(−1, 1). We
denote the coordinates of x in the basis (a1,a2) by (ξ1, ξ2), that is

x = (x1,x2) = ξ1a1 + ξ2a2.

Again, for L1- a.e. y2 = ξ2a2 ∈ Pa1 , that is for L1- a.e. ξ2 ∈ R, the
intersection of lines parallel to a1 with the domain Ω, crossing through y2,

Ω(ξ2) = la1(y2) ∩ Ω
consists of a finite number M2(ξ2) of open intervals with disjoint closures,
such that for x ∈ Ω(ξ2), there exists an interval

(c2,k(ξ2),d2,k(ξ2)) ⊂ Ω(ξ2) with c2,k(ξ2),d2,k(ξ2) ∈ ∂∗Ω.
For simplicity of notations we assume that this interval, being a part of
la1(y2), is described as

(c2,k(ξ2),d2,k(ξ2)) =
{

y = y2 + sa1 ∈ RN : s ∈ (c2,k(ξ2), d2,k(ξ2))
}
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Applying Corollary 1.14 for the function

v2(ξ1) = a1 · u(y2 + ξ1a1)

and proceeding as in (17)-(18), we obtain

v2
2(ξ1) ≤ 2

[
|a1 · γu(c2,k(ξ2))|2

+(d2,k(ξ2)− c2,k(ξ2))
∫ d2,k(ξ2)

c2,k(ξ2)
|a2Du(y2 + sa1) · a2|2 ds

]

≤ C

M2(ξ2)∑
l=1

[
|γu(c2,l(ξ2))|2 +

∫ d2,l(ξ2)

c2,l(ξ2)
|Du(y2 + sa1)|2 ds

]
= f2(ξ2).(20)

Also for L1- a.e. y1 = ξ1a1 ∈ Pa2 , that is or L1- a.e. ξ1 ∈ R, the intersection
of the line parallel to a2 with Ω, crossing through y1,

Ω(ξ1) = la2(y1) ∩ Ω

is a finite numberM1(ξ1) of open intervals with disjoint closures, then for x ∈
Ω(ξ1) there exists an interval, such that

(c1,k(ξ1),d1,k(ξ1)) ⊂ Ω(ξ1) with c1,k(ξ1),d1,k(ξ1) ∈ ∂∗Ω.

Defining
v1(ξ2) = a1 · u(y1 + ξ2a2),

Corollary 1.14 gives

v2
1(ξ2) ≤ C

M1(ξ1)∑
l=1

[
|γu(c1,l(ξ1))|2 +

∫ d1,l(ξ1)

c1,l(ξ1)
|Du(y2 + sa1)|2 ds

]
= f1(ξ1).

Multiplying this inequality with (20), integrating over (ξ1, ξ2) ∈ Ω and pro-
ceeding as it was done under the deduction of (19), we obtain the inequality∫ 2

Ω
v2(ξ1)2v1(ξ2)2 dξ1dξ2 ≤ C ‖u‖2LD2

γ(Ω) .

Observing that∫
Ω
v2(ξ1)2v1(ξ2)2 dξ1dξ2 =

∫
Ω

(a1 · u(x))2(a2 · u(x))2 dx

= 1
4

∫
Ω

(u− v)2(u+ v)2 dx,

we obtain ∫
Ω

(u4 − 2u2v2 + v4) dx ≤ C ‖u‖2LD2
γ(Ω) .

Therefore, combining this estimate with estimate (19) we conclude

‖u‖4L4(Ω) =
∫

Ω
(u4 + v4) dx ≤ C ‖u‖4LD2

γ(Ω) .

which coincides with (16) for N = 2 and p = 2.
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(II) We now turn to the general N -dimensional case. In the sequel we
follow closely the proof of Theorem 6.95, the pages 333-336 of [10].

In what follows we use the following notations. Let us denote the euclidian
basis of RN by {ei}Ni=1 . Given a vector a ∈ SN−1 and a point x ∈ Ω we
denote by y = Projax ∈ Pa the projection of x on the plane Pa and

Ωa(y) = la(y) ∩ Ω.
the intersection of Ω with the line parallel to a and crossing y (and x).

Since Ω is, by hypothesis, a set of finite perimeter, for LN−1−a.a. y =
Projax ∈ Pa, Ωa(y) is a finite number Ma(y) of open intervals with
disjoint closures. Consequently, for LN−1−a.a. y = Projax ∈ Pa, the
point x belongs to one of these intervals and its endpoints, which we denote
by ck(x), dk(x) are on the essential boundary ∂∗Ω of Ω. For simplicity of
notations we assume that this interval is described as

(ca,k(y),da,k(y)) =
{

x ∈ RN : x = y + ta, t ∈ (ca,k(y), da,k(y))
}
.

If we consider the function

va(x) = a · u(x) =
N∑
i=1

aiui(x),

then Corollary 1.14 implies that

|va(x)| ≤ |γ(va)(ca,k(y))|+
∫ da,k(y)

ca,k(y)
|aDu(y + sa) · a| ds.

From this inequality, it follows that

|va(x)|p ≤ C

Ma(y)∑
l=1

(
|γu(ca,l(y))|p +

∫ da,l(y)

ca,l(y)
|D(u)(y + sa)|p ds

)
= HN (u)(y)(21)

for LN−1−a.a. y = Projax ∈ Pa. Here and below C are constants depending
only on N, p and the diameter of Ω. Above, we have used the elementary
inequalities

|γ(va)| ≤ C|γu|, |aDu(y + sa) · a| ≤ C|D(u)|.
Let us introduce normalized orthogonal projections

hk = a − ak ek
|a − ak ek|

for each k = 1, 2, ..., N − 1

of the vector a onto coordinates hyperplanes, identified canonically with
RN−1. By the same way as it was shown (21), for a fixed k ∈ {1, ..., N − 1}
the function vhk(x) = hk · u(x) satisfies the inequality

|vhk(x)|p ≤ C

Mhk (y′)∑
l=1

(
|γu(chk,l(y

′))|p +
∫ dhk,l(y

′)

chk,l(y
′)
|D(u)(y′ + shk)|p ds

)
= Ik(u)(y′)(22)
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for LN−1−a.a. y′ = Projhkx ∈ Phk and the function vek(x) = ek · u(x)
fulfills

|vek(x)|p ≤ C

Mek (y′′)∑
l=1

(
|γu(cek,l(y

′′))|p +
∫ dek,l(y

′′)

cek,l(y
′′)
|D(u)(y′′ + s ek)|p ds

)
= Jk(u)(y′′)(23)

for LN−1−a.a. y′′ = Projekx ∈ Pek . Keeping k fixed, it follows that,

va(x) =
N∑
i=1

aiui(x) = vhk(x) + akvek(x)

Consequently
(24) |va(x)|p ≤ C

[
Ik(u)(y′) + Jk(u)(y′′)

]
.

We next use estimates (21)-(23) to bound

|va(x)|pN ≤ C HN (u)
N−1∏
k=1

[Ik(u) + Jk(u)] .

So that, calculating this product and accounting the trivial inequality

(α1 + ...+ αn)1/(N−1) ≤ n1/(N−1)(α1/(N−1)
1 + ...+ α1/(N−1)

n ),
which is valid for any positive α1, ..., αn and n ∈ N (in particular for
n = 2N−1). Therefore the term |va(x)|pN/(N−1) is bounded by a linear
combination of 2N−1 terms of the form
(25) Iσ = (H1 . . . HN )1/(N−1) ,

where Hk denotes either Ik or Jk.
Each of the terms Hk in the product above depends on N − 1 variables,

and hence we can apply Lemma 1.15. To see this fact, we introduce an
adapted basis {Ek}Nk=1 as follows. For each index k ∈ {1, . . . , N − 1}, we
set a vector Ek belonging to {hk, ek} and for k = N , we set EN = a. If all
components of the vector a are non zero, then it is easy to see that

{Ek}N−1
k=1 is a basis of RN−1 and {Ek}Nk=1 is a basis of RN .

The proof of this fact are given in Lemma 6.96, the page 334-335 of [10]. We
let ξj , j = 1, ..., N, denote the coordinates of x ∈ RN in the basis E1, ...,EN ,
that is,

x =
N∑
j=1

xiej =
N∑
j=1

ξj Ej

and identify x with the vector ξ =
∑N
j=1 ξj Ej .

Then, each term Iσ can be rewritten as

(Iσ(x(ξ)))N−1 =
N∏
k=1

θk(ξ̂k) with θk(ξ̂k) = Hk(ProjEkx(ξ)), k = 1, ..., N.



16 NIKOLAI V. CHEMETOV AND ANNA L. MAZZUCATO

Proceeding as it was done for the deduction of (19), we have∫
RN−1

θk(ξ̂k) dξ̂k ≤ ‖u‖pLDpγ(Ω) .

By Lemma 1.15 it follows that

(26)
∫

Ω
Iσ(x) dx ≤ C(σ)

N∏
i=1

(∫
RN−1

θk dξ̂k

) 1
N−1
≤ C ‖u‖

pN
N−1
LDpγ(Ω) ,

where the dependence on σ in the constant C comes from the Jacobian of
the change of variables from x to ξ, being a constant. Then, the integration
over Ω of |va(x)|2N/(N−1), being the linear combination of 2N−1 terms of
(25), yields ∫

Ω
|va(x)|2N/N−1 dx ≤ C ‖u‖

pN
N−1
LD2

γ(Ω) .

Lastly, we observe that, since a can be chosen arbitrarily away from the
coordinate planes, by varying a we can bound ‖ui‖L2N/N−1 for each com-
ponent ui of u as exemplified in the two-dimensional case. For example,
choosing a = 1√

N
(1, . . . , 1) first and the ā = 1√

N
(1, . . . ,−1, . . . , 1), where

−1 is in the i-th component, gives a bound on

‖ui‖LpN/N−1(Ω) =
√
N

2 ‖va − vā‖LpN/N−1(Ω).

We conclude that estimate (16) holds. �

Remark 1.17. The obtained embeeding result of Theorem 1.16 is an analog
of the embeeding result W 1,p

0 (Ω) ↪→ Lq(Ω) for q = pN
(N−p) , which is valid

for arbitrary open set (see Theorem 4.1.1., the page 177, of [38]). In our
embeeding result instead of zero boundary values we have used the boundness
of the non zero boundary values and some regularity of the boundary of
the domain, considering the domain with finite perimeter. Theorem 1.16
shows that the space LDp

γ(Ω) has less regularity properties than W 1,p
0 (Ω) ,

which is natural, since the Korn inequality is not valid in domains with finite
perimeter (see, example of [3] for cuspidal domain).
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[3] Acosta G., Durán R. G., López Garćıa F., Korn inequality and divergence op-
erator: counterexamples and optimality of weighted estimates. Proc. Amer. Math.
Soc., 141, 1 (2013) 217—232.

[4] Ambrosio L., Fusco N., Pallara D.. Functions of bounded variation and free
discontinuity problems. Oxford Science publications, Clarendon press, Oxford, 2000.

[5] Ambrosio L., S. Mortola, Tortorelli V. M.. Functionals with linear growth
defined on vector valued BV functions. J. Math. Pures et Appt. 70 (1991), 269- 323.

[6] Babadjian J.F.. Traces of functions of bounded deformation. ArXiv preprint,
https://arxiv.org/abs/1308.5497. (2013) 1-12.

[7] Besov O.V.. Integral estimates for differentiable functions on irregular domains.
Doklady Mathematics, 1 (2010) 87–90 (published in Doklady Academii Nauk, 430, 5
(2010) 583-585).

[8] Bost C., Cottet G.-H., Maitre E., Convergence analysis of a penalization method
for the three-dimensional motion of a rigid body in an incompressible viscous fluid.
SIAM J. Numer. Anal., 48(4) (2010) 1313-1337.
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