
  

Physics of Atomic Nuclei, Vol. 63, No. 11, 2000, pp. 1949–1955. Translated from Yadernaya Fizika, Vol. 63, No. 11, 2000, pp. 2041–2047.
Original Russian Text Copyright © 2000 by Borisov, Guseinov, Zamorin.

                                                                                                                                                 

ELEMENTARY PARTICLES AND FIELDS
Theory
Annihilation of a Neutrino Pair into a Muon–Positron Pair 
in a Magnetic Field

A. V. Borisov, V. A. Guseinov1), and N. B. Zamorin
Moscow State University, Vorob’evy gory, Moscow, 119899 Russia

Received July 21, 1999; in final form, November 15, 1999

Abstract—The cross section for the process νµ +   µ– + e+ in a constant magnetic field is calculated with
allowance for muon and positron polarizations. The asymptotic behavior of the cross section as a function of
the kinematical and the field parameter is investigated in the case where a high-energy neutrino (antineutrino)
is scattered by a low-energy antineutrino (neutrino). The effect of a weak field is especially important near the
threshold for the free process. The spectrum and the total cross section for the process in a strong field differ
markedly from the corresponding characteristics of the free process. Possible astrophysical applications are
considered. © 2000 MAIK “Nauka/Interperiodica”.

νe
1. Investigation of neutrino–lepton processes makes
it possible to deduce detailed information about the
structure of weak currents in a pure form not compli-
cated by strong-interaction effects [1]. These processes
play an important role in astrophysics [2]. The inverse
muon decay νµ + e–  µ– + νe, a purely leptonic pro-
cess that is caused by the charged weak current (W-
boson exchange), has been investigated experimentally
since the late 1970s [3, 4]. Within the Standard Model,
the cross section for this process was calculated in [5]
with allowance for one-loop radiative corrections. For
astrophysical applications, it is of great interest to take
into account the effect of strong external electromag-
netic fields on electroweak processes. For example,
magnetic fields of neutron stars can be as large as H *

H0 = c3/e" = 4.41 × 1013 G [6]. Fields of H ~ 1015–
1017 G are generated in supernova explosions (see, for
example, [7]). We note that, even in laboratory experi-
ments with beams of high-energy particles traversing
single crystals, it is necessary to take into account
strong internal electrical fields (E & 10–4H0) [8]. Inverse
muon decay in a constant crossed field (E · H = E2 –
H2 = 0) was investigated in [9, 10]; the case of a mag-
netic field was considered in [11, 12]. In the present
study, we calculate the cross section for the process

(1)

In a constant crossed field, this process is related to
muon decay by the crossing-symmetry equation. Here,
we study characteristic polarization effects associated
with the direction specified by the external field and
with the weak-current structure. Presently, various pro-
cesses induced by the inelastic scattering of ultrahigh-
energy cosmic (anti)neutrinos on low-energy relic
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(anti)neutrinos in the Milky Way Galaxy are considered
as possible sources of high-energy cosmic rays (see, for
example, [13]).

2. By using the four-fermion approximation of the
Weinberg–Salam Standard Model and the Fierz iden-
tity [1], the amplitude of the process in (1) can be rep-
resented in the form

(2)

where GF is the Fermi constant; u(k) and v(k') are the
bispinors of the massless neutrinos νµ and antineutrinos

 with 4-momenta k = (ω, k) and k' = (ω', k') (k2 = k'2 =

0), respectively; q = k + k' = (E, q);  = γα(1 + γ5)/2 are
the left components of the Dirac matrices; γ5 =
−iγ0γ1γ2γ3; and L is the normalization length. The
charged-lepton current is given by

(3)

where the muon wave functions  and the positron

(negative-frequency electron) wave functions  are
exact solutions to the Dirac equation in a constant mag-
netic field and where the delta function expresses the
energy-conservation law in a time-independent field.
We use the pseudo-Euclidean metric with signature (+
– – –) and the system of units where " = c = 1.

By using Eqs. (2) and (3), we represent the cross
section for the process in the general form (compare
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with [12])

(4)

where summation is performed over the sets of four
muon quantum numbers f ' = (n', , s', ζ') and four
positron quantum numbers f = (n, pz , s, ζ). These num-
bers have the following meaning [14]: n = 0, 1, 2, … is
the principal quantum number (number of the Landau
level); –∞ < pz < ∞ is the projection of the 3-momentum
onto the direction of the magnetic field aligned with the
z axis; s = 0, 1, 2, … is the radial quantum number that
corresponds to the axisymmetric gauge of the 4-poten-
tial of the magnetic field,

(5)

and ζ = ±1 is the spin quantum number specifying the
particle polarization (see below). The energy spectrum
of a particle in a magnetic field is degenerate in s and ζ,

(6)

where e > 0 is the positron charge.
By using the explicit form of the wave functions for

charged leptons in a magnetic field in the gauge speci-
fied by Eq. (5) (see [14]), we find that the components
of the current in (3) can be represented as

(7)

(8)

where Iss' and Inn' are known Laguerre functions [14] of
the argument

(9)
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while ϕ is the azimuthal angle of the vector q (cosϕ =
qx /q⊥ , sinϕ = qy/q⊥ ). The quantities lk (k = 1, 2) in (8)
are expressed in terms of the spin coefficients Ci (i =

) in the positron (more precisely, negative-fre-
quency-electron) wave functions,

(10)

while  refer to a muon. The explicit expressions for
them depend on the choice of the lepton polarization
operator (integral of the motion in a given external field);
the wave function is an eigenfunction of this operator;
the spin number ζ is a normalized eigenvalue [14];

(11)

Here, the transverse-polarization operator

(12)

determines the projection of the lepton spin onto the

direction of the magnetic field H, ε⊥  = (ε2 – )1/2, and
P = –i∇  + eA is the momentum operator.

The longitudinal polarization is associated with the
helicity operator

(13)

and p = (ε2 – m2)1/2. We note that the operator equalities
(12) and (13) are valid in the class of functions ψ satis-
fying the Dirac equation (the general theory of polar-
ization operators in external fields is developed in [14,
15]). The interactions of the lepton anomalous mag-
netic moment representing the radiative correction to
the Dirac moment destroy the longitudinal polarization
(quite fast under the actual conditions in storage rings),
but the operator in (12) remains an integral of the
motion [14]. For this reason, we consider below only
transverse polarization.

3. We restrict ourselves to the case where a neutrino
and an antineutrino approach each other from opposite
directions in the plane orthogonal to the field H. Since
the problem in an external field possesses axial symme-
try, the choice of the x axis along the collision axis
imposes no constraints on the generality of our consid-
eration. Accordingly, the 4-momenta in the neutrino
pair are then taken to be

(14)

in which case qy = qz = 0 and the angle ϕ in (7) is

(15)
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Taking into account (14), (15), and (7), we express
the cross section (4) in terms of the functions in (8) as

(16)

where the upper and the lower sign in the superscript
refer to the cases of qx = ω – ω' > 0 and qx < 0, respec-
tively. In deriving (16), we have used the conservation
of the z component of the momentum [see Eq. (7)] and
the known formula for summation over radial quantum
numbers [14],

The case of a collision between a high-energy neu-
trino (antineutrino) and a low-energy antineutrino (neu-
trino) is of interest for astrophysical applications. Sup-
pose that the energy of the  pair, E = ω + ω', and
the momentum transfer q⊥  = |ω – ω'| are both much
greater than mµ and that the magnetic-field strength sat-

isfies the condition H ! Hµ = /e. The main contribu-
tion to the total cross section for process (16) then
comes from the final-lepton states having large quan-
tum numbers, n, n' @ 1 (high Landau levels); for the
Laguerre functions Inn' in (8), we can therefore use the
well-known semiclassical asymptotic form in terms of
the relativistic parameter γ–1 = mµ/E ! 1 [14],

(17)

where

(18)

is the Airy function of the argument

(19)

and Φ'(y) = dΦ(y)/dy. In (19), we have introduced the
field, the kinematical, and the mass parameter (κ, λ,
and δ, respectively)
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and the spectral and the angular variable (v and τ,
respectively)

(21)

where

Fαβ = ∂α Aβ – ∂β Aα is the strength tensor of an external

magnetic field, and  = εαβλσFλσ is its dual coun-

terpart. We note that v ∈  (0, 1) and that, in the ultrarel-
ativistic approximation adopted here (γ = E/mµ @ 1),
τ ∈  (–∞, ∞).

Since the motion of leptons is semiclassical, summa-
tion over the quantum numbers n and n' in (16) can be
replaced by integration according to the relation [see (6)]

After that, the integral with respect to ε' is removed by
the delta function. Further, we go over to the variables
v and τ (21). As a result, we derive the cross section for
the process at fixed lepton polarizations ζ' and ζ in the
form

(22)

where the upper and the lower sign in the superscript
refer to the kinematical conditions ω @ ω' and ω ! ω',

respectively, and  is the semiclassical asymptotic
form of the function Fi .

The expressions for  in (22) can be obtained by
substituting (17) into (8) and retaining only the first,
linear, terms of the expansion in the small parameter γ–1

in the spin coefficients Ci and  [see Eqs. (8) and
(10)]. In doing this, it should be considered that ωω' &

(λ ~ γ0) and that

the main contribution to the total cross section (22)
coming from the region specified by inequalities v & 1
and |τ| & 1. Further, we note that, in fact, the mass
parameter [see (20)] is small, δ . 4.8 × 10–3, and that it
is on the same order of magnitude as radiative correc-
tions (about α/π ~ 10–3), which are disregarded in this
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study. To the precision adopted here, we therefore set
this parameter to zero below.

Finally, we find that, in terms of the spectral and the
angular variable, the cross sections for the production
of transversely polarized leptons [see (12)] are given by

(23)

where  =  and the argument of the Airy func-
tions is determined by (19) at δ = 0.

The cross sections (23), which are expressed in
terms of the invariant parameters (20) and the variables
in (21), is applicable (in the ultrarelativistic approxima-
tion) in an arbitrary constant field Fµν of strength F

much less than Hµ = /e [see (12)], the spin numbers
ζ' and ζ being eigenvalues of the corresponding invari-
ant spin operator (see [12, 15]). The conditions under
which the above generalization to the case of two-body
processes in an external field is applicable are analyzed
in [16] (see also Section 6 below).

4. The integrands in (23) determine the differential
cross sections d2σ(±)/dvdτ. The asymmetric depen-
dence on the angular variable τ and the spin variables ζ
and ζ' is due to P and C nonconservation in weak inter-
actions and to the choice of kinematical conditions
(compare with [12])—an ultrarelativistic muon and an
ultrarelativistic positron are emitted at small angles
(not greater than γ–1) with respect to the direction of the
high-energy-(anti)neutrino momentum.

In order to investigate the spectral distribution
dσ(±)/dv, we perform integration with respect to the
variable τ by using the relations

(24)

where the arguments are y = x + aτ2, z = 22/3x, and b =

22/3a and where Φ1(z) = (t). The relations in (24)

were derived with the aid of the well-known relations
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for the Airy functions {see [17, ch. 5, formulas (46),
(48), (58)]}.

From expressions (23), (24), and (19), we obtain

(25)

The integrands in expression (25) represent the spectral
distributions dσ(±)/dv, the argument of the Airy func-
tions being

(26)

For the free process (in the absence of an external
field, κ = 0), we find the spectral distributions in the
form

(27)

These expressions follow from (25) for κ  0 with
allowance for the weak limit

where θ(x) = (1 + )/2 is the Heaviside step func-
tion. The range of the spectral variable v in (27) is
determined from the condition  – 1 ≥ 0, which
yields

(28)

From (28), it can be seen that, in the absence of a field,
reaction (1) has a threshold; that is, the kinematically
allowed region is

(29)

According to the general theory developed in [16],
the external-field effect on the process allowed in the
absence of a field as well is determined by the parame-
ter

(30)

Let us investigate the qualitative characteristics of
the spectra given by (25) in the limiting cases of η ! 1
and η @ 1 by using the known properties of the Airy
functions [17].

For η ! 1 (weak field) and λ > 1, oscillations are
superimposed on the smooth free spectra (27) in the
region determined by (28), and these oscillations grow
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as v approaches its boundaries. In the region v1 ≤ v ≤ 1,
which is forbidden at η = 0, the differential cross sec-
tion dσ(±)/dv decreases fast as we go away from the
point v1 [for v  1, it is proportional to
exp(−2/3 )].

At η @ 1 (strong field) and λ > 1, the region of oscil-
lations is comparatively narrow.

At λ < 1, the free process (1) is forbidden, and there
are no oscillations in the spectra. In a weak field, the
spectra are exponentially small in this case over the
entire interval 0 ≤ v ≤ 1.

The above features of the spectra are typical of all
processes proceeding in the absence of external fields
as well—in particular, of inverse muon decay [12] and
of the Compton effect in a magnetic field [16].

5. Let us consider the asymptotic behavior of the
total cross section for the process.

At κ ! 1 and λ > 1, it follows from (26) that we can
use the weak asymptotic expansions of the Airy func-
tions (see, for example, [10, 12]),

(31)

where A @ 1 and δ(x) = dθ(x)/dx is a delta function. In
our case, A = κ –2/3 and
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Let us substitute (31) into (25) and perform integration
with respect to v by using the relations
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The derivatives dnv/dxn (n = 1, 2, 3) are calculated by
differentiating, with respect to x, the left- and the right-
hand side of the equation x = x(v), which determines
the function v(x) implicitly.

To terms of order κ2 inclusive, we eventually obtain
the asymptotic expressions
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where

(34)

From (33), it can be seen that, in accord with (30), the
external-field effect on the process is described by the
parameter κ/(λ – 1). This effect is stronger for polarized
particles than for unpolarized particles, being of the
first and of the second order in κ, respectively. In a rel-
atively weak field (κ ! 1) such that the relation κ * λ – 1
nevertheless holds, the cross section for the process dif-
fers markedly from the cross section for the free pro-
cess, the latter being very small near the threshold
[F0 = 0 at λ = 1; see (34)]. From (33), it follows that, for
ω @ ω' (ω' @ ω), we predominantly have the generation
of muons (positrons) whose spins are aligned with
(opposite to) the direction of the magnetic field H—that
is, ζ = +1 (ζ' = –1). This effect is similar to the Sokolov–
Ternov effect, the radiative polarization of electrons
and positrons in a magnetic field due to synchrotron
radiation [14].

For λ < 1, the free process (at κ = 0) is forbidden. In
a weak field (η ! 1), the cross section for process (1) is
exponentially small, which is characteristic of all pro-
cesses that have a threshold in the absence of a field
[17]. In this case, the argument of the Airy function is
very large (z @ 1), so that we asymptotically have

By using this asymptotic expression and the method of
steepest descent and taking into account a finite value
of the mass parameter (δ ! 1), we can easily obtain

For η @ 1 and κ @ 1 (strong field), the main contri-
bution to the integrals in (25) comes from the region
|z| ! 1. If only the leading terms are retained in the
asymptotic expressions in κ, the integrands can be sim-
plified by setting there

Upon evaluating the remaining standard integrals with
respect to v, we obtain the strong-field asymptotic

F0 λ( ) 1
3
--- 2λ 1+( ) 1 1

λ
---– 

  2

,=

F+ λ( ) 8
3
--- 1 3

λ 2
----- 2

λ 3
-----–+ 

  ,–=

F– λ( ) 8
3
--- 1 2

λ
---– 

  1 1
λ
---– 

  2

.–=

Φ z( ) . 
1
2
---z

1/4– 2
3
---z

3/2
– 

  .exp

σ κ 3δ1 λ–
κ

------------– 
  .exp∼

Φ z( ) . Φ 0( ) 3
1 6/– Γ 1/3( )

2 π
----------------,=

Φ' z( ) . Φ' 0( ) 3
1 6/ Γ 2/3( )

2 π
----------------.–=



1954 BORISOV et al.
expressions for the cross sections (25) in the form

(35)

As in the case of a weak field [see Eq. (16)], we see that,
for ω @ ω' (ω' @ ω), there is a predominant production
of positrons (muons) polarized in the direction parallel
(antiparallel) to the external field H.

6. In the above analysis [see Eq. (2)], we have made
use of the four-fermion approximation for the ampli-
tude of process (1). As in the absence of an external
field, the relative smallness of the momentum trans-

fer—|q2 | ! , where mW is the W-boson mass—is the
necessary condition of its applicability. Taking into
account (20), we obtain the kinematical constraint

(36)

In an external field, however, there arises an additional
condition: changes in the particle momentum over the
formation length for the process, lf, must be much less
than mW . In a strong field (κ @ 1), this length is inde-
pendent of the particle mass and is given by [17, 18]

As a result, we find that the field parameter κ [see
Eq. (20)] must be constrained as

(37)

In our case, the condition in (36) is obviously satis-
fied since the semiclassical asymptotic expressions
used for the Laguerre functions Inn' (x) (17) are valid
[14] when the argument x is close to the transition point

x0 = (  + )2 = (p⊥  + )2/2eH,

or [see Eqs. (9), (6), and (14)]

that is, we have [see Eq. (20)] λ & 1.

Following [16], we will now show that the basic
results deduced here under the kinematical conditions
chosen in a special way [see Eq. (14)] can be used in a
more general case. The cross section for the two-body
process (1) in an arbitrary constant field Fαβ for arbi-
trary directions of the neutrino momenta depends on
eight independent invariant parameters (for unpolar-

σ +( ) ζ' ζ,( )
σ –( ) ζ' ζ,( ) 

   = 
GF

2

4π3
--------mµ

2
c2 3κ( )
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1 
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1/3 0
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15
14
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2
5
---Γ 4 1
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2

λ  ! mW /mµ( )2
 . 6 10
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.×

l f eFαβq
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–[ ]

1/6
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 . 4.4 10
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.×
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x/x0 1– O γ 2–( )=

q
2
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2

q⊥
2

 & γ 2–
E

2
– mµ

2
;= =
P

ized particles). These are the quantities κ and λ, which
were already defined in (20), and

(38)

We note that, in a purely magnetic field, f1 = H/Hµ and
f2 = 0. Suppose that the parameters in (38) satisfy the
conditions

(39)

They are fulfilled for field strengths F ! Hµ, high ener-
gies of a neutrino pair (for markedly different energies
of its components), and at not overly small angles
between the ultrarelativistic-(anti)neutrino 3-momen-
tum k and the field-strength vectors E and H. By virtue
of (39), the general expression for the cross section can
be approximated by the simpler two-parameter formula

Thus, our results expressed in terms of the invariant
parameters κ and λ are applicable not only to the case
of kinematics specified by (14) but also in the rather
general case specified by (39).

Let us consider the possibilities for observing the
external-field effect on process (1). Muon neutrinos of
energy ω . 20 GeV are used in experimental investiga-
tions of inverse muon decay [4]. Our results are appli-
cable if the energies ω' of electron antineutrinos obey
the condition

at ω * 10 GeV. Such energies ω' correspond to the
lower limit on the reactor- and solar-(anti)neutrino
energies recorded by conventional methods [2]. Let us
set H = 108 G (this can be pulsed magnetic fields or
effective single-crystal fields [8]) and E = ω + ω' . ω =
20 GeV. The field parameter is then given by [see (20)]

where we have used the value of Hµ = /e . 1.9 ×
1018 G. From (30), it follows that, in this case, the exter-
nal-field effect becomes sizable in a narrow region of λ
values lying near the free-process threshold: λ . 1, |λ –
1| & 10–8 [see (33), (34)]. However, the observation of
the effect under laboratory conditions is complicated
by a relatively low density of neutrino beams and by
small dimensions of the interaction region. For this rea-
son, we will focus on astrophysical conditions.

f 1
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/2[ ]
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2
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As was indicated in Section 1, much attention is
being given at present to the possibility that high-
energy cosmic rays are generated in the annihilation of
ultrahigh-energy neutrinos on low-energy galactic relic
antineutrinos (see [13] and references therein). Assum-
ing that relic (anti)neutrinos are massless, we estimate
their energy (that is, the temperature of relic radiation)
at ω' ~ 2 K . 1.7 × 10–4 eV. Our results are valid in the
region of cosmic-neutrino energies,

For the field parameter, we then have

κ & 10–7 (H/1 G). (40)

The mean-galactic magnetic field is overly weak: H ~
10–6 G and κ & 10–13. However, compact objects in the
Milky Way Galaxy can develop strong fields [19]. The
surface fields of white dwarfs take values of H & 109 G,
in which case expression (40) yields κ & 102. The
dipole fields of neutron stars are H & 1013 G. For these
fields, κ & 106 [the condition in (37) is satisfied in this
case], and the cross section for process (1) in a mag-
netic field is much larger than the cross section for the
free process owing to the factor [see Eq. (35)]

Thus, process (1) can be a source of high-energy
charged leptons; in the vicinity of strongly magnetized
stars, their spectral distributions and total fluxes can
differ considerably [see Eq. (25)] from the correspond-
ing values in the regions where the field can be disre-
garded [see (27)]. We note that, despite the relatively
small dimensions of neutron stars, they may modify
sizably the energy spectra of cosmic rays owing to the
large-scale pulsar-wind effect (see, for example, [20]).
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