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Summary. — It is shown that any dynamic equation on a configuration space
of non-relativistic time-dependent mechanics is associated with connections on its
tangent bundle. As a consequence, every non-relativistic dynamic equation can be
seen as a geodesic equation with respect to a (non-linear) connection on this tangent
bundle. Using this fact, the relationship between relativistic and non-relativistic
equations of motion is studied.

PACS 02.40.Hw - Classical differential geometry.

PACS 03.30 — Special relativity.

PACS 03.50 — Classical field theories.

PACS 04.20.Cv - Fundamental problems and general formalism.

1. — Introduction

In physical applications, one usually thinks of non-relativistic mechanics as being an
approximation of small velocities of a relativistic theory. At the same time, the velocities
in mathematical formalism of non-relativistic mechanics are not bounded. It has long
been recognized that the relation between the mathematical schemes of relativistic and
non-relativistic mechanics is not trivial.

A configuration space of a non-relativistic time-dependent mechanics is a bundle Q —
R with an m-dimensional typical fibre M over a l-dimensional base R, treated as a
time axis. This configuration space is provided with bundle coordinates (t,q'). The
corresponding velocity phase space is the first-order jet manifold J'Q of sections of the
bundle @ — R [1-6]. It is coordinated by (t,¢",q}). As is well known, a second-order
dynamic equation on a bundle @ — R is defined as a first-order dynamic equation
on the jet manifold J'@Q, given by a holonomic connection & on J'Q — R. We show
that every dynamic equation on a configuration space @ defines a connection ¢ on the
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affine jet bundle J'Q — @, and vice versa. Then, every dynamic equation on Q can be
associated with a (non-linear) connection K on the tangent bundle TQ — @, and wice
versa. Moreover, it gives rise to an equivalent geodesic equation on T'Q) with respect to
an above-mentioned connection K.

Let now X be a 4-dimensional world manifold of a relativistic theory, coordinated by
(z*). By an equation of motion of a relativistic system is meant a geodesic equation on the
tangent bundle T'X of relativistic velocities with respect to a connection K. It is supposed
additionally that there is a pseudo-Riemannian metric g of signature (+,— — —) in TX
such that a geodesic vector field does not leave the subbundle of relativistic hyperboloids

(1) W, = {#* € TX | gaud?s* =1}

inTX.

Let now a world manifold X admit a projection X — R, where R is a time axis.
One can think of the bundle X — R as being a configuration space of non-relativistic
mechanical system. There is the canonical imbedding of J' X onto the affine subbundle

(2) =1, i@ =g

of the tangent bundle T'X (see (5) below). Then one can think of (2) as the 4-velocities
of a non-relativistic system. The relation (2) differs from the familiar relation between
4- and 3-velocities of a relativistic system. In particular, the temporal component #° of
4-velocities of a non-relativistic system equals 1 (relative to the universal unit system).
It follows that the 4-velocities of relativistic and non-relativistic systems occupy different
subbundles of the tangent bundle T'X .

Thus, both relativistic and non-relativistic equations of motion can be seen on the
tangent bundle 77X, but their solutions live in the different subbundles (1) and (2) of
TX. We make use of this fact in order to study the relationship between relativistic and
non-relativistic equations of motion.

Note that relativistic equations, expressed into the 3-velocities &' /i of a relativistic
system, tend exactly to the non-relativistic equations on the subbundle (2) when #° — 1,
goo — 1, i.e. where non-relativistic mechanics and the non-relativistic approximation of
a relativistic theory coincide only. :

Throughout the article, the notation 8/9¢* = 8y, 8/8¢* = 9y is used.

2. — Geometric interlude

We point out several important peculiarities of bundles over R. The base Rof @ — R
is parameterized by a Cartesian coordinate t with the transition functions t' = t + const.
Hence, R is provided with the standard vector field d; and the standard 1-form df. The
symbol dt also stands for a pull-back of dt onto Q.

Any fibre bundle over R is obviously trivial. Every trivialization

(3) V: Q=R xM
yields the corresponding trivialization of the jet bundle

(4) Q=R xTM, ¢ =¢q.
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There is the canonical imbedding

(5) A J'Q = TQ,
A (') = (e i=1,4" =g, A=dy = 8 + ¢;9;,

where d; denotes the total derivative. From now on, we will identify the jet manifold
J'Q with its image in T'Q.

The affine jet bundle J'Q — Q is modelled over the vertical tangent bundle VQ of
@ — R. As a consequence, we have the canonical splitting

a:VoJ'Q=J'Q X VR, a(d) =4,
of the vertical tangent bundle Vo J'Q of the affine jet bundle J 'Q — Q. Then the exact

sequence of vector bundles over the composite bundle J'Q — @ — R (see (16) below)
reads

a—1
! |
0 —VoJ'Q L4V JIQ ”—">J1Q5VQ 230
Hence, we obtain the linear endomorphism
ﬁ:z’oa"loirv:VJlQﬂ—éVJlQ‘ Vo =0,
of the vertical tangent bundle V.J'Q of the jet bundle J 'Q — R. This endomorphism
can be extended to the tangent bundle T.J'Q as follows:
(6) 00) =-qi0;, V@) =08, ) =0.
Due to the monomorphism A (5), any connection
(7) ['=dt® (0, +T'9;)
on a fibre bundle Q — R is identified with a nowhere vanishing horizontal vector field
(8) I'=9, + T,
on Q. This is the horizontal lift of the standard vector field dy on R by means of the
connection (7). Conversely, any vector field I' on @ such that dt|T" = 1 defines a connec-
tion on @ — R. Accordingly, the covariant differential associated with a connection I’
on @ —+ R takes its values into the vertical tangent bundle of Q — R:
Dr:J'Q = VaQ, ¢'oDr =g} —I'".

Proposition 1 [4,5]. Each connection I' on a bundle @ — R defines an atlas of local
constant trivializations of @ — R such that I = 8, with respect to the proper coordinates,
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and vice versa. In particular, there is one-to-one correspondence between the complete
connections I on ) — R and the trivializations of this bundle.

Let J'J'Q be the repeated jet manifold of a bundle @ — R. It is coordinated by
(t,q',4f: q(yy: Gie)- There are two affine fibrations

m JYQ = J1Q, gi o1 = gqj,
Jirg  JVIQ — J'Q, g; o J'mp = qlyy-

They are isomorphic by the automorphism k of J'J'Q such that
(9) gok=qaly, qunok=q, dok=dj

The underlying vector bundle of the affine bundle J'.J'Q — J'Q is V.J'Q = J'VQ.
By J4J'Q is meant the first-order jet manifold of the affine jet bundle J'Q — Q.
The adapted coordinates on J;,J'Q are (¢*,¢}.q},), where we use the compact notation

(@*=° =t.q').
The second-order jet manifold J?Q of a bundle Q@ — R is coordinated by (t,q¢', ¢}, qi;)-
The affine bundle J2Q — J'Q is modelled over the vector bundle

(10) J'Q X VQ'= Q.
There are the imbeddings

J2Q 27519 I VeTQ = T%Q c TTQ,
(11) Aot (g gl aly) — (td' gl t=1.4" = q.d} = d¢}y).
(12) ThoXs: (t,q'.qi,afy) = (td'i=t=1,¢=q"=q.i =0, =g},

where (t,q',t, ", ;, q',t,¢) are the holonomic coordinates on TTQ, VoT'Q is the vertical
tangent bundle of TQ — @, and T2Q is a subbundle of TTQ, given by the coordinate
relation £ = #.

Due to the morphism (11), a connection & on the jet bundle J'Q — R is represented
by a horizontal vector field on J'Q such that &]dt = 1. A connection £ on J'Q — R is
said to be holonomic if it takes its values into J2Q.

Any connection I’ (8) on a bundle  — R gives rise to the section J'T" of the affine
bundle J'7} and, by virtue of the isomorphism k (9), to the connection

(13) ST = 8, + I0; + dy "6
on the jet bundle J'Q — R.
Here, we also summarize the relevant material on composite bundles (see [4,7] for

details). Let us consider the composite bundle

(14) R IR
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where ¥ — ¥ and © — X are bundles. It is equipped with bundle coordinates
(x*.0™,y') where (2#,0™) are bundle coordinates on the bundle & — X such that
the transition functions 6™ — o'™(2*,o*) are independent of the coordinates y'.

Let us consider the jet manifolds J'E, JLY and J'Y of the bundles ¥ — X, Y = ©
and Y — X, respectively. They are coordinated by

(@™ a%), (@ o™y \Roym), (@ 0™y 0%, bh)-

We have the following canonical map [8]:
(15) p:J‘EéJéY 7‘;11«’, yiop=yl ol +7i.

Given a composite bundle Y (14), we have the exact sequence

(16) 0—-WY S VY Y xVE =0,

where V&Y is the vertical tangent bundle of ¥ — ¥. Every connection
(17) Ag = d2* ® (0x + AL8;) + do™ @ (O + AL 8;)
on Y — ¥ determines the splitting
VY =Y @ Ag (Y x VE),
Y >
90; + 6™ = (° — AL 6™)8; + 6™ (0 + AL 6)),

of the exact sequence (16). Using this splitting, one can construct the first-order differ-
ential operator, called the vertical covariant differential,

(18) Dwgly % 215, D =de* @ (yi - A% — ALo)8;,
on the composite bundle ¥ — X.

3. — Geodesic and second-order equations on a manifold

Let N be a manifold, coordinated by (¢*). We recall some notions.

Definition 2. A second-order equation on a manifold N is said to be an image Z(T'N) of
a holonomic vector field

B= c}’\a;\ + u’\@

on the tangent bundle TN. It is a closed imbedded subbundle of TTN — T'N, given by
the coordinate conditions

(19) ¢*=¢*, ¢ =2Mg".¢").
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By a solution of a second-order equation on N is meant a curve ¢ : () — N whose
second-order tangent prolongation ¢ lives in the subbundle (19).
Given a connection

(20) K =dg* @ (0x + K49,)

on the tangent bundle TN — N, let

-~

(21) K:TNXTN - TTN

be the corresponding linear bundle morphism over TN which splits the exact sequence

0 —VyTN—TTN — TN ?w( TN — 0.

Definition 3. A geodesic equation on TN with respect to the connection K is defined as
the image

(22) ¢"=¢" =K
of the morphism (21) restricted to the diagonal TN C TN x T'N.

By a solution of a geodesic equation on T'N is meant a geodesic curve ¢ : () = N,
whose tangent prolongation ¢ is an integral section (a geodesic vector field) over ¢ C N
for the connection K. The geodesic equation (22) can be written in the form

P*org* = K¢,

where by ¢*(g®) is meant a geodesic vector field (which exists at least on a geodesic
curve), while ¢*8y is a formal operator of differentiation (along a curve).

It is readily observed that the morphism K |7n is a holonomic vector field on TN.
It follows that any geodesic equation (21) on T'N is a second-order equation on N. The
converse is not true in general. Nevertheless, we have the following theorem.

Theorem 4 [9]. Every second-order equation (19) on a manifold N defines a connection
K= on the tangent bundle TN — N whose components are

(23) K¥ = %3,\5".

However, the second-order equation (19) fails to be a geodesic equation with respect
to the connection (23) in general. In particular, the geodesic equation (22) with respect
to a connection K determines the connection (23) on TN — N which does not neces-
sarily coincide with K. A second-order equation = on N is a geodesic equation for the
connection (23) if and only if = is a spray, i.e. [v,Z] = =, where v = ¢y, is the Liouville
vector field on TN, In sect. 5, we will improve Theorem 4.
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4, — Dynamic equations

Let @ — R be a bundle coordinated by (t.q").

Definition 5. A second-order differential equation on Q — R, called a dynamic equation,
is defined as the image £(J'Q) C J2Q of a holonomic connection

(24) £= 00 +qi0; + €' (t, ¢’ q]) !

on J'Q — R. This is a closed subbundle of J2Q — R, given by the coordinate relations

(25) g =€t d,q).

A solution of the dynamic equation (25), called a motion, is a curve ¢ : () — @ whose
second-order jet prolongation J2¢: () — J'@Q lives in (25).
One can easily find the transformation law

(26) g =¢€", €= (€0 +qlaf ;0 +24/0;0, + })d" (1. ¢')
of a dynamic equation under coordinate transformations q* — ¢'*(t, /).
A dynamic equation £ on a bundle ) — R is said to be conservative if there exists

a trivialization (3) of @ and the corresponding trivialization (4) of J'@ such that the
vector field £ (24) on J'@ is projectable onto M, Then this projection

Ze = ¢'0; + £'(¢’, ¢°)0;

is a second-order equation on the typical fibre M of ). Conversely, every second-order
equation = on a manifold M can be seen as a conservative dynamic equation

(27) &= =0 +q'0; +u'd;
on the bundle R x M — R in accordance with the isomorphism (4).

Proposition 6. Any dynamic equation on a bundle  — R is equivalent to a second-order
equation on a manifold ).

Proof. Given a dynamic equation £ on a bundle Q — R, let us consider the diagram

J2Q — T%Q

@ < | !
J'Q X T1Q

[

where = is a holonomic vector field on T'Q), and we use the morphism (12). A glance at the
expression (12) shows that the diagram (28) can be commutative only if the component
=0 of a vector field = vanishes. Since the transition functions t — ¢/ are independent of
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q¢', such a vector field may exist on TQ. Now the diagram (28) becomes commutative if
the dynamic equation £ and a vector field = fulfill the relation

(29) £ =Eit,¢,i=1,¢ =¢).

It is easily seen that this relation holds globally because the substitution of ¢' = ¢} into
the transformation law of a vector field = restates the transformation law (26) of the
holonomic connection €. In accordance with the relation (29), a desired vector field =
is an extension of the section T'A o Ay o £ of the bundle TT'Q — TQ over the closed
submanifold J'Q C TQ to a global section. Such an extension always exists, but is not
unique. Then, the dynamic equation (25) can be written in the form

(30) a4 =% |f=]..;u'=q;' :
It is equivalent to the second-order equation on @
(31) =0, t=1 §=2.

Being a solution of (31), a curve ¢ in @ also fulfills (30), and vice versa.

It should be emphasized that, written in the bundle coordinates (t,¢'), the second-
order equation (31) is well defined with respect to any coordinates on Q.

5. — Dynamic connections

To say more than Proposition 6, we turn to the relationship between the dynamic
equations on @ and the connections on the affine jet bundle J'Q — Q. Let

(32) v Q= JST'Q, y=dg* ® (8x +130)).

be such a connection. Its coordinate transformation law is

, . i O
(33) "= (aqu}fx + Ouay )%

Proposition 7. Any connection v (32) on the affine jet bundle J'Q — @ defines the
holonomic connection

(34) & =0 + qi0i + (6 + @l })0}
on the jet bundle J'Q — R.

Proof. Let us consider the composite bundle J'Q) —+ 2 — R and the canonical morphism
p (15) which reads ~

(35)  p:JoT Q3 (¢).qhdh) » (¢4 dy = di.ah = db + dldly) € TPQ.

A connection v (32) and the morphism p (35) combine into the desired holonomic con-
nection &, (34) on the jet bundle J'Q — R.
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Tt follows that each connection 7 (32) on the affine jet bundle J'Q — Q yields the
dynamic equation

(36) g = (e +al7))

on the bundle Q — R. This is exactly the restriction to J2Q of the kernel Ker .5,,. of the
vertical covariant differential D., (18) defined by the connection 7:

D, : J'J'Q = VoJ'Q, éfo,ﬁqijt-—‘y;—qﬁj—.
Therefore, connections on J'Q — @ are also called dynamic connections (one should
distinguish this terminology from that of [2]). Of course, different dynamic connections

may lead to the same dynamic equation (36).

Proposition 8. Any holonomic connection & (24) on the jet bundle J'Q — R yields the
dynamic connection

(37) % =dt® [at — (5" - %qfaj-gf) af] +dg’ ® [aj - %a}g*af]

on the affine jet bundle J'Q — Q.

Proof. Given an arbitrary vector field u = a'd; + b'dt on the jet bundle J'Q — R, let
us put

Ie (u) = [€,0(u)] — B(€,u]) = —a'd; + (b — a’ B}€"),
where ¥ is the endomorphism (6). We come to the endomorphism
VvV VJiQ,
fg VJ Q J-‘_:? JQ
I : 40 + 40} = —¢'0i + (¢ — /956,
which obeys the condition I¢ o I¢ = I¢. Then there is the projection
Je = %(Ie +1dVJQ):VJ'Q = VoJ'Q,
Je 1 4'0; + 410 (qi = -éqJB}E‘) a;-
Recall that a holonomic connection £ on J'Q — R defines the projection
£:TJ'Q 310, + 0+ o} ~ (¢ — ig))di + (¢ — 1€)0; € VI'Q.
Then the composition
JeoE:TJ'Q—=VI'Q— Vol'Q,
; i i d afa Y ogars 15t
10y +¢'0s + 405 = [Q: ~ i (é = §Q€3§E‘) - 53°95¢ ] a;.
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corresponds to the connection ¢ (37) on the affine jet bundle J'Q — Q.

The dynamic connection ¢ (37) possesses the property
v =0y + 4 0]
which implies 97} = th’-‘ . Such a dynamic connection is called symmetric.

Let v be a dynamic connection (32) and &, the corresponding dynamic equation (34).
Then the dynamic connection associated with £, takes the form

- i Y6 ,
Ve, ¥ = o + O +aotvE), ek =€ —giv b

It is readily observed that v = ¢, if and only if 7 is symmetric.
Since the jet bundle J'Q — @ is affine, it admits an affine connection

v =dg* ® [0y + (vio (%) + 74, (¢%)d] )0}

This connection is symmetric if and only if "{i# = 'y:;x An affine dynamic connection
generates a quadratic dynamic equation, and vice versa.

We use a dynamic connection in order to modify Theorem 4. Let = be a second-order
equation on a manifold N and &= (27) the corresponding conservative dynamic equation
on the bundle R x N — R. The latter yields the dynamic connection v (37) on the
bundle

RxTN—=RxN.

Its components 74 are exactly those of the connection (23) on TN — N from Theorem
4, while v/ make up a vertical vector field

. L 1. _ )
(88) e="0 = (-:# o 5@"\3,\:") O
on TN — N. Thus, we have proved the following.

Proposition 9. Every second-order equation = (19) on a manifold N admits the decom-
position

24 = K{¢* +e*,

where K is the connection (23) on TN — N, and e is the vertical vector field (38).

With a dynamic connection ¢ (37), one can also restate the linear connection on
TJ'Q — J'Q, associated with a dynamic equation on @ [2] (see [6] for details).
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6. — Non-relativistic geodesic equations

To improve Proposition 6, we aim to show that every dynamic equation on a bundle
@ — R is equivalent to a geodesic equation on the tangent bundle TQ — Q.
Let us consider the diagram

e A TQ
(39) v P«

Pa 2" g

where J4TQ is the first-order jet manifold of the tangent bundle TQ — Q. coordinated
by (t,q',t, G, (), (G")u), while K is a connection (20) on TQ — Q.
The jet prolongation over @ of the morphism A (5) reads

JIA H (tvqi-\q:sq:ﬂ_) = (ttqisi - lfdi = Q;! (t‘)l-l'- = 0‘ (di)# = ql:.r,!,}'
We have
Fhovy: (tggh) = (g i =1.4" =g} (D) =0,(d")u = %)
I(O }i H (tvq"qz) = (t!q‘\f = 1!@" = q:! (t.),(( = ’ﬁ! (éi)#-l = h’;)

It follows that the diagram (39) can be commutative only if the components Kﬁ of the
connection K vanish. Since the coordinate transition functions t — ' are independent
of ¢', a connection

(40) K = dg* @ (0x + Ki8:)

with Kﬂ — 0 may exist on TQ — Q. It obeys the transformation law

- v, 1) in 0"
(41) K" = (8;¢" K% + 8,¢’ )a—gﬁ.

Now the diagram (39) becomes commutative if the connections vy and K fulfill the relation
(42) *}-L:KLOA:K;(t,q"'.fzl,q'j=q{).

It is easily seen that this relation holds globally because the substitution of ¢' = ¢
into (41) restates the transformation law (33) of a connection on the affine jet bundle
J'Q — Q. In accordance with the relation (42), a desired connection K is an extension
of the section J')\ o~ of the affine bundle JoTQ — TQ over the closed submanifold
J'Q c TQ to a global section. Such an extension always exists, but is not unique. Thus, |
it is stated the following.

Proposition 10. In accordance with the relation (42), every dynamic equation (25) on
the configuration space @ can be written in the form

(43) ¢, =Kior+qKjo
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where K is a connection (40). Conversely, each connection K (40) on the tangent bundle
TQ — Q defines a dynamic connection ¥ on the affine jet bundle J'Q — @ and the
dynamic equation (43) on the configuration space Q.

Then we come to the following theorem.
Theorem 11. Every dynamic equation (25) on the configuration space @ is equivalent to
the geodesic equation
(44) i=0, i=1 § =Kig¢,

on the tangent bundle T'Q relative to a connection K with the components K, =0 and
K7, (42). Tts solution is a geodesic curve in @ which also obeys the dynamic equation (43),
and wvice versa.

In accordance with this theorem, the second-order equation (31) in Proposition 6 can
be chosen as a geodesic equation. It should be emphasized that, written in the bundle
coordinates (t, ¢'), the geodesic equation (44) and the connection K (42) are well defined
with respect to any coordinates on Q.

From the physical viewpoint, the most interesting dynamic equations are the quadratic
ones

(45) & = ai(¢")alaf +i(a") gl + F1(g").

This property is global due to the transformation law (26). Then one can use the following
two facts.

Proposition 12. There is one-to-one correspondence between the affine connections 7 on

J'Q — @ and the linear connections K (40) on TQ) — Q. This correspondence is given
by the relation (42) which takes the form

Yo = + 70 = Ku'o(@)f + K@@ iz gimg: = Kiu'o(a) + K,'5(0)dd
’YLA - I{ui‘\.
If ~ is a symmetric connection, so is K,
Corollary 13. Every quadratic dynamic equation (45) gives rise to the geodesic equation

(;;0 =0, d,ﬂ = 1.
(46) ' = aj(¢")@ " +bj(¢")@ ¢ + f1(a")§°¢°

on T'Q) with respect to the symmetric linear connection
4 -0 _ Kol = f8 fi_ Ly i i
(47) Ky, =0, Ko'o=f" Ko'j=3b; Ki'j=a.

2J

The geodesic equation (46) however is not unique for the dynamic equation (45).
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Proposition 14. Any quadratic dynamic equation (45), being equivalent to the geodesic
equation with respect to the linear connection K (47). is also equivalent to the geodesic
equation with respect to an affine connection K’ on TQ — Q which differs from K (47)
in a soldering form ¢ on TQ — @Q with the components

ol =0, ob =hi+(s—1) 139, ob = —shia® — hia® + hi),

where s and hj are local functions on Q.

7. — Reference frames

From the physical viewpoint, a reference frame in non-relativistic mechanics sets a
tangent vector at each point of a configuration space Q which characterizes the velocity
of an “observer” at this point. Thus, we come to the following geometric definition of a
reference frame.

Definition 15. In non-relativistic mechanics, a reference frame is said to be a connection
I on the bundle @ — R.

In accordance with this definition, the corresponding covariant differential
Dr(gf) = ¢ = T" = di

determines the relative velocities with respect to the reference frame I'. In particular,
given a motion ¢ in @, the covariant derivative V1 ¢ is the velocity of this motion relative
to the reference frame I'. “For instance, if ¢ is an integral section of the connection T',
the relative velocity of ¢ with respect to the reference frame I is equal to 0. Conversely,
every motion ¢ : R = @, defines a proper reference frame I'c such that the velocity of
¢ relative to T equals 0. This reference frame I'; is an extension of the local section
Jle: ¢(R) — J'Q of the affine jet bundle J'Q — @ to a global section. Such a global
section always exists.

By virtue of Proposition 1, any reference frame I' on the configuration space Q—R
is associated with an atlas of local constant trivializations such that I' = d; with respect
to the corresponding coordinates (t,7') whose transition functions are independent of
time. Such an atlas is also called a reference frame. A reference frame is said to be
complete if the associated connection I' is complete. In accordance with Proposition 1
every complete reference frame provides a trivialization of a bundle @ — R, and wvice
versa.

Using the notion of a reference frame, we obtain a converse of Theorem 11.

Theorem 16. Given a reference frame T, any connection K (20) on the tangent bundle
TQ — Q defines a dynamic equation

€ = (K} ~T*K)@ |joo140=gf -

The proof follows at once from Proposition 10 and the following lemma.



762 R. GIAMBO, L. MANGIAROTTI and G. SARDANASHVILY

Lemma 17 [6]. Given a connection I' on the bundle @ —+ R and a connection K on the
tangent bundle 7Q — @, there is the connection K on T'QQ — () with the components

RS =01 K} = K =KD,

8. — Relativistic and non-relativistic dynamic equations

In order to compare relativistic and non-relativistic dynamics, one should consider
pseudo-Riemannian metric on TX, compatible with the fibration X — R. Note that R
is a time of non-relativistic mechanics. It is one for all non-relativistic observers. In the
framework of a relativistic theory, this time can be seen as a cosmological time. Given
a fibration X — R, a pseudo-Riemannian metric on the tangent bundle 7X is said
to be admissible if it is defined by a pair (¢%,T') of a Riemannian metric on X and a
non-relativistic reference frame I, i.e.

2T
(48) .G:W—QR.

I r [2: gf”]_"#]_"” = ggvrpr”e

in accordance with the well-known theorem [10]. The vector field T is a time-like vector
relative to the pseudo-Riemannian metric g (48), but not with respect to other admissible
pseudo-Riemannian metrics in general.

In physical applications, one usually thinks of non-relativistic mechanics as being an
approximation of small velocities of a relativistic theory. At the same time, the velocities
in mathematical formalism of non-relativistic mechanics are not bounded. It has long
been recognized that the relation between the mathematical schemes of relativistic and
non-relativistic mechanies is not trivial.

Let X be a 4-dimensional world manifold of a relativistic theory, coordinated by
(*). Then the tangent bundle TX of X plays the role of a space of its 4-velocities. A
relativistic equation of motion is said to be a geodesic equation

it = KX (z¥,2")

with respect to a (non-linear) connection K on T'X — X such that there exists a pseudo-
Riemannian metric g of signature (+,— — —) in TX such that a geodesic vector field
does not leave the subbundle of relativistic hyperboloids (1) in TX. It suffices to require
that the condition

(49) (Onguwi™ + 29, K¥)iri” =0

»

holds for all tangent vectors which belong to W, (1). Obviously, the Levi-Civita connec-
tion {y*,} of the metric g fulfills the condition (49). Any connection K on TX — X
can be written as

Kb = [a*, )8 + ok (@, &),
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where the soldering form o = o§dz? ® , plays the role of an external force. Then the
condition (49) takes the form

(50) Guohi*a = 0.

Given a coordinate systems (2°,z!), compatible with the fibration X — R, let us
consider a non-degenerate quadratic Lagrangian

(51) L= smij(at)ohah + hi(a*)ah + (o),

where m;; is a Riemannian mass tensor. Similarly to Proposition 12, one can show that
any quadratic polynomial in J'X C TX is extended to a bilinear form on TX. Then
the Lagrangian L (51) can be written as

1
(52) = —Egapxg:cf,‘, zg =1,
where g is the metric
(53) goo = —2f,  goi=—ki,  gij = —mij.

The corresponding Lagrange equation takes the form
(54) xhy = —(m™1)*{\p, Jadal, z) =1,
where
1
{A;w} = _s(akg.uu e ot 61!9’;1)\ — 3;19)\0)
are the Christoffel symbols of the metric (53). Let us assume that this metric is non-
degenerate. By virtue of Corollary 13, the dynamic equation (54) gives rise to the geodesic

equation on T'X

ot =0, =1,
(55) i’ = (W} 2 - ¢ o }2 2V,

Let us now bring the Lagrangian (51) into the form
1 : o 1% 3 i
(56) L= smij(a*)(zh — T') h — T9) + ' a¥),

where I is a Lagrangian frame connection on X' — R. This connection I' defines an atlas
of local constant trivializations of the bundle X — R and the corresponding coordinates
(%, 7%) on X. In this coordinates, the Lagrangian L (56) reads

- Lo st =
(57) L= 5T + /(7).
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One can think of its first term as the kinetic energy of a non-relativistic system with
the mass tensor 7;; relative to the reference frame I', while (—f') is a potential. Let us
assume that f' is a nowhere vanishing function on X. Then the Lagrange equation (54)
takes the form

(58) Too = {Z\W}Zo®, To=1,

where {)',} are the Christoffel symbols of the metric
(59) 9ij = —Mij, goi = 0. goo = —2f".

This metric is Riemannian if f' > 0 and pseudo-Riemannian if f' < 0. Then the spatial
part of the corresponding geodesic equation

(60) FoNE = {ah

is exactly the spatial part of the geodesic equation with respect to the Levi-Civita connec-
tion of the metric (59) on TX. It follows that the non-relativistic dynamic equation (58)
describes the non-relativistic approximation of the geodesic motion in a curved space
with the metric (59). Note that the spatial part of this metric is the mass tensor which
may be treated as a variable [11].

Conversely, let us consider a geodesic motion

(61) P Oydh = (3", Ye i

in the presence of a pseudo-Riemannian metric g on a world manifold X. Let (2°,7%)
be local hyperbolic coordinates such that gog = 1, go; = 0. These coordinates set a
non-relativistic reference frame for a local fibration X — R. Then eq. (61) has the
non-relativistic limit

'-el
t-sl
Il

3 0, bt
(62) PonE = (11T T

“1|
HI

which is the Lagrange equation for the Lagrangian
1ok Sl
L= -2-1'?153';1‘51?%,

describing a free non-relativistic mech_anical system with the mass tensor m;; = —gij-
Relative to another frame (2", 2' (2%, 7)) associated with the same local projection X —
R, the non-relativistic limit of eq. (61) keeps the form (62), whereas the non-relativistic

equation (62) is brought into the Lagrange equation (55) for the Lagrangian ;
1 ) ¥ F .
(63) Ti= -2—171,;;(:0“)(:.."-5 =T (xg — ).

This Lagrangian describes a mechanical system in the presence of the inertial force as-
sociated with the reference frame I'. The difference between (55) and (62) shows that
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a gravitational force cannot model an inertial force in general; that depends on both a
frame and a system. For example, if the mass tensor in the Lagrangian L (63) is inde-
pendent of time, the corresponding Lagrange equation is a spatial part of the geodesic
equation in a pseudo-Riemannian space.

In view of Proposition 14, the “relativization” (52) of an arbitrary non-relativistic
quadratic Lagrangian (51) may lead to a confusion. In particular, it can be applied
to a gravitational Lagrangian (56) where f' is a gravitational potential. An arbitrary
quadratic dynamic equation can be written in the form

;Iflim = —(m_l)"k{,\k,‘}xémg + b;(;r.”).rf]‘. :‘Bg ==illi§

where {y,} are the Christoffel symbols of some pseudo-Riemannian metric g, whose
spatial part is the mass tensor (—myy; ). while

(64) b (") s + bl(2*)

is an external force. With respect to the coordinates where go; = 0, one may construct
the relativistic equation

(65) Froha* = {\F, }arE" + afi?,
where the soldering form ¢ must fulfill the condition (50). It takes place only if
girb5 + gi;b, =0,

i.e. the external force (64) is the Lorentz-type force plus some potential one. Then, we
have

R=0,  ob=—guth o=t

The “relativization” (65) exhausts almost all familiar examples. It means that a wide
class of mechanical system can be represented as a geodesic motion with respect to some
affine connection in the spirit of Cartan’s idea.

To complete our exposition, point out also another “relativization” procedure. Let a
force £'(2*) in the non-relativistic dynamic equation (25) be a spatial part of a 4-vector
€ in the Minkowski space (X, 7). Then one can write the relativistic equation

(66) O\ = € — nap€Piit.

This is the case, e.g., for a relativistic hydrodynamics that we meet usually in the lit-
erature on a gravitation theory. However, the non-relativistic limit #® = 1 of (66) does
not coincide with the initial non-relativistic equation. There are also other variants of
relativistic hydrodynamic equations [12].
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