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1. �¢¥¤¥¨¥

�à¥¤¨ ¨¢ à¨ â®¢ á¢ï§®áâ¨   ¬®£®®¡à §¨¨ ¢ ¦¥©è¨¬¨, ª ª ¨§¢¥áâ®, ï¢«ïîâáï â¥-
§®àë ªà¨¢¨§ë ¨ ªàãç¥¨ï. �« áá¨ç¥áª ï £¥®¬¥âà¨ç¥áª ï âà ªâ®¢ª  íâ¨å â¥§®à®¢ å®à®è® ¨§-
¢¥áâ  ( ¯à., [1], áá. 417{420, 494{507). �¤ ª® ¢ ®â«¨ç¨¥ ®â â¥§®à  ªà¨¢¨§ë £¥®¬¥âà¨ç¥áª ï
âà ªâ®¢ª  â¥§®à  ªàãç¥¨ï ¥ª®â®àë¬¨  ¢â®à ¬¨ áç¨â ¥âáï ¥ ¢¯®«¥ ã¤®¢«¥â¢®à¨â¥«ì®©
( ¯à., [2], á. 50). � ¤ ®© à ¡®â¥ ¯à¥¤« £ ¥âáï ®¢ ï £¥®¬¥âà¨ç¥áª ï ¨â¥à¯à¥â æ¨ï â¥§®à 
ªàãç¥¨ï á¢ï§®áâ¨   ¬®£®®¡à §¨¨, ª®â®à ï    è ¢§£«ï¤ ®â«¨ç ¥âáï ®â ª« áá¨ç¥áª®© ¨¢ -
à¨ â®áâìî ¨ £¥®¬¥âà¨ç¥áª®©  £«ï¤®áâìî ª®áâàãªæ¨¨. �®  è¨¬ á¢¥¤¥¨ï¬ ¯à¥¤«®¦¥ ï
âà ªâ®¢ª  ¢ ¤¥©áâ¢¨â¥«ì®áâ¨ ï¢«ï¥âáï ®¢®© (á¬. ®¡§®àë¥ áâ âì¨ [3], [4]).

�«ï ¤ ®© á¢ï§®áâ¨ r (§¤¥áì ¨ ¤ «¥¥ ¯¨è¥¬ \á¢ï§®áâì" ¢¬¥áâ® \«¨¥© ï á¢ï§®áâì")
  ¬®£®®¡à §¨¨ M à áá¬®âà¨¬ á®¯àï¦¥ãî á¢ï§®áâì r� ¢ ª®ª á â¥«ì®¬ à áá«®¥¨¨. �©
á®®â¢¥âáâ¢ã¥â ¥ª®â®à®¥ à á¯à¥¤¥«¥¨¥ H�   ¬®£®®¡à §¨¨ T �M . (� ¤ «ì¥©è¥¬ ¬ë ç áâ® ¥
¤¥« ¥¬ â¥à¬¨®«®£¨ç¥áª®£® à §«¨ç¨ï ¬¥¦¤ã á¢ï§®áâìî ¨ á®®â¢¥âáâ¢ãîé¨¬ à á¯à¥¤¥«¥¨¥¬.)
�ãáâì H�? | à á¯à¥¤¥«¥¨¥, ®àâ®£® «ì®¥ H� ¢ ª ®¨ç¥áª®© á¨¬¯«¥ªâ¨ç¥áª®© áâàãªâãà¥
ª®ª á â¥«ì®£® ¬®£®®¡à §¨ï. �®ª ¦¥¬, çâ®H�? â ª¦¥ ï¢«ï¥âáï á¢ï§®áâìî. �¤¨ ¨§ ®á®¢ëå
à¥§ã«ìâ â®¢ à ¡®âë á®áâ®¨â ¢ á«¥¤ãîé¥¬: ¥á«¨ r? | ®¯¥à â®à á¢ï§®áâ¨, á®¯àï¦¥®© ª H�?,

â® T = r�r? | â¥§®à ªàãç¥¨ï á¢ï§®áâ¨ r.
� á¨«ã íâ®£® â¥§®à ªàãç¥¨ï â®£¤  ¨ â®«ìª® â®£¤  à ¢¥ ã«î, ª®£¤  à á¯à¥¤¥«¥¨¥ H�

« £à ¦¥¢®, â. ¥. H�

p | « £à ¦¥¢® ¯®¤¯à®áâà áâ¢® á¨¬¯«¥ªâ¨ç¥áª®£® ¯à®áâà áâ¢  TpT
�M ,

£¤¥ p 2 T �M . � ª¨¬ ®¡à §®¬, ¬®¦® áª § âì, çâ® â¥§®à ªàãç¥¨ï á¢ï§®áâ¨ r ¥áâì \¬¥à 
¥« £à ¦¥¢®áâ¨" á®¯àï¦¥®© á¢ï§®áâ¨ r�. �®çë¥ ä®à¬ã«¨à®¢ª¨ ¯à¨¢¥¤¥ë ¢ ¯. 3.

�¥ ã¤¨¢¨â¥«ì®, çâ® ¯à¨  «¨ç¨¨ ¬®¦¥áâ¢  ¨¢ à¨ âëå ®¯à¥¤¥«¥¨© ®¯à¥¤¥«¥¨¥ «¨-
¥©®© á¢ï§®áâ¨ ¢ ¢¥ªâ®à®¬ à áá«®¥¨¨ ª ª à á¯à¥¤¥«¥¨ï   â®â «ì®¬ ¯à®áâà áâ¢¥ à á-
á«®¥¨ï ¥ ¯®«ì§ã¥âáï ¯®¯ã«ïà®áâìî ¯® ¯à¨ç¨¥ ¥¨¢ à¨ â®áâ¨ äà §ë: \£®à¨§®â «ì®¥
à á¯à¥¤¥«¥¨¥, «¨¥©® § ¢¨áïé¥¥ ®â ª®®à¤¨ â ¢¤®«ì á«®ï". �® ®® ®¡« ¤ ¥â ¯à¥¨¬ãé¥áâ¢®¬
£¥®¬¥âà¨ç¥áª®©  £«ï¤®áâ¨. � ª ª ª  è  ª®áâàãªæ¨ï ®¯¨à ¥âáï ¨¬¥®   íâ® ®¯à¥¤¥«¥¨¥,
¯à¨¢®¤¨¬ ¥£® ¨¢ à¨ âãî ä®à¬ã«¨à®¢ªã (á¬. ®¯à¥¤¥«¥¨¥ ¢ ¯. 2).

�¢ï§®áâì r? ¬®¦® ¯®áâà®¨âì ¥¯®áà¥¤áâ¢¥® ¯® r, â. ¥. ¥ ®¡à é ïáì ª T �M . �¢ï§ì
¬¥¦¤ã r ¨ r? ®áãé¥áâ¢«ï¥âáï ¯®áà¥¤áâ¢®¬ ª ®¨ç¥áª®© ¨¢®«îæ¨¨ ¢â®à®£® ª á â¥«ì®£®
à áá«®¥¨ï. � ®¯¥à â®à®© ¨â¥à¯à¥â æ¨¨ á¢ï§ì íâ  ®ç¥¢¨¤  ¨ ¤ ¥âáï ä®à¬ã«®© r?

XY =
rYX + [X;Y ]. � «®£¨ç ï á¢ï§ì ¨¬¥¥âáï ¬¥¦¤ã ®¯¥à â®à ¬¨ á¢ï§®áâ¥© H�? ¨ H�, ª®â®àë¥
®¡®§ ç¨¬ r�? ¨ r� á®®â¢¥âáâ¢¥®: hr�?

X �; Y i = hr�

Y �;Xi + hd�;X ^ Y i. � è  â¥à¬¨®«®£¨ï
¨ ®¡®§ ç¥¨ï ¡«¨§ª¨ ª â¥à¬¨®«®£¨¨ ¨ ®¡®§ ç¥¨ï¬, ¯à¨ïâë¬ ¢ [5]. �¥ªâ®à®¥ à áá«®¥¨¥
� : E ! M ®¡®§ ç ¥¬ ç¥à¥§ E, ªà®¬¥ â®£® ¯®«®¦¨¬ n = dimE ¨ m = dimM . �®¤ã«ì á¥ç¥-
¨© à áá«®¥¨ï E ®¡®§ ç ¥âáï ç¥à¥§ E, ¬®¤ã«¨ ¢¥ªâ®àëå ¨ ª®¢¥ªâ®àëå ¯®«¥© | ç¥à¥§ T
¨ T� á®®â¢¥âáâ¢¥®. Ex ®§ ç ¥â á«®© à áá«®¥¨ï E  ¤ x 2 M . �«ï ª®®à¤¨ â ¨á¯®«ì§ãîâ-
áï á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï: (xi) = x | ¤«ï ª®®à¤¨ â â®çª¨ ¬®£®®¡à §¨ï; (X i) = X | ¤«ï
ª®®à¤¨ â ¢¥ªâ®à  ¨§ TM ¢ ¡ §¨á¥ @=@xi; (pi) = p | ¤«ï ª®®à¤¨ â ¢¥ªâ®à  ¨§ T �M ¢ ¡ §¨á¥
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dxi; (Y i; �i) = (Y; �) | ¤«ï ª®®à¤¨ â ¢¥ªâ®à  ¨§ TTM ¢ ¡ §¨á¥ @=@xi, @=@X i, (ai) = a | ¤«ï
ª®®à¤¨ â ¢ á«®¥ à áá«®¥¨ï E ¨ â. ¤.

�ãáâì E ¨ F | ¢¥ªâ®àë¥ à áá«®¥¨ï  ¤ M . �ë ®â®¦¤¥áâ¢«ï¥¬ à áá«®¥¨ï E� 
 F ¨
Hom(E;F ) ¯®áà¥¤áâ¢®¬ ª ®¨ç¥áª®£® ¨§®¬®àä¨§¬  ¬¥¦¤ã ¨¬¨. �á«¨ S | á¥ç¥¨¥ à áá«®¥¨ï
E� 
 F ¨ X | á¥ç¥¨¥ E, â® S(X) ¨«¨ hS;Xi ®¡®§ ç ¥â á®®â¢¥âáâ¢ãîéãî á¢¥àâªã. �à®¬¥
â®£®, ¯à®¥ªæ¨¨ à §«¨çëå à áá«®¥¨© ®¡®§ ç ¥¬ ®¤®© ¨ â®© ¦¥ ¡ãª¢®© �. �á«¨ f : M 0 !
M | £« ¤ª®¥ ®â®¡à ¦¥¨¥, â® ¤«ï ¯®¤ïâëå ¯®áà¥¤áâ¢®¬ f   M 0 ®¡ê¥ªâ®¢ (£®¬®¬®àä¨§¬®¢,
à áá«®¥¨©, á¥ç¥¨© ¨ â. ¤.) ¨á¯®«ì§ã¥¬ â¥ ¦¥ ®¡®§ ç¥¨ï, çâ® ¨ ¤«ï ¨áå®¤ëå ®¡ê¥ªâ®¢  ¤M .

2. �¡ ¨¢ à¨ â®© ä®à¬¥ ãá«®¢¨© £®à¨§®â «ì®áâ¨

�ãáâì � : E ! M | ¢¥ªâ®à®¥ à áá«®¥¨¥. �¨ää¥à¥æ¨ « d� : TE ! TM ¯à®¥ªæ¨¨ �
®¯à¥¤¥«ï¥â ¬®àä¨§¬ à áá«®¥¨© TE ! ��(TM)  ¤ E, ª®â®àë© â®¦¥ ®¡®§ ç¨¬ d�. Ker(d�) |
¯®¤à áá«®¥¨¥ ¢¥àâ¨ª «ìëå ¯®¤¯à®áâà áâ¢ ¢ TE. � ª ª ª «¨¥©®¥ ¯à®áâà áâ¢® ¨§®¬®àä-
® á¢®¥¬ã ª á â¥«ì®¬ã ¯à®áâà áâ¢ã ¢ «î¡®© â®çª¥, â® ®¯à¥¤¥«¥® ¢«®¦¥¨¥ � : ��E ! TE
à áá«®¥¨©  ¤ E, ®â®¦¤¥áâ¢«ïîé¥¥ á«®© à áá«®¥¨ï ��E, à áá¬ âà¨¢ ¥¬ë© ª ª ¯®¤¬®£®-
®¡à §¨¥ ¢ E, á ¥£® ª á â¥«ìë¬ ¯à®áâà áâ¢®¬ ¢ ¤ ®© â®çª¥. �à¨ íâ®¬ �(��E) = Ker(d�), â. ¥.
á«¥¤ãîé ï ª®à®âª ï ¯®á«¥¤®¢ â¥«ì®áâì à áá«®¥¨©, á®áâ ¢«¥ ï ¨§ � ¨ d�,

0! ��E ! TE ! ��(TM)! 0 (2.1)

â®ç  ([6], á. 155).
�¢ï§®áâì H ¢ à áá«®¥¨¨ E ¬®¦® ¨â¥à¯à¥â¨à®¢ âì ª ª à áé¥¯«¥¨¥ (2.1), ã¤®¢«¥â¢®-

àïîé¥¥ ¤®¯®«¨â¥«ì® \ãá«®¢¨î «¨¥©®áâ¨", ª®â®à®¥ ¬®¦® ¢ëà §¨âì á«¥¤ãîé¨¬ ®¡à §®¬:
à á¯à¥¤¥«¥¨¥ H ¤®«¦® «¨¥©® § ¢¨á¥âì ®â ª®®à¤¨ â ¢¤®«ì á«®ï à áá«®¥¨ï E.

�â®¡ë ¯à¨¤ âì íâ®¬ã ®¯à¥¤¥«¥¨î ¨¢ à¨ âãî ä®à¬ã, ¢®á¯®«ì§ã¥¬áï ª®áâàãªæ¨¥© ª á -
â¥«ì®£® à áá«®¥¨ï ª à áá«®¥¨î E. �à®©ª  (TE; d�; TM)  ¤¥«ï¥âáï áâàãªâãà®© 2n-¬¥à®£®
¢¥ªâ®à®£® à áá«®¥¨ï ([6], á. 152), ª®â®à®¥  §ë¢ ¥âáï ª á â¥«ìë¬ à áá«®¥¨¥¬ ª à áá«®¥-
¨î E.

�ë ï¢® ®¯¨è¥¬ «¨¥©ãî áâàãªâãàã ¢ á«®ïå à áá«®¥¨ï TE.
�ãáâì E1 ¨ E2 | ¯ à  ¢¥ªâ®àëå à áá«®¥¨©  ¤ M , ¨ E1 �E2 | ¨å áã¬¬  �¨â¨. �®£®-

®¡à §¨¥ T (E1 � E2) ®¡« ¤ ¥â áâàãªâãà®© ¤¢®©®£® à áá«®¥¨ï á ¡ § ¬¨ TM ¨ E1 � E2. �ãáâì
â¥¯¥àì TE1 � TE2 | áã¬¬  �¨â¨  ¤ TM à áá«®¥¨© TE1 ¨ TE2. �¯à¥¤¥«¨¬ ¯à®¥ªæ¨î
� : TE1 � TE2 ! E1 � E2 ¯® ä®à¬ã«¥: �(�1; �2) = (�1(�1); �2(�2)), £¤¥ �i : TEi ! Ei | ª ®-
¨ç¥áª¨¥ ¯à®¥ªæ¨¨. �§ ª®¬¬ãâ â¨¢®áâ¨ ¤¨ £à ¬¬ë

TEi ���! Ei??yd�i

??y�i

TM ���! M

á«¥¤ã¥â, çâ® ®â®¡à ¦¥¨¥ � ª®àà¥ªâ® ®¯à¥¤¥«¥®. �à®©ª  (TE1 � TE2; �; E1 � E2) ï¢«ï¥âáï
¢¥ªâ®àë¬ à áá«®¥¨¥¬ á® á«®¥¬ (TE1 � TE2)(a;b) = f(�1; �2) j �1 2 TaE1; �2 2 TbE2; �i 2 (TE1 �
TE2)X ; X 2 TM; i = 1; 2g, £¤¥ a 2 E1, b 2 E2. �«®¦¥¨¥ ¢ (TE1 � TE2)(a;b) ®¯à¥¤¥«ï¥âáï ¯®
ä®à¬ã«¥ (�1; �2) + (�1; �2) = (�1 + �1; �2 + �2), £¤¥ �1 + �1 ¨ �2 + �2 ¢ëç¨á«ïîâáï ¢ TaE1 ¨ TbE2

á®®â¢¥âáâ¢¥®. �á«¨ �i 2 (TE1 � TE2)Y , i = 1; 2, â® �i + �i 2 (TE1 � TE2)X+Y . �¬®¦¥¨¥  
ç¨á«® ®¯à¥¤¥«ï¥âáï   «®£¨ç®.

�¥®à¥¬  2.1. �¢®©ë¥ à áá«®¥¨ï T (E1 �E2) ¨ TE1 � TE2 ª ®¨ç¥áª¨ ¨§®¬®àäë.

�®ª § â¥«ìáâ¢®. �ãáâì �i : E1 � E2 ! Ei | ®â®¡à ¦¥¨ï ¯à®¥ªâ¨à®¢ ¨ï. �® á¢®©áâ¢ã
ã¨¢¥àá «ì®áâ¨ áã¬¬ë �¨â¨  ©¤¥âáï ¥¤¨áâ¢¥ë© ¬®àä¨§¬ � â ª®©, çâ® ª®¬¬ãâ â¨¢ 
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¤¨ £à ¬¬  ( ¤ TM)
T (E1 �E2)

�
�
���

d�1

?

�
H
H
HHj

d�2

TE1
�1 ��� TE1 � TE2

�2���! TE2

�§ �(a) = 0 á«¥¤ã¥â, çâ® d�i(a) = �i(�(a)) = 0. �® d�1(a) = d�2(a) = 0 ¢«¥ç¥â a = 0 (¯®á«¥¤-
îî ¨¬¯«¨ª æ¨î «¥£ç¥ ¢á¥£® ãá¬®âà¥âì ¢ ª®®à¤¨ â å). �â ª, � | ¬®®¬®àä¨§¬. �¥¯¥àì ¨§
á®¢¯ ¤¥¨ï à §¬¥à®áâ¥© à áá«®¥¨© T (E1�E2) ¨ TE1�TE2 á«¥¤ã¥â, çâ® �| ¨§®¬®àä¨§¬ ( ¤
TM). � «®£¨ç® ¤®ª §ë¢ ¥âáï, çâ® � | ¨§®¬®àä¨§¬ ¨  ¤ E1 �E2.

� ¤ «ì¥©è¥¬ ¬ë ®â®¦¤¥áâ¢«ï¥¬ ¬®£®®¡à §¨ï T (E1�E2), TE1�TE2 ¯®áà¥¤áâ¢®¬ �. � ª¨¬
®¡à §®¬, ¬®¦®  ¯¨á âì

T (E1 �E2) = f(�1; �2) j �i 2 TEi; d�1(�1) = d�2(�2)g;

[T (E1 �E2)]X = f(�1; �2) j �i 2 TEi; d�1(�1) = d�2(�2) = Xg; X 2 TM;

[T (E1 �E2)](a;b) = f(�1; �2) j �1 2 TaE1; �2 2 TbE2; d�1(�1) = d�2(�2)g;

a 2 E1, b 2 E2.
� ®¨ç¥áª®¥ ¢«®¦¥¨¥ i : R ! R

2 , � 7! (�; 0) ®¯à¥¤¥«ï¥â ¢«®¦¥¨¥ à áá«®¥¨© i0 : RTM !
TRM . � á ¬®¬ ¤¥«¥, RTM = TM � R,   TRM = T (M � R) = TM � R

2 ¨ ã¦® ¯®«®¦¨âì
i0 = 1TM�i. �á«¨ â¥¯¥àì � : E�RM ! E |¬®àä¨§¬ ã¬®¦¥¨ï, â® ¯®«®¦¨¬ �0 = d��(1TE�i0) :
TE � RTM ! TE.

�¥®à¥¬  2.2. �ãáâì � : E �E ! E | ¬®àä¨§¬ á«®¦¥¨ï, â®£¤  á«®¦¥¨¥ ¨ ã¬®¦¥¨¥

¢ à áá«®¥¨¨ d� : TE ! TM ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã« ¬ i) �+ � = d�(�; �); ii) �� = �0(�; �), £¤¥
�; � 2 (TE)X ; � 2 R; X 2 TM .

�®ª § â¥«ìáâ¢®. i) �¨ªá¨àã¥¬ âà¨¢¨ «¨§ æ¨î (U;'). �®£¤  ¤¨ää¥à¥æ¨ « d�(a;b) ¢ â®çª¥
(a; b) 2 E �E § ¤ ¥âáï ¬ âà¨æ¥© �

En 0 0
0 Em Em

�
;

£¤¥ En | ¥¤¨¨ç ï ¬ âà¨æ  à §¬¥à  n�n. �, á«¥¤®¢ â¥«ì®, d� ¤¥©áâ¢ã¥â ¯® ¯à ¢¨«ã d�(a;b) :
(x;a;b;X; �;�) 7! (x;a+b;X; �+�), £¤¥ (x;a;b;X; �;�) | ª®®à¤¨ âë ¢¥ªâ®à  (�; �) 2 T (E�E).
� «®£¨ç®¥ ¢ëà ¦¥¨¥ ¢ ª®®à¤¨ â å ¨¬¥¥â áã¬¬  � + �.

ii) �¨ää¥à¥æ¨ « d�(a;�) ¢ â®çª¥ (a; �) 2 E � RM § ¤ ¥âáï ¬ âà¨æ¥©
�
En 0 0
0 �Em a

�
, ¨, á«¥-

¤®¢ â¥«ì®, ¯¥à¥¢®¤¨â ¢¥ªâ®à á ª®®à¤¨ â ¬¨ (X; �; t) 2 T(a;�)(E�RM ) ¢ ¢¥ªâ®à á ª®®à¤¨ â ¬¨
(X;�� + ta) 2 T�aE. �®£¤  �0 ¤¥©áâ¢ã¥â ¯® ¯à ¢¨«ã (a;X; �;�) 7! (a;X; �;�; 0) 7! (�a;X;��),
â. ¥. ï¢«ï¥âáï ã¬®¦¥¨¥¬ ¢¥ªâ®à  á ª®®à¤¨ â ¬¨ (a; �) 2 TXE   �, £¤¥ X 2 T�(a)M .

�¥¯¥àì ¥ ¯à¥¤áâ ¢«ï¥â âàã¤  áä®à¬ã«¨à®¢ âì ¨¢ à¨ âë¥ \ãá«®¢¨ï «¨¥©®áâ¨", â. ¥.
ãá«®¢¨ï, ¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®çë¥ ¤«ï â®£®, çâ®¡ë à á¯à¥¤¥«¥¨¥   ¬®£®®¡à §¨¨ E § ¤ -
¢ «® á¢ï§®áâì ¢ à áá«®¥¨¨ E.

�¥®à¥¬  2.3. � á¯à¥¤¥«¥¨¥ H   E, à áé¥¯«ïîé¥¥ ¯®á«¥¤®¢ â¥«ì®áâì (2:1), ï¢«ï¥âáï
á¢ï§®áâìî â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  H ¥áâì ¯®¤à áá«®¥¨¥ ¤¢®©®£® à áá«®¥¨ï TE.

�®ª § â¥«ìáâ¢®. �ãáâìH |à áé¥¯«¥¨¥ (2.1) ¨ (U;') | ¥ª®â®à ï âà¨¢¨ «¨§ æ¨ï. �®£¤ 
 ©¤¥âáï ¥¤¨áâ¢¥ë© ¡ §¨á  ã«ïâ®à H  ¤ U ¢¨¤  #i = dai+eik(x;a)dx

k, £¤¥ #i | «¨¥©ë¥
1-ä®à¬ë, á®áâ ¢«ïîé¨¥ ¡ §¨á Ann(H)  ¤ U , (x;a) | ª®®à¤¨ âë ¢ âà¨¢¨ «¨§ æ¨¨ (U;') ([5],
á. 178). � á«ãç ¥ á¢ï§®áâ¨ äãªæ¨¨ eik ¤®«¦ë ¡ëâì «¨¥©ë ¯® a. �¨¥©®áâì ¦¥ eik ¯® a
à ¢®á¨«ì  â®¬ã, çâ® H ¥áâì ¢¥ªâ®à®¥ à áá«®¥¨¥  ¤ TM . � á ¬®¬ ¤¥«¥, ¯ãáâì (�1; �2) 2 [H�
H]X , X 2 TM . �â® § ç¨â, çâ® #(�i) = �i+e(x;ai)X = 0, £¤¥ i = 1; 2 ¨ (x;X;ai; �i) | ª®®à¤¨ âë
¢¥ªâ®à  �i ¢ (U;'). �1+�2 2 HX â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  #(�1+�2) = �1+�2+e(x;a1+a2)X = 0.
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� ª¨¬ ®¡à §®¬, #(�1 + �2) = #(�1) + #(�2), â. ¥. e(x;a1 + a2) = e(x;a1) + e(x;a2). � «®£¨ç®
¤®ª §ë¢ ¥âáï, çâ® e(x; la) = le(x;a) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  lH = H, £¤¥ l 2 R.

�â ª, ¬ë ¯à¨è«¨ ª á«¥¤ãîé¥¬ã ¨¢ à¨ â®¬ã ®¯à¥¤¥«¥¨î á¢ï§®áâ¨ ¢ â¥à¬¨ å à á¯à¥-
¤¥«¥¨©   E.

�¯à¥¤¥«¥¨¥. �¢ï§®áâìî ¢ ¢¥ªâ®à®¬ à áá«®¥¨¨ E  §ë¢ ¥âáï ¯®¤à áá«®¥¨¥ ¤¢®©®£®
à áá«®¥¨ï TE, à áé¥¯«ïîé¥¥ (2.1).

3. �¥®¬¥âà¨ç¥áª¨© á¬ëá« â¥§®à  ªàãç¥¨ï
¢ â¥à¬¨ å ª®ª á â¥«ì®£® à áá«®¥¨ï

�ãáâì r| á¢ï§®áâì,   (U;') | âà¨¢¨ «¨§ æ¨ï ¢ à áá«®¥¨¨ E. �®£¤    U ®¯à¥¤¥«¥  âà¨-
¢¨ «ì ï á¢ï§®áâì r', ª®â®à ï § ¤ ¥âáï à ¢¥áâ¢®¬ r'

Xs = (Xf i)si, £¤¥ si | «®ª «ìë© ¡ §¨á
á¥ç¥¨©, ®â¢¥ç îé¨© âà¨¢¨ «¨§ æ¨¨ ', ¨ s = f isi. � «¥¥,   U ®¯à¥¤¥«¥ â¥§®à ¤¥ä®à¬ æ¨¨
�, § ¤ ¢ ¥¬ë© à ¢¥áâ¢®¬

� = r�r': (3.1)

�ãáâì r� | á®¯àï¦¥ ï á¢ï§®áâì,   '� | âà¨¢¨ «¨§ æ¨ï á®¯àï¦¥®£® à áá«®¥¨ï E�,
®â¢¥ç îé ï âà¨¢¨ «¨§ æ¨¨ '. �¬¥¥â ¬¥áâ®

�¥¬¬  3.1. i) �à¨¢¨ «ì ï á¢ï§®áâì, ®â¢¥ç îé ï âà¨¢¨ «¨§ æ¨¨ '�, á®¯àï¦¥  á¢ï§®-

áâ¨ r', â. ¥. ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® (r')� = r'�.

ii) �á«¨ ç¥à¥§ �� ®¡®§ ç¨âì â¥§®à ¤¥ä®à¬ æ¨¨ á¢ï§®áâ¨ r�, â® ®¯¥à â®àë �(X) ¨

���(X) á®¯àï¦¥ë, â. ¥.

�(X)� = ���(X): (3.2)

�®ª § â¥«ìáâ¢®. i) �®£« á® ®¯à¥¤¥«¥¨ï¬ ¨¬¥¥¬

hr'�
X �; Y i = (X�i)Y

i;

h(r')�X�; Y i = Xh�; Y i � h�;r'
Xi = X(�iY i)� �i(XY i) =

= (X�i)Y i + �i(XY i)� �i(XY i) = (X�i)Y i = hr'�
X �; Y i:

ii) �ç¨âë¢ ï i) ¨ ®¯à¥¤¥«¥¨ï � ¨ �� ¢ (3.1) ¨ (3.2), ¬®¦¥¬  ¯¨á âì

h��(X;�); Y i = h(r�

X �r
'�
X )�; Y i = hr�

X�; Y i � hr
'�
X �; Y i =

= Xh�; Y i � h�;rXY i � hr
'�
X �; Y i = (Xh�; Y i � (h�;r'

XY i+ hr
'�
X �; Y i)) � h�;�(X;Y )i =

= Xh�; Y i �Xh�; Y i � h�;�(X;Y )i = �h�;�(X;Y )i;

çâ® ¨ ¤®ª §ë¢ ¥â ii).

�ãáâì â¥¯¥àì H | á¢ï§®áâì   ¬®£®®¡à §¨¨ M , H� | á®¯àï¦¥ ï á¢ï§®áâì ¢ T �M .
�ãáâì â ª¦¥ � | â¥§®à �à¨áâ®ää¥«ï H ¢ ¥ª®â®à®© á¨áâ¥¬¥ ª®®à¤¨ â (U; xi), �� | â¥§®à
¤¥ä®à¬ æ¨¨ H�,   H�? | à á¯à¥¤¥«¥¨¥, ®àâ®£® «ì®¥ ª H� ¢ ª ®¨ç¥áª®© á¨¬¯«¥ªâ¨ç¥áª®©
áâàãªâãà¥   T �M (â. ¥. H�?

p ¥áâì ®àâ®£® «ì®¥ ¤®¯®«¥¨¥ ª H�

p ¢ á¨¬¯«¥ªâ¨ç¥áª®¬ ¯à®áâà -
áâ¢¥ TpT �M , p 2 T �M).

�¥®à¥¬  3.1. H�? ï¢«ï¥âáï á¢ï§®áâìî á â¥§®à®¬ ¤¥ä®à¬ æ¨¨ ��?, ®¯à¥¤¥«ï¥¬ë¬ ¯®

ä®à¬ã«¥

��?(�) = (��(�))�; (3.3)

£¤¥ � | ¯à®¨§¢®«ì ï «¨¥© ï ä®à¬ .

�®ïá¨¬ (3.3): ��(�) ï¢«ï¥âáï ®¯¥à â®à®¬ ( ¤ U) ¨§ à áá«®¥¨ï TM ¢ T �M . �®¯àï¦¥ë©
®¯¥à â®à (��(�))� ¤¥©áâ¢ã¥â ¨§ T ��M ¢ T �M ¨ (¢ á¨«ã ®â®¦¤¥áâ¢«¥¨ï T ��M = TM) (��(�))� :
TM ! T �M . � ª ¦¥ ¯® ®¯à¥¤¥«¥¨î ¤®«¦¥ ¤¥©áâ¢®¢ âì ��?(�).
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�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® ¥á«¨ (L;!) | á¨¬¯«¥ªâ¨ç¥áª®¥ ¯à®áâà áâ¢®,
â® L� ª ®¨ç¥áª¨¬ ®¡à §®¬  ¤¥«ï¥âáï á¨¬¯«¥ªâ¨ç¥áª®© áâàãªâãà®©; á®®â¢¥âáâ¢ãîéãî ä®à¬ã
¡ã¤¥¬ ®¡®§ ç âì â®© ¦¥ ¡ãª¢®© !. �à¥¬¥® ®¡®§ ç¨¬ ª®íää¨æ¨¥âë â¥§®à  �� ç¥à¥§ �ijk.
�«ï à á¯à¥¤¥«¥¨© H� ¨ H�?  ©¤ãâáï 1-ä®à¬ë �i ¨ #i â ª¨¥, çâ®

�i = dpi + �ijkp
jdxk; (3.4)

#i = dpi + eikdx
k; (3.5)

£¤¥ (pi) | ª®®à¤¨ âë ¢ ¡ §¨á¥ dxi, (eik) | ¥ª®â®àë¥ £« ¤ª¨¥ äãªæ¨¨   T �U [5]. �¢¨¤ã
®àâ®£® «ì®áâ¨ H� ¨ H�? ¢á¥ ä®à¬ë (�i) ®àâ®£® «ìë ¢á¥¬ ä®à¬ ¬ (#i) ¢ ¨¤ãæ¨à®¢ ®©
á¨¬¯«¥ªâ¨ç¥áª®© áâàãªâãà¥


(�i; #i) = 0; (3.6)

£¤¥ 
 | á¨¬¯«¥ªâ¨ç¥áª ï ä®à¬    T �M . � ¤àã£®© áâ®à®ë, á®£« á® (3.4), (3.5) ¨¬¥¥¬


(�i; #i
0

) = 
(dpi; dpi
0

) + ei
0

k0
(dpi; dxk
0

) + �ijkp
j
(dxk; dpi

0

) + �ijkp
jei

0

k0
(dxk; dxk
0

):

�¤¥áì ¯¥à¢®¥ ¨ ç¥â¢¥àâ®¥ á« £ ¥¬ë¥ à ¢ë ã«î, ªà®¬¥ â®£®, 
(dxk; dpm) = ��km. �âáî¤ 

(�i; #i

0

) = ei
0

i ��
i
ji0p

j . � ¢¢¨¤ã (3.6) ¨§ ¯®á«¥¤¥© ä®à¬ã«ë ¯®«ãç ¥¬ ei
0

i = �iji0p
j . �â ª, äãªæ¨¨

eik «¨¥©ë ¯® pj , â. ¥. ¬®¦®  ¯¨á âì eik = �
i

jkp
j . �à ¢¨¢ ï ¤¢¥ ¯®á«¥¤¨¥ ä®à¬ã«ë, ¯®«ãç¨¬

�
i

jk = �kji. �â  ä®à¬ã«  ¥áâì ¯à®áâ® ª®®à¤¨ â ï ä®à¬  § ¯¨á¨ à ¢¥áâ¢  (3.3).

� áá¬®âà¨¬ ç¥â¢¥àªã á¢ï§®áâ¥© H, H�, H�?, (H�?)�. �¢¥¤¥¬ ®¡®§ ç¥¨ï H�? = H 0,
(H�?)� = H 00. �â ª, H ¨ H 00 | á¢ï§®áâ¨ ¢ TM ,   H� ¨ H 0 | ¢ T �M . �®®â¢¥âáâ¢ãîé¨¥
ª®¢ à¨ âë¥ ¯à®¨§¢®¤ë¥ ®¡®§ ç¨¬ r, r�, r0, r00. �®£¤  ®¯à¥¤¥«¥ë â¥§®àë r � r00 2
T �M 
 T �M 
 TM , r� �r0 2 T �M 
 TM 
 TM . �¬¥¥â ¬¥áâ®

�¥®à¥¬  3.2. i) �¯à ¢¥¤«¨¢® à ¢¥áâ¢®

r�r00 = T; (3.7)

£¤¥ T | â¥§®à ªàãç¥¨ï r.
ii) �¥§®àë T ¨ T � á¢ï§ ë à ¢¥áâ¢®¬

T �(X) = �T (X)�; (3.8)

£¤¥ X 2 TM .

�®ª § â¥«ìáâ¢®. i) �¨ªá¨àã¥¬ á¨áâ¥¬ã ª®®à¤¨ â (U; xi) ¨ ®¡®§ ç¨¬ â¥§®àë ¤¥ä®à¬ æ¨¨
 è¨å á¢ï§®áâ¥© ç¥à¥§ �, ��, �0, �00 á®®â¢¥âáâ¢¥®. �®£« á® ä®à¬ã«¥ (3.2) ¨¬¥¥¬

h��(X;�); Y i = �h�;�(X;Y )i; (3.9)

h�0(X;�); Y i = �h�;�00(X;Y )i: (3.10)

�à®¬¥ â®£®, ä®à¬ã«ã (3.3) ¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

h�0(X;�); Y i = h��(Y; �);Xi: (3.11)

�®¤áâ ¢«ïï (3.11) ¨ (3.9) ¯®á«¥¤®¢ â¥«ì® ¢ (3.10), ¯®«ãç¨¬

h�;�00(X;Y )i = �h�0(X;�); Y i = �h��(Y; �);Xi = h�;�(Y;X)i:

� ª¨¬ ®¡à §®¬, �00(X;Y ) = �(Y;X). �®£« á® ®¯à¥¤¥«¥¨î â¥§®à  ¤¥ä®à¬ æ¨¨ ¬®¦¥¬  ¯¨-
á âì

(r�r00)(X;Y ) = rXY �r
00

XY = (r'
XY + �(X;Y ))� (r'

XY + �00(X;Y )) =

= �(X;Y )� �00(X;Y ) = �(X;Y )� �(Y;X) = T (X;Y ):
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ii) �®à¬ã«  (3.8) ¯®«ãç ¥âáï ®ç¥¢¨¤®© ¢ëª« ¤ª®©

hT �(X;�); Y i = hr�

X�; Y i � hr
0

X�; Y i = Xh�; Y i � h�;rXY i �

�Xh�; Y i+ h�;r0

XY i = h�; (r
0

X �rX)Y i = �h�; T (X;Y )i: �

� ª¨¬ ®¡à §®¬, \®¢ë©" ¨¢ à¨ â T � ¯® áãâ¨ ¥ ¤ ¥â ¨ç¥£® ®¢®£®.

�¥¯¥àì ¤®ª ¦¥¬ ä®à¬ã«ë,  ®á¨à®¢ ë¥ ¢® ¢¢¥¤¥¨¨.

�¥¬¬  3.2. �¬¥îâ ¬¥áâ® à ¢¥áâ¢ 

i) r00

XY = rYX + [XY ];

ii) hr0

X�; Y i = hr
�

Y �;Xi + d�(X;Y ):

�®ª § â¥«ìáâ¢®. �®à¬ã«  i) áà §ã á«¥¤ã¥â ¨§ (3.7) ¨ å®à®è® ¨§¢¥áâ®£® ¢ëà ¦¥¨ï ¤«ï
â¥§®à  ªàãç¥¨ï, ç áâ® ¯à¨¨¬ ¥¬®£® §  ®¯à¥¤¥«¥¨¥,

T (X;Y ) = rXY �rYX � [XY ]:

� ¢¥áâ¢® ¦¥ ii) ¯à®¢¥àï¥âáï ä®à¬ «ì®© ¢ëª« ¤ª®©

hr0

X�; Y i = Xh�; Y i � h�;r00

XY i = Xh�; Y i � h�;rYXi � h�; [X;Y ]i =

= (Xh�; Y i � Y h�;Xi � h�; [X;Y ]i) + Y h�;Xi � h�;rYXi = d�(X;Y ) + hr�

Y �;Xi: �

� ª¨¬ ®¡à §®¬, ¬ë ¯®«®áâìî ®¯¨á «¨ á¢ï§¨ ¬¥¦¤ã ®¯¥à â®à ¬¨ r, r�, r0, r00. �å ¬®¦®
¨§®¡à §¨âì â ª

r  � � � ! r�x??y
x??y

r00  � � � ! r0

;

£¤¥ £®à¨§®â «ìë¥ áâà¥«ª¨ | ¯¥à¥å®¤ë ª á®¯àï¦¥®© á¢ï§®áâ¨,   ¢¥àâ¨ª «ìë¥ áâà¥«ª¨
®¯¨á ë ¢ «¥¬¬¥ 3.1.

� «®£¨ç ï ª àâ¨  ¤«ï à á¯à¥¤¥«¥¨© H, H�, H 0, H 00 ®áâ « áì ¥¯®«®©

H  � � � !
?

H�

x??y?
x??y

H 00  � � � !
?

H 0

:

�¤¥áì ¬ë ®¯¨á «¨ «¨èì ¯à ¢ãî ¢¥àâ¨ª «ìãî áâà¥«ªã ¢ â¥®à¥¬¥ 3.1. � £®à¨§®â «ìëå
áâà¥«ª å ¬®¦® áª § âì á«¥¤ãîé¥¥: á¢ï§®áâ¨   E  å®¤ïâáï ¢® ¢§ ¨¬® ®¤®§ ç®¬ á®®â¢¥â-
áâ¢¨¨ á® á¢ï§®áâï¬¨ ¢ à áá«®¥¨¨ à¥¯¥à®¢ R(E) (á®®â¢¥âáâ¢ãîéãî £¥®¬¥âà¨ç¥áªãî ª®áâàãª-
æ¨î á¬. ¢ [5]),   R(E) �= R(E�). �â¨¬ ¬ë ¨ ®£à ¨ç¨¬áï. �¯¨è¥¬ â¥¯¥àì «¥¢ãî ¢¥àâ¨ª «ìãî
áâà¥«ªã. �«ï íâ®© æ¥«¨ ¢®á¯®«ì§ã¥¬áï ª ®¨ç¥áª®© ¨¢®«îæ¨¥© s ¢â®à®£® ª á â¥«ì®£® à á-
á«®¥¨ï, ª®â®à ï ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ¯à¥¤«®¦¥¨¥¬ (á¬. [6]): áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ë©
¬®àä¨§¬ s à áá«®¥¨©

TTM  ��!
s

TTM
H
H
HHj

�0
�

�
���

d�

TM

â ª®©, çâ® i) s2 = 1TTM ; ii) ¤«ï «î¡®© £« ¤ª®© äãªæ¨¨ f   M d(df) � s = d(df).

�á®, çâ® ¯à¨ ¤¥©áâ¢¨¨ s ¯®¤à áá«®¥¨ï ¤¢®©®£® à áá«®¥¨ï TTM ¯¥à¥å®¤ïâ ¢ ¯®¤à áá«®-
¥¨ï. �«ï á¢ï§®áâ¥© ¨¬¥¥â ¬¥áâ®
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�¥®à¥¬  3.3. �á«¨ H | á¢ï§®áâì   M , â®£¤  s(H) | â ª¦¥ á¢ï§®áâì. �®«¥¥ â®£®,

¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® s(H) = H 00.

�®ª § â¥«ìáâ¢®. �ãáâì (U; xi) | á¨áâ¥¬  ª®®à¤¨ â  M ¨ � | â¥§®à ¤¥ä®à¬ æ¨¨ á¢ï§-
®áâ¨ H. �®£¤  H ( ¤ U) á®áâ®¨â ¨§ ¢¥ªâ®à®¢ á ª®®à¤¨ â ¬¨ (x;X;Y;��ijkX

jY k). �¢®«îæ¨ï
s ¢ ª®®à¤¨ â å ¨¬¥¥â ¢¨¤ s : (x;X;Y; �) 7! (x;Y;X; �). �§ íâ®£® ¬®¦® § ª«îç¨âì, çâ® s(H)
á®áâ®¨â ¨§ ¢¥ªâ®à®¢ ¢¨¤  (x;Y;X;��ijkX

jY k), â. ¥. á¨¬¢®«ë �à¨áâ®ää¥«ï á¢ï§®áâ¨ s(H) áãâì
�ikj ¨ á®¢¯ ¤ îâ á á¨¬¢®« ¬¨ �à¨áâ®ää¥«ï á¢ï§®áâ¨ H 00.
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