EMBEDDINGS FOR THE SPACE LD? ON SETS OF
FINITE PERIMETER
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ABSTRACT. In the article we consider the space LDZ (), being the
space of LP-bounded deformations in an open set §2 of finite perimeter
and having the LP-integrability of the boundary values. We demonstrate
the embedding result LPY/N=1(Q) C LD?(Q). The necessity of these
type of embeddings appears in the theory, describing the motion of rigid
bodies in a viscous fluid.

1. PRESENTATION OF THE PROBLEM

The problem of motion of rigid bodies in a viscous fluid, filling a bounded
domain, was studied by many authors Hoffmann, Starovoitov [21], San
Martin, Starovoitov, Tucsnak [30], Feireisl, Hillairet, Necasova [13], Bost,
Cottet, Maitre [8], Gunzburger, Lee, Seregin [16], Takahashi [32], Judakov
[39] and etc.. The authors of these works considered no-slip conditions on
the boundaries of the rigid bodies and the domain. Hesla [19], Hillairet [20],
Starovoitov [31] have shown that such modelling gives a paradoxical math-
ematical result of no collisions of the rigid bodies and no collisions of them
with the boundary of the domain.

One of possibilities to include collisions is to consider the slippage on
the boundaries. The slippage is prescribed by Navier boundary conditions.
Firstly the slippage have been considered by Neustupa, Penel [27], [28].
They have investigated a prescribed collision of a ball with a wall, when the
slippage is allowed on the boundaries of the ball and of the wall. The case of
the motion of a single body, moved in the whole space R?, has been studied
in [29]. Recently Gérard-Varet, Hillairet [14] have proved a local-in-time
existence result: up to collisions. In [15] it has been shown that a rigid ball
touches the boundary of the wall in a finite period of time in the case of
Navier boundary conditions on the boundaries of the ball and the wall. In
the article [9] the Navier condition on the boundary of the body and the
non-slip condition on the boundary of the domain has been considered and
shown the global-in-time solvability result of the weak solution.

One of the main obstacles to study, in a general situation, the motion of
many rigid bodies, which collide, is the absence of embedding results for the

Date: February 14, 2018.



2 NIKOLAI V. CHEMETOV AND ANNA L. MAZZUCATO

space of L? integrable bounded deformations in domains with bad regularity
of boundary.

FLUID

(a) Body touching the boundary
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I

(b) Cuspidal subregion of interest generated after
touching

Let © ¢ RN be a bounded open set. Let us consider a vector-function
v:x € Q — RY and define the tensor of deformation Dv = %(Vv—i— (vv)T)
with the components

1 avi 87}j —
dij(v) = 3 (axj + a@) , i,j=1,..N.

Definition 1.1. We define the space of functions of LP(Q2)-bounded defor-
mation with p > 1 as

LDP(Q)={veLP(Q): Dve LP(Q)},

endowed by the norm ||v||Lpr) = [|V[|ze() + |[DV|[Lr(0)-

Since at the moment of collision of the rigid body with the boundary of the
domain and/or of collision of two bodies, the fluid will occupy a domain with
cusps. In the following considerations we will be interested in embedding
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results involving the space LD?(f2) for 2 with the cusps. The reason is that
under the study of the the motion of colliding rigid bodies it appears the
important question of the validation of the convective term

(1) / (u®u) : Dy dx for the test function ¢ € LD*(Q)
Q

in cuspidal domains © (see the definition 2.1 in [9]). This question could
be solved if we will demonstrate that the solution u € LD?(£2) is integrable
at least in L*(Q).

Let us do a short description of existing embedding results for cuspidal
domains. There are well known embedding results [1], [18], [26], involving
the Sobolev space W4 (1), for cuspidal domains 2. The methods, applied
in these works, can not be applied for LD?(£2), since the technique, used in
these works, destroy the norm of our space LD?(2). The optimal embed-
ding theorem W} (V (z%)) < L"(V(2®)) for r € [1, %] in the cuspidal
domain

V() ={x=(r,y): 0<z<1, 0<y<az*}cCR?

was obtained in the article [25]. The embedding result Wi (V (z%)) <
L0V (z%)), with 1 < ¢ < 2 for optimal values of a : a < 1+ %,
shown in [2]. For a more complete description of optimal embedding results
in cuspidal domains, we refer to [7], [22], [24], [26] and [37].

Now let us study the following example.

was

Example 1.2. Let us consider the cuspidal domain V(x?). This type of
cuspidal domains appears at the moment of touching of a ball moving in a
2D-fluid with a plane wall. We take the vector function

(2) w=((s — 1)ya™*,2'7)

with a real parameter s that will be chosen later on. Following the calcula-
tions of [3], p. 219-221, we have

—s(s = Lyx="t 0 }

]D)w:[ 0 0

and
1 z? 1
||w||%q(V(a:2)) < 0/ (/ (ypx_ps+m_p(5_1))dy> dr < C’/ x—p(8—1)+2)d$’
0 0 0

1
HDWH%Q(V(IQ)) S C/() $6_2(S+1)d$‘.
Considering q = 2, we obtain that
3
w € LD*(V (z%)) forany s<1+4+ 7

Moreover if we consider ¢ = 2 + € we conclude
3

w ¢ L*T¢(V(2?)) for s=1+ e
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Hence having LD?—integrability of functions in the cuspidal domains we
can not expect the Li1—integrability for ¢ > 2 and can not solve positively the
above posed question of the validation of the convective term (1).

In what follows we will discuss the behaviour of boundary values of
LD?—functions. To do it let us present some notations, definitions and
results given in [4], [23], [36] and [35] which we will use. Let us denote the
Lebesgue measure as £? in R? and the d-dimensional Hausdorff measure as
He in RN for d < N.

Definition 1.3. Let E C RN be a bounded £ —measurable set. We denote
the characteristic function of the set E by xg. If xg € BV(RY), then
E is called set with finite perimeter. It means that the generalized gradient
Vxe = (41, ..., un) = i 1is the vector of bounded Radon measures p;, i =
1,...N, satisfying

/ div pdx = —/ (¢, dp), for any ¢ = (¢1,...,0N) € C’cl(RN)
E 0

and the number, called the perimeter of E,
P(B) = [Vxsl®") = sup { [ divoax: Jol <1, 6eClEY)]
® E

1s finite.

The following results are presented on the pages 154-156 of [35] and on
the page 159, Proposition 3.62 of [4].

Proposition 1.4. 1) The set of all sets with finite perimeters forms algebra,
that is if E, F have finite perimeters then the sets RN\E, EUF, ENF also
have finite perimeters;

2) If the set E is an open set, that has Lipschitz boundary, then E is a
set with finite perimeter and P(E) = HN1(OE).

Remark 1.5. Let us consider the motion of few rigid bodies inside of a
bounded domain, occupied by a fluid. If we assume that the rigid bodies and
the domain have Lipschitz boundaries, then by Proposition 1.4 we conclude
that the fluid in the domain occupies an open set with finite perimeter (See
Figure 1(c)). By this reason we will be interested to derive an embedding
result LD*(Q) < L(Q) for arbitrary set ) with finite perimeter (with some
additional information).

Let us introduce the concept of essential boundary (see the pages 256, 258
of [35] and on the page 158 of [5]). Let wy(p) = LY (B,(x)) be the volume
of the ball B,(x) with the radius p > 0 and the center x € RY. We define
the unit sphere

SV t={aecRY: |a]=1}
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(c) Domain with finite perime-
ter

in RY and the hyperplane
Po={ycRY:y.a=0}
orthogonal to a, crossing the zero point of RY.

Definition 1.6. Let E be a given subset of RN. A point x € is point of
density (rarefaction) of the set E if

. LN(EN B,(x))
lim
p—0F wn (p)

We denote by E* the set of all points of density of E and E, the complement
of the set of points of rarefaction of E. The set 0*E = E*\E, is called the

essential boundary of the set E.

=1(0).

Let us recall some facts about sets with finite perimeter and its essential
boundary. For more details we refer the reader to the works [12], [5], [11],
[17], [38] and [36].

Proposition 1.7. Let E be a set with finite perimeter and let O*E be its
essential boundary. Then:
1) (the page 205 of [11]) The boundary 0*E is countably H™ ' -rectifiable,
that is
OE=UX K,US, where HY71(S) =0

and K, is a compact subset of a C* hypersurface in RN, that is
K, =%,(4,), where @, € C, A, C RN s compact

and the sets K,, are disjoint pairs.

2) (the page 205 of [11], the pages 227-228 of [36] and the pages 154, 158
of [5]) the unit normal v = v(x) exists for HN "1 —a.a. points x € O*E.

3) (the page 233 of [36]) For a given a € SN~ let [5(x) be the line parallel
to the vector a and crossing through x € Pa. Then for LN '-a.a. x € P,
the set la(x) N E, is an union of finite number of open intervals with disjoint
closures, and the union of the boundary points of the intervals coincides with
the set la(x) N O*E.

Since the space LDP(Q2), p > 1, is a subspace of the space of bounded
deformation BD({2), we can apply the result of [34] (see also [33]), that
the trace of functions in LDP(Q) is well defined. The same result was also
described carrefully in Proposition 4.1. of [6].
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Proposition 1.8. Let € be a set with finite perimeter and let 0*§) be its
essential boundary. Ifu(x) € LDP(Q), then for HN1—a.e. x € 0*Q there
exist a vector function yu(x) € RN, such that

2
3 lim / u(y) —yu(x)|dy =0
3) S ) Bp(x,u)‘ (y) —yu(x)|dy

where v = v(x) € SN~ is the internal normal at x € 9*Q) and the half ball
B,(x,v) is defined as

(4) By(x,v)={y€RY: |y—x|<p, (y—x) v >0}

We are able to show the embedding result LD?(Q) < L2(0) for any
domain 2 with Lipschitz boundary, using the same approach of Theorem
1.1, the page 117 of [33] and Theorem 3.2 of [6] (see also Theorem and
Example given on the pages 224-227 of [35]). Nevertheless of it such type of
embedding result is not valid for the cuspidal domains. Let us explain it,
returning to the example 1.2.

Example 1.9. As we have shown in this example 1.2, the function (2)
belongs to LD?*(V (2?)) for any given s < 1+ 3. Let us fix a real parameter
3 3
s€ [2, 1+ 2).
Then the boundary integral of w on 0 < x <1, y =0 in L? is equal to

1
/ 2726V dr = 400,
0

that is w ¢ L?>T¢(0V (2?)) and the inclusion
LD?(Q) — L*(0Q)

is not valid for the cuspidal domain 2.

Hence the introduction of the following space LD%((2) is natural.

Definition 1.10. Let Q C RY be a bounded open set with a finite perimeter.
Let LDE(Q) be a space of functions u € LP(Q) and u has the trace value
yu on the essential boundary 0*Q (in the sense of (3)), which is p—power
integrable on 9*Q with respect of Haussdorf measure HN"'. The norm in
the space LD%(Q) is defined as

[l ey = [ 10t [l i .

Remark 1.11. In fact the space LD,QY(Q) appears under the construction of
the weak solutuion for the motion of rigid body in a viscous fluid by a priori
estimate (2.8) deduced in Theorem 2.1 of [9] (see also a priori estimate (4.5)
of Theorem 1 in [14]).
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Let us introduce the following notations. For given a € S¥~! we define
the section

Qp={teR:y+ta € Q}
of {2 corresponding to a point y € P,. If €}y is empty, we set

/ fly+ta)dt=0
Qy

for any Lebesgue integrable function f : € — R. Then the Fubini-Tonelli
theorem implies

(5) /Q F(x) dx = / (Q fly +ta) dt) ach(y).

The following result of absolute continuity on lines is an analogue of The-
orems 7.13 and 10.35 of [23].

Lemma 1.12. Let Q C RN be an open set. Leta, € RN, k=1,...,N, be
arbitrary independent vectors.

For given u € LDP(Q) there exists a representative U of u, such for each
k=1,...,N and LN71- a.e. y € Pa, the function

vi(t) = a - u(y + tay)

is absolutely continuous on t € §dy and the following formula

() o) = weld) + [ awDuy + say) -y ds

is valid for any [t',t] C €.

Proof. Let us consider a sequence of standard mollifiers {¢.}.~0 (see
C.4, the pages 552-560, of [23]) and for every € > 0 define

u"=uxp. € Q. ={xeQ: dist(x,00) > c}.

By the same approach as in Lemma 10.16 of [23], we have

lim (Jlu® —uf? + |Du® — Dul?) dx = 0.

e—=0tT JQ,

Using (5), we have

/P </Q \]D)u(y—i—tak)th) AN y) < oo,

lim (/ IDus(y + tag) — Du(y + tag)|? dt) dcN(y) = o.
Pa,, (Qe)y

e—0t
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Therefore there exists a subsequence {&,,}, such that for LV ' —a.a. y € P,,,
k=1,...,N, we have

/ Du(y + tag)*dt < oo,
Q

y

(7) lim |Du" (y + tay) — Du(y + tag)[>dt = 0.

En_>0+ (an)y
Let us put u» = u*" and
E={xecQ: lim u"(x) exists in RV}
n— o0

This set E is well-defined, since for every x € Q2 we have x € )., for all n
sufficiently large (depending on x) and, thus u,(x) is well-defined for all n
sufficiently large. Let us define

v limyyoun(x), ifx € E;

u(x) = { 0, if x € Q\E.
By Theorem C.19 and Corrollary B.122 of [23] the sequence{u,} converges
point-wise to u for £V —a.a. points of Q. Therefore we conclude that

LN(Q\E) = 0 and the function T is one of representatives of u.  The
Fubini theorem implies that

/ (L't eR: yttayg BEYPdr) de¥(y) =0,
ag

and, thus we have that for £V '—a.a. ye Py,

(8) y+tayeE for £'—aa. teR, Vk=1,..,N,

Let P be a N-dimensional rectangle with the edges parallel to the vectors

al,...,a’V, that can be described as

N
P:{X:Ztkaki tke[ck,dk]CR, Vk’:L...,N}.
i,j=1

Let us consider the rectangle P C Q with ¢, d; (kK =1,..., N) being ratio-
nals. For ¢ > 0 sufficiently small, we have that P C ., then by (7) we
have

dy,
/ Du(y + tag)[2dt < oo,

Ck

d
(9) lim Du”(y +tay,) — Du(y +tagp)|* dt = 0

n—o0 CL

for LN"1—aa. ye P,, andall k=1,...,N.
We define v} (t) = a - u™(y + tay), t € [ck, dg]. Using (8) we choose
t' € [cg,dk], such that y + t'ay € E. Then there exists the limit

(10) ) = vp(t) = ay, - u(y + t'ay) € R.
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Since v, € C*([cg, dk]), we have

td
vi(t) = o)+ [ oo (Wi(s)) ds
t N
= v"(t') + Z a;a;d;j(u"(y + say)) ds for all ¢t € [cg,dy).
5
7,7=1

Hence (9)-(10) imply the existence of the limit
t
le V" (t) = ay, -ﬁ(y+t’ak)+/ ayDu(y+say )-ar ds for all ¢ € [cg, di].
n—oo ¢
The definitions of E and 1 give that
(11) {y+tag: te€[e,di]} CE
and the functions vi(t) = a; - u(y + tag ), k= 1,..., N, fulfil

t
(12)  w(t) = op(t) + / axD(u(y + sag)) - agds for all ¢ € [cg, dy].
tl

Hence each function vp=v(t) is absolutely continuous on [¢, di], such that
v'(t) = ayD(u(y +tag))-ap for Ll-a.e. t € [cx,dix] by Lemma 3.31 of [23].
Now if P C €2 is another rectangle, such that

[Clmdk]m[aﬁgk] 7é®7 Vk=1,..,N,

then taking y € P,, which is admissible for both P and P and ¢ € [ck, di] U
[k, dy], it follows from (11) and (12) that v is absolutely continuous in
ek, di] U [Cr, dig]-

Since {2 can be written as a countable union of closed rectangles of this
type and since the union of countably many sets of £ ~!-measure zero still
has £N~l-measure zero, using (11), (12) we conclude that for LV 1-a.e.
y € P,,, the function vg(t) is absolutely continuous on any connected
component of €)y. |

Let us formulate the following result.

Proposition 1.13. Let Q be a set with finite perimeter. Let v = v(x) €
SN=1 be the internal normal at x € 0*Q and By (x,v) be the half ball defined
by (4).

Let a € SN=1'n By(x,v) be arbitrary fived vector and

(13) Aa(E) = LYY (7, E)

for any measurable (Borel) set E C RN on the plane Py and maE is the
projection of the set E C RN on P, (the properties of Aa are given on the
pages 235-236 of [36]).

For a given function w € LDE(Q), there exists the limit

1 €
Yau(x) = lim — [ u(x+esa)ds for Xa—ae. x€0°Q,
e—0t € Jo
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such that
Yau(x) = yu(x) for da—ae. x€9JN.

The proof of this Proposition is absolutely the same as the proof of The-
orem of 11.2, the pages 243-245, of [36] without some changes. Since the
proof of Theorem, subsection 11.2, of [36] is based on the structure of the
set with finite perimeter and the existence of the trace values yu for a given
function u. In our case when u € LDI(Q) the existence of yu is guaranted
by Proposition 1.8. By these reasons we omit the proof Proposition 1.13.

Corollary 1.14. Under the assumptions of Proposition 1.12 and the as-
sumption that Q C RV s a open set with finite perimeter, then the formula
(11) is valid for any t,t' € Q.

Proof. We have that for LV71- a.e. y € Py, the relation (11) fulfills

t
vp(t) = vp(t') + | axDu(y +sax)-ar ds  for any [t',t] € Q.
t/
Let us use the structure of sets with finite perimeter. By 3) of Proposition
1.7 there exist to, t{, € R, such that

[th,to] = Qy and y+toay, y+tha, € 0.

If we integrate this equality (11) over t' € (ty,,t, + ), divide on ¢ and
take the limit transition for € — 0, then Proposition 1.13 and (9); imply the
validity of this equality for s = t(,. By the same way we can demonstrate the
validation of (11) for the point ¢ = t. [ |

We are now ready to prove our main result. Let us formulate a preliminary
lemma, which proof can be find in [33], the page 128-129, Lemma 1.1. For
a vector £ = (&1,...,6y) € RY and each i € {1,...,N}, we denote the
vectors

~

(14) g’L - (517 cee 7€i—17£i+17 agN) S RN_1~

Lemma 1.15. Let 0; = 6’1(@) be non-negative integrable functions in RN,
i1=1,...,N. Then

1

(15) L. <ﬁf>N dfgﬁ%v—l @de) "

The following is the main result of this work.
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Theorem 1.16. Let 2 be a bounded open set with finite perimeter. Then
N

if u € LDE(Q), then u € LD () and there exists a positive constant C,

depending only on N, p and the diameter of the domain 2, such that

(16)

5 ) <C HUHLDQ(Q) :
Proof. We follow closely the proof in Theorem 1.2, page 117, of [33] and
Theorem 6.95, the pages 333-336, of [10], combining with the approach
developed in Theorem, section 5, the pages 218-220, of [35]. This approach
was adapted to the case at hand of sets with finite perimeter.

(I) To explain our proof let us start from the simplest situation, consid-
ering the 2—dimensional case and p = 2, as warm up for the general case.
Let {e1,ex} be the euclidean basis of R2. We denote a point in R? with
x = (x1,x2) and a vector field with u = (u,v).

1st step: Since the set €2 has a finite perimeter, then by 3) of Proposition
1.7 for L'-a.a. x5 € R the intersection

2) = Loy ((0,22)) N1©2
consists of a finite number Ms(z2) of open intervals with disjoint closures
Qxg) = Q(IQ)AQ ks, suchthat Ag N9, =@, Vi#m,
where Ag ) = (CQJ(:UQ), dy(z2)) is a straight line connecting the points

CQ’Z(JZQ) = (02,1(562),1’2), dz’l(xg) = (dg}l(xg),xg) € 0.

Consequently, Corollary 1.14 implies that for such admissible o € R and
arbitrary chosen x; € Q(z2), there exists an index k € {1,..., Ma(x2)}, such
that 1 € Ay, and

)

u(x) = u(z1,z2) = yu(ca kx(x2)) + Op,u(s, x2) ds.

o,k (22

It follows that

W) < 2 [wu(czk(mm? + (da(a2) — canlan) [

o,k (22)

dy r(72)
|0y, u(s, z2)|? ds]

Ms(x2)

(1M < C Z [Wu ca(w2))* +

da,(x2) )
|di1(u)(s, z2)|” ds| = fa(x2)

co,1(z2)

with the constant C depending only on the diameter of (.
In the same fashion, for £'-a.a. 21 € R the intersection

Q(z1) = ley ((21,0)) N
consists of a finite number Mj(z1) of open intervals with disjoint closures
Qz1) = UEIAL L such that A NAL, =@, VI#m,
where Ay = (cq(z1),d(x1)) is a straight line connecting the points
cri(z1) = (z1,c10(21)), di(er) = (21, dig(z1)) € 9°Q
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For admissible z; € R and arbitrary chosen xo € Q(z1), there exists an
index k € {1,..., Mi(x1)}, such that 9 € Ay} and

T2

v(x) = v(z1,22) = yv(ci k(1)) +/ Oz, v(x1,5) ds.

1,k (1)

Hence
(18)
My (x1) dy,i(z1)
v¥(x) < C [|’7u(cl,l($1))|2 + |daz () (21, 5) [ dS] = fi(z1).
=1 €1,1(T1

Multiplying (17) with (18) and integrating over €2, by Lemma 1.15 (or
simply by the Fubini-Tonelli theorem) we obtain

/Qu2(x)1)2(x) dxg/gfl(azl)fz(xg) dxg/h Fi(@) da /I Folws) das,

where I;, ¢ = 1,2, are the projections of {2 on the z;-coordinate axis. We
have

Mi(z1)

In El Ivu(cy(z1))|? day

< [ bR
Mo (z2) 0*Q

I, ZZ Iyu(ea(z2))|* das

by the properties of the measure A\, given on the pages 235-236, section 7,
of [36]. Therefore

/Qu2(x)112(x) dx < C /I2 fi(xy) dzy /11 fa(x2) dxo

2
(19) <o ([ hwikdxr [ pufax) = Clulipe-

2nd step: Now we consider the basis a; = %(1, 1), ag= %(—1, 1). We
denote the coordinates of x in the basis (ai,az) by (£1,&2), that is
x = (x1,X2) = a1 + {ran.
Again, for £!- ae. yy = &ay € P,,, that is for L'-ae. & € R, the

intersection of lines parallel to a; with the domain €, crossing through ys,

Q(&2) = la, (y2) N Q2

consists of a finite number Mas(&2) of open intervals with disjoint closures,
such that for x € (&2), there exists an interval

(cok(§2),d2k(&2)) C Q&) with ¢ 1(£2),d2k(§2) € 07

For simplicity of notations we assume that this interval, being a part of
la, (y2), is described as

(co,k(&2),doi(&2)) = {y —ys+saieRY: se (CQ,k(§2)7d2,k(§2))}
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Applying Corollary 1.14 for the function
v2(61) = a1 - u(y2 + &1a1)
and proceeding as in (17)-(18), we obtain

w&) < 2[ar - yulesn(&)
(&)~ canl2) |

c2,1(62)

dz,1(£2)

do 1 (§2) 9
|a2H)>u(Y2 + Sal) . a2| ds

M (&2)
(200 < C Z l

e + [

c2,1(&2

Du(y2 + Sal)|2 dS] = fa(&2).

Also for £~ a.e. y1 = &a; € P,,, that is or L-a.e. & € R, the intersection
of the line parallel to as with €2, crossing through y1,

Q(&1) = lay (y1) N Q2

is a finite number M (&;) of open intervals with disjoint closures, then for x €
(&) there exists an interval, such that

(c1e(&1),dik(&1)) C Q&) with  c1 (&), dik(én) € 07
Defining
v1(§2) = a1 - u(y1 + &ar),
Corollary 1.14 gives

Ml (&) di,1(&1)

Z [WU c1i(61)))” + IDu(ys + sa)|* ds| = fi(&).

c1,1(61

Multiplying this inequality with (20), integrating over (£1,&2) € © and pro-
ceeding as it was done under the deduction of (19), we obtain the inequality

2
/Q va(€1)*01(€2)* dérdéz < C |l ps o
Observing that
[ vale () dsnde = [ (a1 u(0)*(a - uix)? dx
1
= = / (u—v)*(u +v)? dx,
4 Jo
we obtain
/Q(u4 — 220 4 0!) dx < Clul? oy -
Therefore, combining this estimate with estimate (19) we conclude
ullfagey = [ (u*+ ") dx < €l o

which coincides with (16) for N =2 and p = 2.
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(IT) We now turn to the general N-dimensional case. In the sequel we
follow closely the proof of Theorem 6.95, the pages 333-336 of [10].

In what follows we use the following notations. Let us denote the euclidian
basis of RY by {e;}Y, . Given a vector a € S¥~! and a point x € Q we
denote by y = Projax € P, the projection of x on the plane P, and

Qa(y) =la(y) N Q.

the intersection of {2 with the line parallel to a and crossing y (and x).

Since Q is, by hypothesis, a set of finite perimeter, for LN '—a.a. y =
Projax € P, Qa(y) is a finite number M,(y) of open intervals with
disjoint closures. Consequently, for LN '—a.a. y = Projax € P, the
point x belongs to one of these intervals and its endpoints, which we denote
by ci(x), di(x) are on the essential boundary 0*Q of Q. For simplicity of
notations we assume that this interval is described as

(Cap(y) dap(y) = {x €RY: x=y+ta,  t€ (Cap(y) dar(y))}-

If we consider the function

N
va(x) =a-u(x) = Z a;u;(X)
i=1

then Corollary 1.14 implies that

da,k(y)
[va (%) < [7(va)(car(y))| + |aDu(y + sa) - a| ds.

Ca,k(}’)

From this inequality, it follows that
da,l(y)

Ca,l(Y)

a(x)l? < C Z <!7u Cau(y))[” +

(21) = HN( )(Y)

for LN"1—a.a. y = Projax € P,. Here and below C are constants depending
only on N, p and the diameter of 2. Above, we have used the elementary
inequalities

ID(u)(y + sa)? ds>

[Y(va)] < Clyul,  [aDu(y + sa) - a| < C|D(u)].

Let us introduce normalized orthogonal projections

a — ar e

h, = foreach k=1,2,...,N —1

|a — ag ek|

of the vector a onto coordinates hyperplanes, identified canonically with
RN~1. By the same way as it was shown (21), for a fixed k € {1,..., N — 1}
the function vy, (x) = hy, - u(x) satisfies the inequality

M, (y")

o, (¥)[P < C Z <Wu Chy, 1 (Y ))|p+/C

(22) = Ik(ll)(}f’)

dny,1(y') ,
D(u)(y’ + shy) P ds
1yt (V)
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for LN"1—a.a. y' = Projn,x € Py, and the function ve, (x) = ey - u(x)
fulfills

Mek (y//) ., dek g (y//) ,

v O < ¢ 3 (wmcek,xy e [ B + e ds>
=1 Cep 1Y

23) = J(wE")

for LN"1—a.a. y” = Proje,x € Pe,. Keeping k fixed, it follows that,

N
va(x) = Z a;ui(x) = vn, (X) + apve, (X)
i=1

Consequently
(24) [pa(x)[” < C [Ie(u)(y') + Je(w)(y")] -
We next use estimates (21)-(23) to bound
N-1
va(x)[PY < C Hy(u) ] k(w) + Ju(w)].
k=1

So that, calculating this product and accounting the trivial inequality
(a1 + ... + Otn)l/(N_l) < nl/(Nfl)(a}/(N_l) + oo/

which is valid for any positive aq,...,c, and n € N (in particular for
n = 2N=1).  Therefore the term |va(x)[PY/(N=1 is bounded by a linear
combination of 2V~1 terms of the form

(25) I, = (Hy...Hy)Y®=Y

where Hj, denotes either I or Jj.

Each of the terms Hj in the product above depends on N — 1 variables,
and hence we can apply Lemma 1.15. To see this fact, we introduce an
adapted basis {Ej}_, as follows. For each index k € {1,...,N — 1}, we
set a vector Ej belonging to {hy,ex} and for k = N, we set Exy = a. If all
components of the vector a are non zero, then it is easy to see that

{Ek}i\[:_ll is a basis of RV} and {E,}Y_, is a basis of RY.

The proof of this fact are given in Lemma 6.96, the page 334-335 of [10]. We
let &, j = 1,..., N, denote the coordinates of x € RY in the basis Eq, ..., En,
that is,

N N
X = inej = Z{jE]‘
j=1 j=1

and identify x with the vector £ = Zévzl & E;j.
Then, each term I, can be rewritten as

N
(Lx(O)Y ' =[] 06(&)  with 0x(&) = He(Projg,x(€)),  k=1,..,N.
k=1
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Proceeding as it was done for the deduction of (19), we have

o) 0006 B < [l e

By Lemma 1.15 it follows that

N

(26) /1 ydx < C(0) [] </RN de§k> ™ _ g |yu|\;;, ,

i=1

where the dependence on ¢ in the constant C' comes from the Jacobian of
the change of variables from x to &, being a constant. Then, the integration
over Q of |va(x)|?N/V=1 being the linear combination of 2V~ terms of
(25), yields

pN_

/|v (<)Y < C k)

Lastly, we observe that, since a can be chosen arbitrarily away from the
coordinate planes, by varying a we can bound |u;||;2n/n-1 for each com-
ponent u; of u as exemplified in the two-dimensional case. For example,
choosing a = Tlﬁ(l’ ..., 1) first and the a = \/%(1, ooy —1,...,1), where
—1 is in the ¢-th component, gives a bound on

VN

||ui”LpN/N*1(Q) = THUa - UéHLpN/Nfl(Qy

We conclude that estimate (16) holds. O

Remark 1.17. The obtained embeeding result of Theorem 1.16 is an analog
of the embeeding result Wol’p(Q) — L1(Q) for q = (pfp), which is valid
for arbitrary open set (see Theorem 4.1.1., the page 177, of [38]). In our
embeeding result instead of zero boundary values we have used the boundness
of the non zero boundary values and some regularity of the boundary of
the domain, considering the domain with finite perimeter. Theorem 1.16
shows that the space LDE(SY) has less regularity properties than Wol’p(Q),
which is natural, since the Korn inequality is not valid in domains with finite
perimeter (see, example of [3] for cuspidal domain).
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