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Quantitative theory of the Josephson effect in SFIFS junctions (S denotes bulk
superconductor, F — metallic ferromagnet, I — insulating barrier) is presented
in the dirty limit. Fully self-consistent numerical procedure is employed to solve
the Usadel equations at arbitrary values of the F-layers thicknesses, magnetiza-
tions, and interface parameters. Various types of the current-phase relation I(y)
in superconductor—ferromagnet—superconductor {(SFS} point contacts and planar
double-barrier junctions are studied within the quasiclassical theory in the limit
of thin diffusive ferromagnetic interlayers. The physical mechanisms leading to
highly nontrivial I(w) dependence are identified by studying the spectral super-
current density. These mechanisms are also responsible for the O—n transmlon in
SFS Josephson junctions.

1 Introduction

Josephson structures involving ferromagnets as weak link material are presently a
subject of intensive study. The possibility of the so-called r-state (characterized by
the negative sign of the critical current I¢) in SFS (S denotes bulk superconductor,
F ferromagnet) Josephson junctions was predicted theoretically in 1:2:345.6.7.8
within different models. The first experimental observation of the crossover from
0- to m-state was reported in ° and explained in terms of temperature-dependent
spatial oscillations of induced superconducting ordering in the metallic F layer.
Oscillations of the proximity induced density of states and supercurrent in SIFS
junctions as a function of F-layer thickness were observed in 1°.

-~ Many other novel phenomena are possible in S/F hybrid structures, in particular
in junctions with more than one magnetically ordered layers or in structures with
constricted geometry. The enhancement of the Josephson critical current by the
exchange field in SFIFS junctions (I is insulating barrier) for antiparallel magneti-
zation directions was predicted in 111213 and the crossover to the 7-state was pre-
dicted in '? for the parallel case even in the absence of order parameter oscillations
in thin F layers. Still physical explanation of these effects and accurate calculation
of their magnitude have not been given so far. Further, interesting modifications of
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current-phase relation Ig(¢) are possible in structures with metallic ferroma.gnets
which have not been fully explored yet.

In the present paper we we give a summary of quantitative theory of the Joseph-
son effect in SFS structures in the dirty limit. Several practically interesting cases
are considered: (1) low transparent insulating barrier I is placed into F region
(SFIFS junction), (2) SFS junction has a planar or point contact geometry and
SF interfaces have finite (but not small) transparency (SIFIS structure). Fully
self-consistent numerical procedure is employed to solve the Usadel equations at
arbitrary values of the F-layers thicknesses, magnetizations, and interface parame-
ters.

For SFIFS structures with antiparallel magnetizations of F layers the effect of
the critical current I. enhancement by the exchange field H is demonstrated while
in the case of parallel magnetizations the junction exhibits the transition to the =-
state. In the limit of thin F layers, we study these peculiarities of the critical current
analytically and explain them qualitatively; the scenario of the 0- transition in our
case differs from those studied before. The effect of switching between 0 and 7 states
is demonstrated.

For SFS structures with transparent interfaces the anomalous current-phase re-
lation Ig(¢) is predicted. We show that in planar geometry the maximum of Ig()
is shifted to 0 < ¢ < 7/2. Even stronger modifications of Ig(¢) take place in the
point contact geometry where Is(p)} changes sign at a certain value of phase differ-
ence j in the range between 0 and 7. As a result, the junction is in a superposition
of 0- and w-states. We discuss separately the cases of ballistic and diffusive point
contact and formulate the criteria for observation of Is{y) anomalies in terms of
an exchange field magnitude and parameters of the F'S interfaces.

The spectral supercurrent, ImJg(E), and the local densities of states (DoS) in
F layers are studied by analytical continuation from Matsubara frequencies to the
real energy E. This allows one to identify the physical mechanisms of the above
effects in terms of splitting of Andreev bound states in a junction by an exchange
field. In particular, we show that zero-energy crossing of Andreev bound states is
responsible for Ig(y) sign change, which also survives averaging over distribution
of transmission eigenvalues in a diffusive point contact. The logarithmic divergency
of SFIFS junction I in antiparallel orientation is due to the shift of the peak in
DoS to zero energy, similarly to the Riedel singularity of ac supercurrent in SIS
tunnel junctions at the gap voltage.

2 Results and Discussion

We start with a model structure composed of two decoupled superconducting SF bi-
layers. We assume that the S-layers are bulk and that the dirty limit conditions are
fulfilled in the S- and F-metals. For simplicity we also assume that the parameters
of the SF interfaces v and g obey the condition

v <« max(1l,vg),Y8 = RBAB/prér, = ps€s/prér, (1)

where Rp and Ap are the resistance and the area of the SF interfaces; PS(F)
is the resistivity of the S (F) material, and the coherence lengths are related to
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the diffusion constants Dgry as s(r) = 1/DS(F)727TTc: where T, is the critical
temperature of the S-material. We shall consider symmetric structure and restrict
ourselves to the limit when the thickness of the F-layers is small:

dr < min (EF, v DF/ZE) ) (2)

where H is the exchange energy in the F-layers.

Under the condition (1) we can neglect the suppression of superconductivity
in the S-electrodes by the supercurrent and the proximity effect, and reduce the
problem to solving the Usadel equations 14 in the F-layers

i 0 w :
2 2 _ _
3 9z [GF Oz @F] T, 0, ®)
with the boundary conditions at the SF interfaces (x = Fdr) in the form 1°
EFGF 0 (@F ‘1’3) W i0)2
+ —&r =G ,Gg = ———,0s(xdr) = A e¥iv/2,
97: 5 2F = Cs ” s Al s(¥dr) 0

(4)
In the above equations the z axis is perpendicular to the interfaces with the origin
at the constriction; w = #7T'(2n + 1) are Matsubara frequencies; & = w + ¢H; and
Ay is the absolute value of the pair potential in the superconductors. The function
® parameterizes the Usadel functions G, F, and F:

W Or(w)

Fr{w) = 5
V2 + @pw)Ph(—w)’ F(w) \/w2+<I>F(w)‘I> (—w) )
and Fp(w) = Fj(—w). Under the condition (2) the spatial gradients in the F-layers

arising due to the proximity effect and current are small. Then we can expand the
solution of Eqgs. (3)(5) up to the second order in small gradients, arriving at

Dry, o = Poexp(Fip/2), o= AogWw/W, (6)

Gp(w)

where
w =w+L‘D'YBMQs Q=4/w? +A%/7ﬂﬂca"'}'BM = 7BdF/£Fv (7)

and the indices 1,2 refer to the left and right SF bilayers, respectively.

In order to calculate supercurrent we start with the ballistic point contact when
two SF bilayers are connected by a clean constriction with transparency D (the
size of the constriction @ is much smaller than the mean free path I: a < {). The
supercurrent is given by the general expression 18

F1F2 - F]_FQ)/2

I
. 2 D 1 G]Gg—(Fle-{-F]Fg)/Q]

(8)

where Ry is the normal-state resistance of the junction. Inserting Eq. (6) in this
expression we obtain

2nT R Aising

I= eRn e_; W2+ A [1 - Dsin®(p/2)]

(9)
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Figure 1. Current—phase relation in clean SFcFS junction with ideally transparent constriction
(D=1)at T/T: = 0.01, ygar = 1 for different values of the normalized exchange field h. Inset:
spectral supercurrent density at y = 27 /3 for h = 0 (solid line) and h = 0.4 (dashed line).

At small w the function I(y) changes its sigﬁ at finite phase difference ¢, =
2 arcsin 1/[1 — (yaamh)?]/D if the exchange field is in the range 1 - D < (ygmh)? <
1; here h is the normalized exchange field, A = H/7T,. The results for I{p) are
shown in Figs.1,2 and can be understood by considering the spectral supercurrent
density ImJ(e). The latter is obtained by the analytical continuation in Eq. (9) and
is given by a sum of delta-functions é(e — Eg} where Ep are energies of the Andreev

bound states. At ygar = 0 the well-known result Eg = iAo\/ 1 — Dsin®(p/2) is
reproduced, while at finite ypas the exchange field split each bound state into two
(see inset in Fig.1). At ¢ = ¢, one of these split (positive} peaks crosses zero leaving
the domain £ > 0, and simultaneously a negative peak moves from the region £ < 0
into € > 0 reversing the sign of the supercurrent.

The sign-reversal of the supercurrent (the 0—n transition) can be also achieved
at fired H due to nonequilibrium population of levels. This phenomenon has been
studied in long diffusive SNS 17:18:19 gnd SFS junctions 2021,

To get the I{yp) relation for the diffusive SFcFS point contact (I € a < &F)
we integrate fo p(D)I(D)dD, where I{D) is given by Eq. (9) for the clean case
(note that Ry o< D! in this equa.mon) and p(D) is Dorokhov’s density function 22
given by p(D) = 1/2D+/1 — D. The resulting expression coincides with the direct
solution of the Usadel equations and yields I{¢) dependencies similar to those for
the clean point contact, with less sharp transition from 0- to m-state 23.

We have also studled a double-barrier SIFIS junction (I denotes an 1nsula.t1ng
barrier) — this structure is easier for experimental implementation than an SFcFS
junction. The current-phase relation and spectral supercurrent was calculated by
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Figure 2. Current—-phase relation in clean SFcFS junction at T/Te = 0.01, ypar = 1, h = 0.8 for
different values of the barrier transparency D. :

solving the Usadel equations 23, In this case (i) is strongly modified by finite H,
especially at low temperatures. An increase of H results not only in suppression of
the critical current, but also in the shift of the I(¢) maximum from @max ~ 1.86
at H = 0 to the values smaller than 7/2, however the sign change of [ (cp) is not
realized in SIFIS junctions. In the limit of large exchange fields, & 3 Ygap J(%)
returns to the sinusoidal form.

The phenomena studied in this work may be used for engmeenng cryoelectromc
devices manipulating spin-polarized electrons and in qubit circuits. -
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