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Abstract—The exact solution of the Bortz approximate linear
equation has made it possible to solve the problem of determining
the quaternion of orientation of a rigid body for an arbitrary
angular velocity and small angle of rotation of a rigid body with
the help of quadratures. Proceeding from this solution, the
following approach to the design of a new algorithm for
computation of strapdown INS orientation is proposed.
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I. INTRODUCTION

During operation of many strapdown inertial navigation
systems (SINS) the orientation vector of a rigid body is
periodically calculated by the method of approximate solution
of the Bortz approximate linear differential equation (in the
theory and practice of SINS construction, in ultra rapid cycles
of algorithms for small angles of rotation, the nonlinear term
in the Bortz equation is neglected). The angular velocity
vector of a rigid body is the input quantity in the Bortz
equation. Note that the full nonlinear Bortz equation for the
orientation vector of a rigid body is an analog of the
quaternion linear equation; the vector and the quaternion of
the rigid body orientation are linked by known relations. The
approximate linear vector differential Bortz equation in the
literature is solved by various numerical methods, for
example, by Picard's method, then the second iteration of this
method in the practice of SINS can be taken for the final one.
This term in the iteration formula of Picard's method is called
a non-commutative rotation vector, or "coning". For certain
motions of a rigid body, this term makes a significant
contribution to the error of the method. The study of non-
commutative rotations (or "coning") as a kind of mechanical
motion of bodies, separation of numerical algorithms for
determining the orientation of a rigid body (SINS) for rapid
and slow counting cycles are aimed at compensation for the
effect of this phenomenon. Meanwhile, for some new angular
velocity vector, which is obtained in determining the
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orientation of a rigid body (SINS), based on the initial
arbitrary angular velocity vector in unambiguous interchanges
of variables in the motion equations for a rigid body, the
approximate Bortz equation admits of an exact analytic
solution. We will show this.

The problem is to determine the quaternion of orientation
A of a rigid body with respect to an arbitrary given angular
velocity vector o(t) and the initial angular position of a rigid
body in space based on the quaternion kinematic equation
known as the Darboux problem. Further, variables are
replaced in accordance with the scheme A—U, where U is the
quaternion of the orientation of a certain introduced coordinate
system, it is always possible to reverse the transition U—A.
These changes have the character of rotation transformations
and reduce the initial problem of determining the orientation
of a rigid body (quaternion A) with an arbitrary variable
angular velocity vector m(t) to the problem where the angular
velocity vector w(t) of the introduced coordinate system,
remaining generally variable in absolute value, performs a
definite motion - rotates around one of the axes of the
coordinate system. This motion is a generalized conical
precession, which is in a good agreement with the known
Poinsot's concept that any rotation of a rigid body about a
fixed point can be represented as a conical motion. Finding an
analytical solution of the quaternion differential equation
obtained with respect to the new unknown quaternion U is still
a difficult problem. However, the equation differing from this
one only in the coefficient "1/2" in the right-hand side (i.e.,
with the angular velocity vector w(t)/2) is solved in closed
form. Moreover, we note that the quaternion differential
equation is isomorphic to the homogeneous vector differential
equation of Poisson. The resulting problem with the angular
velocity vector w(t) and the unknown quaternion of
orientation U is associated with the complete Bortz equation
with respect to the unknown orientation vector ¢. The
approximate linear Bortz equation, which is an
inhomogeneous  vector  differential  equation  whose



homogeneous part is equivalent to the Poisson equation with
the vector coefficient w(t)/2, becomes analytically solvable

and its solution (p* is obtained in quadratures by the
Lagrange method. The exact solution of the Bortz approximate
linear equation has made it possible to solve the problem of
determining the quaternion of orientation of a rigid body for
an arbitrary angular velocity and small angle of rotation of a
rigid body with the help of quadratures. Proceeding from this
solution, the following approach to the design of a new
algorithm for computation of SINS orientation has been
implemented:

1) a new angular velocity w(t) of some new coordinate
system was calculated using a set of components of the
angular velocity of a rigid body on the basis of unambiguous
replacements of the variables at each time point;

2) the exact solution of the Bortz approximate linear
equation (vector of orientation) with a zero initial condition
was found using the new angular velocity and the initial
position of a rigid body with the help of quadratures;

3) the value of the quaternion orientation of a rigid body
(SINS) was determined by the vector of orientation on the

scheme (p* ~ (P < U—-A.

During construction of the algorithm for SINS orientation
at each subsequent step the replacement of the variables takes
into account the previous step of the algorithm in such a way
that each time the initial value of the vector orientation of a
rigid body will be equal to zero. Since the proposed algorithm
for the analytical solution of the approximate linear Bortz
equation is exact, it has a regular character for all angular
motions of a rigid body.

II. STATEMENT OF THE PROBLEM OF DETERMINING THE
ORIENTATION OF A RIGID BODY (SINS)
Consider the Cauchy problem for quaternion kinematic
equation [1] with arbitrary given angular velocity vector-

function o(t), written in the following form (this problem is
known as the Darboux problem):

2A = Ao a(?), (2.1

A(t))=Ay. (2.2)
A =200+ 4O + 0 +43()i3  is  a
quaternion describing the position of a rigid body in an inertial
space; () = ()i + @, ()i, + w3(¢)i; is the angular
velocity vector of the rigid body specified by its projections
onto body-fixed coordinate axes; ij,iy,i3 — the units of the
hypercomplex space (imaginary Hamiltonian units), which can
be identified with the vectors of a three-dimensional vector
space 1i;,i,,i3; the symbol “o”stands for the quaternion

Here

product; A is the initial value of the quaternion A(z) at
t=ty, tety, o) (tyset equal to 0). The problem is to find
the quaternion A(¢) .

The problem of determining the orientation vector of a
rigid body @(¢) [2] relative to an inertial space can also be
posed by solving the exact differential Bortz equation

b0+ ioxm+L[1-_2SMe
2 2(1—cos @)

J(p x(pxm), (2.3)
)

2

where “x” means the vector product. In equation (2.3) the
input quantity is the angular velocity vector @ . Note that the
non-linear Bortz equation (2.3) for the orientation vector of a
rigid body is an analogue of the quaternion linear equation
(2.1); vector and quaternion are connected by the relations:

. . . 2, 2, 22
P=pe, e=eji +eyi, +ejis, |e|= ej +e) +ej3 =1,

Ao =cos(p/2), A;=sin(p/2)e;, j=1,2,3, (2.4)
where ¢ is the angle of orientation of a rigid body and e -
the Euler axis of rotation. In the practice of constructing of
constructing SINS orientation algorithms by numerical
solution of equation (2.3) on a time interval ¢,,_; <t<¢,, the
third member in this equation is neglected for small angles of
rotation (it is the magnitude of the order g02 ). If the derived
simplified (approximate) differential equation

O =0+¢ x0/2 (2.5)

is solved by Picard's iterative method, then the second

iteration of this method is taken for the final one [2]:

0% = lrj”(u)(t)dt ra(xo()/ Ddi=a, +B,,,

tm—1

Im
a()= [o()dr, a, =a,),

tm—1

(2.6)

tm
B()= [a(r)xo(r)dr/2, B, =B(,)

|

where vector B is called a non-commutative rotation vector,

or "coning". For certain motions of a rigid body, this term
makes a significant contribution to the error of the method.
The study of non-commutative rotations (or "coning") as a
kind of mechanical motion of bodies, separation of numerical
algorithms for determining the orientation of a rigid body
(SINS) for rapid and slow counting cycles are aimed at
compensation for the effect of this phenomenon. Meanwhile,
for some new angular velocity vector w(t), which is obtained
in determining the orientation of a rigid body (SINS), based on
the initial arbitrary angular velocity vector ®(t) in
unambiguous replacements of variables in the motion
equations for a rigid body, the approximate Bortz equation
admits of an exact analytic solution, which will be shown in
what follows.



III. THE EXACT SOLUTION OF THE BORTZ APPROXIMATE
EQUATION AND DESIGN OF THE ALGORITHM
FOR DETERMINING SINS ORIENTATION ON ITS BASIS

Let's write unambiguous replacements of variables in the
problem (2.1), (2.2) [3] according to the scheme A—U, where
U(t) is the quaternion of orientation of some introduced
coordinate system (new variable), quaternion V(t) is the
generated transition operator, K is an arbitrary constant
quaternion:

A =U(1) Ko V(), |[K]|=[V|=1, 3.1
V(¢)= (=i sinN(£) +i, cos N(£))o
: : 3.2)
o exp(i3N(1)/2)o expli (1) / 2),
2U=UoKow(r)oK, (3.3)
w(t) = y(t)(— ij sin N(#) +i, cos N(t))— 2i3v(t), (3.4)
p(t)= @5 (£) cos Q (1) — w3 (1) sin Q; (1),
v(t)= a;z (1)sin Q, (1) + @, Et) cos Q (1), G5)
N@) = [v(c)dr, Q(t)=]w(r)dz,
0 0
U(0)=Ago(-ip)oK, (3.6)

where (3.3)-(3.6) the new problem for determining the
orientation of a rigid body with the new angular velocity

vector w(t), "|| . ||" means quaternion norm.

Finding an analytical solution to the resulting quaternion
differential equation (3.3) remains a difficult task. However,
the equation that differs from this one only in the coefficient
“1/2 " on the right side (i.e. with the angular velocity vector
w(t)/2)

2¥ =WoKow(t)oK/2 (3.7)

¥(0)=Ag°(-ip)oK (3.8)
is solved in a closed form. Choose quaternion K in the form

K=A(o(-iy)so that the initial conditions (3.6), (3.8)
become wunit U(0)="(0)=1. Note that this technique with
quaternion K is important in the subsequent construction of

the algorithm of SINS orientation. The solution of the Cauchy
problem (3.7), (3.8) will be written as follows:

W=Ago(—iy)o®(r)oiyo Ay (3.9)

(1) = expli,M(1)/ 4)o exp(—i3N(2) /2),

3.10
M) = ] ule . (10
0

On the basis of expressions of type (2.4) we associate the
reduced quaternion problem of determining orientation (3.3)-
(3.6) with the problem with a vector approximate Bortz
equation of the type (2.5):

¢" = Age(-ix)ew(t)oiy o Ag +
+9" x(Ago(-ip)ow(t)oiy o Ag)/2,

¢ (0)=0

(3.11)

(3.12)

We note that the homogeneous part of the vector linear
differential equation (3.11) is equivalent to the solvable
system (3.7) written in the form of a vector differential
Poisson equation. From the Lagrange method of solving linear
inhomogeneous differential systems of equations, the exact
solution of the approximate Bortz equation (3.11) will have
the form on the basis of (3.9), (3.10)

0" =Ago(-iy)o®(t)o

‘ N - (3.13)
o [®(r)oW(r) o D(1)dT o ®(f) iy o Ay.
0

Thus, the problem of determining the orientation of a rigid
body (2.1)-(2.3) on the basis of (2.5) at small rotation angles is
completely solved with the help of quadratures. We give the
analytical algorithm for determining orientation of a rigid
body (SINS) at arbitrary angles of rotation:

1) using the components of angular velocity vector ®(¢)
of a rigid body, functions u(¢),v(¢)are calculated at each
moment of time ¢ by the formulas:

t
(1) = [y (7 ),
0

u(t) = (1) cos Q (1) — a5 (1) sin O (1),
v(t)= @, (1)sin Q (1) + 5 (£) cos Q; (¢);

2) vector w(t) is determined by the calculated w(¢),v(¢):

N = [v{elr,
0
w(t) = u(r iy sin N(2)+i, cos N(1))—2i3v(r);

3) the approximate value of the orientation vector of a
rigid body @™ is calculated using vector w(t) and the initial
position of rigid body Ay :

¢
M(1) = [ ple ),
0
@ (1) = expl(i M(r) / 4)o exp(—i5N(t)/ 2),
~ 4 ~ ~
0" =Ko®(t)o [®(r)oW(r) o ®(1)dT o D(t) o K,
0
K=Aqe ()
4) the components of quaternion U are determined by the

. . *
orientation vector @ :



ug =cos(p/2), u; =sin(p/2)e;, j=1,2,3,

co=‘q>*‘, e=@ /o, ot)#0, Vi

5) an approximate value of quaternion of a rigid body (SINS)

orientation A“%P%* is obtained

APPOY — (1) o K o (—ij sin N(£) + i cos N(1))o
oexplizN(1)/2)o expli;Q; (1)/ 2).

Quaternion K should be selected in the form
K, =A,,_1°(-i,) when implementing the SINS orientation
algorithm at each subsequent step m of algorithm. Then the

initial value of variable @ will be zero each time.

It should be noted that the differential equation with
respect to the vector of the final rotation of a rigid body is also
used in the theory and practice of SINS. Similar reasoning can
be applied to it as well [4].
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