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We present the results of a theoretical study of current-phase relations (CPRs) Js(¢) in Josephson junctions of
SISFS type, where S is a bulk superconductor and IsF is a complex weak link consisting of a superconducting film
s, a metallic ferromagnet F, and an insulating barrier I. At temperatures close to critical, T < T, calculations are
performed analytically in the frame of the Ginsburg-Landau equations. At low temperatures a numerical method
is developed to solve self-consistently the Usadel equations in the structure. We demonstrate that SIsFS junctions
have several distinct regimes of supercurrent transport and we examine spatial distributions of the pair potential
across the structure in different regimes. We study the crossover between these regimes, which is caused by
shifting the location of a weak link from the tunnel barrier I to the F layer. We show that strong deviations of the
CPR from sinusoidal shape occur even in the vicinity of 7¢, and these deviations are strongest in the crossover
regime. We demonstrate the existence of temperature-induced crossover between 0 and 7 states in the contact
and show that the smoothness of this transition strongly depends on the CPR shape.
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I. INTRODUCTION

Josephson structures with a ferromagnetic layer became a
very active field of research because of the interplay between
superconducting and magnetic order in a ferromagnet, leading
to a variety of new effects including the realization of a 7 state
with phase difference 7 in the ground state of a junction, as
well as long-range Josephson coupling due to generation of an
odd-frequency triplet order parameter.'—

Further interest in Josephson junctions with a magnetic
barrier is due to emerging possibilities for their practical
use as elements of a superconducting memory,*'? on-chip
m phase shifters for self-biasing various electronic quantum
and classical circuits,>"'® and ¢ batteries, structures having
in the ground state a phase difference ¢, =¢ (0 < |¢| <
) between superconducting electrodes.'”?> In standard
experimental implementations superconductor-ferromagnet-
superconductor (SFS) Josephson contacts are sandwich-type
structures.”®?” The characteristic voltage Ve = JcRy (Je is
the critical current of the junction and Ry is the resistance in the
normal state) of these SFS devices is typically quite low, which
limits their practical applications. In SIFS structures®’—32
containing an additional insulating tunnel barrier I, the Jo Ry
product in the O state is increased,” but in the 7 state V is still
too small**3* due to strong suppression of the superconducting
correlations in the ferromagnetic layer.

Recently, a different type of magnetic Josepshon junction
was realized experimentally, containing two superconducting
layers with IsF a complex weak link consisting of a super-
conducting film s, a metallic ferromagnet F, and an insulating
barrier 1.°7!? This structure represents a connection of an Sls
tunnel junction and an sFS contact in series. Properties of
SISES structures are controlled by the thickness of the s layer
d, and by the relation between the critical currents Jeg;; and
Jesrs of their SIs and sFS parts, respectively. If the thickness
of the s layer d; is much larger than its coherence length &
and Jesis < Jegrs, then the characteristic voltage of an SISFS
device is determined by its SIs part and may reach its maximum
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corresponding to a standard SIS junction. At the same time,
the phase difference ¢ in the ground state of an SISFS junction
is controlled by its sFS part. As a result, both 0 and 7 states
can be achieved depending on the thickness of the F layer.
This opens the possibility of realizing controllable 7 junctions
having a large J¢c Ry product. At the same time, when placed
in an external magnetic field H.y, the SISFS structure behaves
as a single junction, since d; is typically too thin to screen Hey;.
This provides the possibility of switching J¢ by an external
field.

The purpose of this paper is to develop a microscopic
theory providing the dependence of the characteristic voltage
on temperature 7, exchange energy H in the ferromagnet,
transport properties of FS and sF interfaces, and the thicknesses
of the s and F layers. Special attention will be given to
determining the current-phase relation (CPR) between the
supercurrent Jg and the phase difference ¢ across the structure.

II. MODEL OF SISFS JOSEPHSON DEVICE

We consider the multilayered structure presented in
Fig. 1(a). It consists of two superconducting electrodes
separated by a complex interlayer including a tunnel barrier I
and intermediate superconducting s and ferromagnetic F films.
We assume that the conditions of the dirty limit are fulfilled for
all materials in the structure. In order to simplify the problem,
we also assume that all superconducting films are identical
and can be described by a single critical temperature 7¢ and
coherence length &g. Transport properties of both sF and FS
interfaces are also assumed identical and are characterized by
the interface parameters

_ psés

_ RprAp
PFEF’

. 1
PréF )

Here Rpr and Ajp are the resistance and area of the sF and FS
interfaces, &5 and & are the decay lengths of S and F materials,
and pg and pp are their resistivities.
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FIG. 1. (Color online) (a) Schematic design of SISFS Josephson
junction. (b),(c) Typical distributions of amplitude |A(x)| and phase
difference x (x) of the pair potential along the structure.

Under the above conditions the problem of calculation of
the critical current in the SISFS structure reduces to solution of
the set of Usadel equations.® For the S layers these equations
have the forms'=

2 4 d
55 —<G2 —c1>,,,) — D, = —A,,

QG,, dx \ "dx

o @

Gy = ————,
VL + D, P
T T X (A, ©,Gn
— e mm) o, 3
T*TCZ<|Q| sz) @)

where m = S for x < —d, and x > dp; m = s in the interval
—dy < x < 0.1In the F film (0 < x < dF) the equation is

A, In

Fdx

Here €2 =T@2n+1)/Tc are Matsubara frequenmes nor-
malized to #Tc, Q=Q+iH/xTc, Q/(Q2
Qro®%_ )%, H is the exchange energy, £ p =
(Ds /27 T¢), and Dg p are the diffusion coefficients in the
S and F metals, respectively. The pair potential A,, and the
Usadel functions ®,, and ® ¢ in (2)—(4) are also normalized
to wT¢. To write Egs. (2)—(4), we have chosen the x axis in
the direction perpendicular to the SI, FS, and sF interfaces and
put the origin at the sF interface. Equations (2)—(4) must be
supplemented by the boundary conditions.*® At x = —d, they
can be written as

d
G2
Sdx

szi d(b — Q®;Gr =0 )
Fry F FGfF =0.

d
by =G>P—

d
cha Gs_q)s
S Tx vBi&s T

= —Gg5(Pg — Dy),
(5)
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where yp; = Rp; Ap/ps&s, and Rg; and Ajp are the resistance
and area of the SI interface. At x = 0 the boundary conditions
are

53 §F

Sedy - 62 O
de Fax ™"
~ (6)
&rG icb =—-G gcb -0
VBSF FroF = s\g s F
and at x = df they have the form
i; S I qDS:V%sz_q)F,
(N

SGdQ—G ﬁ(b (O]
VBFFdxF—SQS F -

Far from the interfaces the solution should cross over to a

uniform current-carrying superconducting state®’ ~%
D 5(F00) = Poo exp{i(x (F00) — ux/&s)}, @
As(Fo0) = Agexpli(x(Foo) — ux/&s)}, ©))
Ay
by = (10)

1+ u?/ Q2+ [og2

resulting in an order parameter phase difference across the
structure equal to

— 2ux/§s, x(=00). (1D

Here ¢(o0) is the asymptotic phase difference across the
junction, Ag is the modulus of order parameters far from
the boundaries of the structure at a given temperature, u =
2muvs€g, m is the electron mass, and v, is the superfluid
velocity. Note that since the boundary conditions (5) and (6)
include the Matsubara frequency €2, the phases of the functions
®g depend on 2 and are different from the phases of the pair
potential Ag at the FS interfaces x (dr) and x(0). Therefore it
is the value ¢(00) rather than ¢ = x(dr) — x(0) that can be
measured experimentally by using a scheme compensating the
linear in x part in Eq. (11).

The boundary problem (2)—(11) can be solved numerically
making use of (8) and (10). The accuracy of the calculations
can be monitored by the equality of the currents Jg

205(0) _ 3~ Groleg 0 4o %o
nT Ag omS2 " o Oy
(12)

@ = @(c0) @(00) = x(00) —

calculated at the SI and FS interfaces and in the electrodes.

In the further analysis carried out below we limit ourselves
to the consideration of the most relevant case of a low-
transparency tunnel barrier at the SI interface,

ver > 1. (13)

In this approximation, the junction resistance Ry is fully deter-
mined by the barrier resistance Rp;. Furthermore the current
flowing through the electrodes can lead to the suppression of
superconductivity only in the vicinity of sF and FS interfaces.
That means, up to terms of the order of y;; we can neglect
the effects of suppression of superconductivity in the region

144519-2



THEORY OF SUPERCURRENT TRANSPORT IN SIsFS ...

x < —d; and write the solution in the form
Dg(x) = As(x) = Ao. (14)

Here without any loss of generality we put yx(—oo) =
x(—ds; —0) = 0 [see Fig. 1(c)].
Substitution of (14) into the boundary conditions (5) gives

d Q
Voi15sGs @y = — -
. JQ2 + Al

Further simplifications are possible in several limiting cases.

(Ag — @y). 5)

III. THE HIGH-TEMPERATURE LIMIT T ~ T¢

In the vicinity of the critical temperature the Usadel
equations in the F layer can be linearized. Writing down their
solution in analytical form and using the boundary conditions
(6) and (7) on sF and FS interfaces we can reduce the problem
to the solution of the Ginzburg-Landau (GL) equations in the
s and S layers. We limit our analysis by considering the most
interesting case when the following condition is fulfilled:

_ VBIs
&s(T)
and when there is strong suppression of superconductivity in

the vicinity of the sF and FS interfaces. The latter takes place
if the parameter I,

BI > 1, (16)

v&s(T) wés
' = , T = ————, 17
£ &s(T) T T (17
satisfies the conditions
'p>»1, TI'g>»1. (18)
Here
o0
pl=oReY 9
T w0 Q2/Q coth dSEFQ
R — 1
-1 _ 2
g ' = aneZ—[Mﬁ. (20)

o 24/ tanh

28

Note thatinthelimith = H/mwTc > 1anddp > /2/h&F the
sums in (19) and (20) can be evaluated analytically, resulting
in

_r—q_ d_F\/? 3 _d_F\/E
ﬂ‘p+q‘ﬁsm(sf 2+4>exp< & 2)’

2

p+q =2vV20(T/Tc),

In general, the phases of the order parameters in the
s and S films are functions of the coordinate x. In the
considered approximation the terms that take into account
the coordinate dependence of the phases are proportional
to the small parameters (I'g)~! and (I'p)~' and therefore
provide small corrections to the current. For this reason, in
the first approximation we can assume that the phases in
superconducting electrodes are constants independent of x.
In the further analysis we denote the phases at the s film by x
and at the right S electrode by ¢ [see Fig. 1(c)].

pg =20(T/Tc)* . (22)
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The details of the calculations are summarized in the
Appendix. These calculations show that the considered SISFS
junction has two modes of operation depending on the relation
between the s layer thickness d; and the critical thickness
dse = (w/2)Es(T). For d; larger than d,., the s film keeps
its intrinsic superconducting properties (mode 1), while for
ds < dj, superconductivity in the s film exists only due to the
proximity effect with the bulk S electrodes (mode 2).

A. Mode 1: SIs + sFS junction d; > d;,

We begin our analysis with the regime when the inter-
mediate s layer is intrinsically superconducting. In this case
it follows from the solution of the GL equations that the
supercurrent flowing across the Sls, sF, and FS interfaces
[J(—dy), J(0), and J(dF), respectively] can be represented
in the form (see the Appendix)

JS(_ds) _ 85(_ds) . _ JTA(z)AB

Jo Ty sin(x), Jo = depsTeés(T)' 3)
Js(0)  Jsdr)  T'(p—gq) N
o - Je - o 35(0)8s(dr)sin(p — x), (24

where Ay = \/SnzTC(TC — T)/7¢(3) is the bulk value of the
order parameter in the S electrodes, Ap is the cross-sectional
area of the structure, and ¢(z) is the Riemann zeta function.
Here

2b(p — q)cos(p — x) — 2a(p + q)

Cl(p +q)? — (p — q)*cos’(p — x)I’
Ss(dp) = 2b(p + q) — 2a(p — q) cos(p — x)
Cl(p +¢9)* — (p — q)* cos*(¢p — x)]

8,(0) =

(25)

(26)

are the order parameters at the sF and FS interfaces, respec-
tively [see Fig. 1(b)], and

sy [ 8Ed) A
a=—8,—d,). [1 e b_ﬁ’ (27

where §;(—dy) is the solution of the transcendental equation

8S(_dS) dsn 852(_dr)
K = , = [2— . 28
( Ao ) NTXO A @

Here, K(z) is the complete elliptic integral of the first
kind. Substitution of §;(—d;) = 0 into Eq. (28) leads to the
expression for the critical s layer thickness d;. = (7 /2)&s(T),
which was used above.

For the calculation of the CPR we need to exclude the
phase x of the intermediate s layer from the expressions for
the currents (23) and (24). The value of this phase is determined
from the condition that the currents flowing across the Is and
sF interfaces should be equal to each other.

For large thickness of the middle s electrode (dy >> d,.) the
magnitude of the order parameter §;(—d;) is close to that of
the bulk material Ay and we may puta = —b in Egs. (25) and
(26),

V2A
Tl(p+4q)—(p—q)cos(ep — x)]’

8s(dr) = 6,(0) = (29)
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resulting in

_ _ JgBsin(g — x)
Js(0) = Js(dr) = T — Bcos@ — )] (30)

together with the equation to determine x

ro. Bsin(e — x) P—q
——sin(x) = , = .
Ipi 1 — Bcos(p — x) p+gq

From (29), (30), and (31) it follows that in this mode the
SISES structure can be considered as a pair of SIs and sFS
junctions connected in series. Therefore, the properties of the
structure are almost independent of the thickness d; and are
determined by the junction with the smallest critical current.

Indeed, we can conclude from (31) that the phase x of the
s layer order parameter depends on the ratio of the critical
current, Icg7g o 1"1;,1 ,of its SIs part to that, I¢,rs oc |B|T !, of
the sFS junction. The coefficient 8 in (31) is a function of the
F layer thickness, which becomes close to unity in the limit
of small dr and exhibits damped oscillations with increase in
dr [see the analytical expression for 8 (21)]. That means that
there is a range of thicknesses df,, determined by the equation
B =0, at which Jg = 0, and there is a transition from the 0
to the 7 state in the sFS part of the SISFS junction. In other
words, crossing the value dg, with an increase of dr provides
a 7 shift of x relative to the phase of the S electrode.

In Fig. 2 we clarify the classification of the operation
modes and demonstrate the phase diagram in the (d;,dr)
plane, which follows from our analytical results (21)—(28). The
calculations have been done at T = 0.9T¢ forh = H/aT¢ =

B €1V

ds/ <EJS(T)

0 T T T T T T T 1
3
dg/Ep

FIG. 2. (Color online) The phase diagram of the operation modes
of the SISFS structure in the (d;,dr) plane. The bottom area
corresponds to the mode 2 with fully suppressed superconductivity
in the s layer. The top part of the diagram, separated from the bottom
one by the solid horizontal line, corresponds to the s layer in the
superconductive state. It provides the value of the s layer critical
thickness d;.. The upper left part indicates the mode 1a with the weak
place located at the SIs tunnel barrier. The upper right area as well as
the thin valley around the first O-7r transition correspond to the mode
1b with the weak place located at the sFS junction. The solid vertical
lines provide the loci of the borders between the modes 1a and 1b.
The vertical dashed lines show the positions of -7 transitions. The
calculations have been done for H = 107 T¢, I'p; =200, andI" = 5
atT = 09TC
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10, T'p; = 200, and I' = 5. The structures with s layer smaller
than the critical thickness d;. = m&5(7T")/2 correspond to the
mode 2 with fully suppressed superconductivity in the s
layer. Conversely, the top part of the diagram corresponds
to the s layer in the superconductive state (mode 1). This
area is divided into two parts depending on whether the
weak place is located at the tunnel barrier I (mode la) or
at the ferromagnetic F layer (mode 1b). The separating black
solid vertical lines in the upper part of Fig. 2 represent the
locus of points where the critical currents of the SIs and
sFS parts of the SISFS junction are equal. The dashed lines
give the locations of the points of O to & transitions, dg, =
w(n —3/4)erp/2/h,n =1,2,3,..., at which J¢ changes its
sign. In the vicinity of these points there are the valleys of
mode 1b with the width Adp, = EFFFg}h’W exp{r(n —
3/4)}, embedded into the areas occupied by mode la. For
the set of parameters used for calculation of the phase
diagram presented in Fig. 2, there is only one valley with
the width Adp, &~ £T'T' 5} h~"/? exp{ /4} located around the
point dpy = (w/4)ér/2/ h of the first O to 7 transition.

1. Mode 1a: Switchable 0-r SIs junction

In the experimentally realized case®'' I';} < ||~ the
condition is fulfilled and the weak place in the SISFS structure
is located at the SIs interface. In this approximation it follows
from (31) that

2qT
(p— @)l
in the O state (dr < dfy) and

X~ sin(¢)

XTI +@— sin(¢)

(p— s

in the 7 state (dr > dp;). Substitution of these expressions
into (30) results in

Jo | . I 1xp .
Js(p) :i:FBl [smfp Ty 28 sm(2go)] (32)
for the 0 and & states, respectively. It is seen that for
dr < dF) the CPR (32) has the sinusoidal shape typical for SIS
tunnel junctions with a small correction taking into account
the suppression of superconductivity in the s layer due to
proximity with the FS part of the complex sFS electrode.
Its negative sign is typical for tunnel Josephson structures
with composite NS or FS electrodes.®**® For dr > dp; the
supercurrent changes its sign, thus exhibiting the transition of
the SISFS junction into the m state. It is important to note that
in this mode the SISFS structure may have almost the same
value of the critical current in both 0 and 7 states. For this
reason we have identified this mode as a “switchable 0-m SIS
junction.”

2. Mode 1b: sFS junction

Another limiting case is realized under the condition I'5} >>
|BIT L. It is satisfied in the vicinity of the points of 0 to
transitions, dr,, and for large dr values and high exchange
fields H. In this mode (see Fig. 2) the weak place shifts to the
sFS part of the SISFS device and the structure transforms into
a conventional SFS junction with a complex SIs electrode.
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FIG. 3. (Color online) Critical current J of the SISFS structure
versus F layer thickness dy calculated at T = 09T, H = 10 T¢,
I'p; =200, and " =5 for s layer thickness d; = 2&4(T') slightly
above the critical one d,.. The inset shows the dependence of the
pair potential §;(—dy) at the Is interface of the s layer versus the F
layer thickness dr. The solid lines have been calculated for d; > d;.
from Eqgs. (32) and (33). The dashed line is the result of calculations
using the analytical expressions (23)—(28) for the thickness of the s
layer d; = 2£4(T). The short-dashed line is the result of numerical
calculations in the frame of the Usadel equations (2)—(11).

In the first approximationon I'/(BI"g;) > 1 it follows from
(30) and (31) that

_ I's; Bsin(p)
T 1—Bcos(p)

resulting in

oy = 1P <sin Tw Psin(p)
SOOI Z A ZBeoso) P T M (1= Beosgy )

(33)

The shape of the CPR for x — 0 coincides with that previously
found in SNS and SFS Josephson devices.?” It transforms to the
sinusoidal form for sufficiently large thickness of the F layer.
For small thickness of the F layer as well as in the vicinity
of 0- transitions, significant deviations from the sinusoidal
form may occur.

The transition between modes la and the 1b is also
demonstrated in Fig. 3. It shows the dependence of the critical
current Jco across the SISFS structure versus the F layer
thickness dr. The inset in Fig. 3 demonstrates the magnitude
of the order parameter at the Is interface as a function of
dp. The solid lines in Fig. 3 give the shape of J¢(dr) and
80(—dy) calculated from (32) and (33). These equations are
valid in the limit d; > d;. and do not take into account
possible suppression of superconductivity in the vicinity of
a tunnel barrier due to proximity with the FS part of the
device. The dashed lines are the result of calculations using
the analytical expressions (23)—(28) for the thickness of the
s layer d; = 2&5(T'), which slightly exceeds the critical one,
ds. = (/2)E5(T). These analytical dependencies are calcu-
lated at T = 0.9T¢ for H = 10w T¢, I'g; =200, I' = 5, and
yp = 0. The short-dashed curves are the results of numerical
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calculations performed self-consistently in the frame of the
Usadel equations (2)—-(11) for the corresponding set of the
parameters T = 0.97¢ for H = 107 T¢, yg; = 1000, y =1,
yp = 0.3, and the same thickness of the s layer dy. = (2)&5(T).
The interface parameters yp; = 1000 and y = 1 are chosen
the same as for the analytical case. The choice of yp = 0.3
allows one to take into account the influence of mismatch
which generally occurs at the sF and FS boundaries.

It can be seen that there is a qualitative agreement between
the shapes of the three curves. For small dr the structure
is in the O-state mode-la regime. The difference between
dashed and short-dashed lines in this area is due to the fact
that the inequalities (18) are not fulfilled for very small
dr. The solid and short-dashed curves start from the same
value since for dr = 0 the sFS electrode becomes a single
spatially homogeneous superconductor. For d; = 2&£4(T) the
intrinsic superconductivity in the s layer is weak and is
partially suppressed with dr increase (see the inset in Fig. 3).
This suppression is accompanied by a rapid drop of the
critical current. It can be seen that starting from the value
dr ~ 0.4&Fp our analytical formulas (23)—(28) are accurate
enough. The larger is d;, the better is the agreement between
numerical and analytical results due to the better applica-
bility of the GL equations in the s layer. With further dr
increase the structure passes through a valley of the mode-1b
state, located in the vicinity of the O-to-w transition, and
comes into the 7 state of mode la. Finally for dp = 1.6&F
there is a transition from mode la to mode 1b, which is
accompanied by damped oscillations of Jc(dF) with increase
ind F-

B. Mode 2: SInFS junction d; < d,,

For d; < d,. intrinsic superconductivity in the s layer is
completely suppressed, resulting in formation of the complex
InF weak-link area, where n marks the intermediate s film
in the normal state. In this parameter range the weak link is
always located in the tunnel barrier and the CPR has sinusoidal
shape,

Js(p)
_Jo (p—q)sing
V22pqTTp1c0s 22 + [2pgT + (p + @)U ps] sin

(34)

In the vicinity of the critical thickness d; < d;., the factor

cos[d,/&s(T)] in (34) is small and the supercurrent is given by
the expression

Je (p—q)sing

Js(p) = . (35)
T AT + (P ) T
Further decrease of d; to the limit d; < d;, leads to
Jo (p — g)sin
Jslp) = 2L 24708 (36)

V2 2pqlTy;
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FIG. 4. (Color online) (a) Magnitude of the critical current J¢ in the SISFS structure versus F layer thickness df for two thickness of the
middle s layer, d; = 5&5(T) > d,. (solid line) and d; = 0.5&5(T') < d,. (dashed line) calculated at 7 = 0.97¢ for H = 107 T¢, I'g; = 200, and
I' = 5. (b)-(d) CPRs in the vicinity of 0-7 transitions. The corresponding insets show the enlarged parts of the J-(dr) dependence enclosed
in rectangles (a) and marked by the letters b—d, respectively. The digits on the insets show the points at which the Js(¢) curves have been
calculated. The dashed lines in (b)—(d) are the loci of critical points at which the Js(¢) dependence reaches its maximum value Jc(dr).

The magnitude of the critical current in (36) is close to that
in the well-known case of SIFS junctions in the appropriate
regime.

C. Current-phase relation

In the previous section we have demonstrated that variation
in the thickness of the ferromagnetic layer should lead
to the transformation of the CPR of the SISFS structure.
Figure 4(a) illustrates the Jc(dp) dependencies calculated
from expressions (23)—(28) at T = 0.9T¢ for H = 10n T¢,
yp =0, I'g; & 200,and I & 5 for two thickness of the s layer
d, = 5&5(T) (solid line) and d; = 0.5&5(T') (dashed line). In
Figs. 4(b)—4(d) we enlarge the parts of the J¢(dr) dependence
enclosed in rectangles labeled by the letters b, ¢, and d in
Fig. 4(a) and mark by digits the points where the Js(p)
curves have been calculated. These curves are marked by the
same digits as the points in the enlarged parts of the Jc(dF)
dependencies. The dashed lines in Figs. 4(b)—4(d) are the loci

of critical points at which the Jg(¢) dependence reaches its
maximum value Jc(dr).

Figure 4(b) presents the mode-1b valley, which divides
the mode-la domain into O- and - state regions. In the
mode-1a domain the SISFS structure behaves as SIs and sFS
junctions connected in series. Its critical current equals the
minimal one among the critical currents of the SIs (Jcsyy)
and sFS (J¢srs) parts of the device. In the considered case
the thickness of the s film is sufficiently large to prevent
suppression of superconductivity. Therefore, Jcgrs does not
change when moving from point 1 to point 2 along the Jcdp
dependence curve. At point 2, when Jes;s = Jesrs, We arrive
at the border between modes 1a and 1b. It is seen that at this
point there is maximum deviation of Jg(¢) from the sinusoidal
shape. Further increase of dy leads to the O-7 transition, when
the parameter 8 in (33) becomes small and Js(¢) is almost
restored to its sinusoidal shape. Beyond the area of the 0-to-
transition, the critical current changes its sign and the CPR
starts to deform again. The deformation achieves its maximum
at the point 7 located at the other border between modes la
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and 1b. The displacement from point 7 to point 8 along the
Jc(dF) dependence leads to recovery of a sinusoidal CPR.

Figure 4(c) presents the transition from the 7 state of mode
la to mode 1b with dr increase. It is seen that the offset from
point 1 to points 2—-5 along J¢(dF) results in a transformation of
the CPR similar to that shown in Fig. 4(b) during displacement
in the direction from point 1 to points 2—6. The only difference
is the starting negative sign of the critical current. However, this
behavior of the CPR along with the close transition between
modes lead to formation of a well-pronounced kink in the
Jc(dF) dependence. Furthermore, in contrast to Fig. 4(b) at
point 6, the junction is still in mode 1b and remains in this
mode with further increase in dr. At point 6 the critical current
achieves its maximum value and it decreases along the dashed
line for larger dp.

Figure 4(d) shows the transformation of the CPR in the
vicinity of the next 0-to-w transition in mode 1b. There is a
small deviation from the sinusoidal shape at point 1, which
vanishes exponentially with an increase of dp.

In mode 2 [the dashed curve in Fig. 4(a)] intrinsic
superconductivity in the s layer is completely suppressed,
resulting in the formation of a complex InF weak-link region,
and the CPR becomes sinusoidal (34).

IV. ARBITRARY TEMPERATURE

At arbitrary temperatures the boundary problem (2)—(11)
goes beyond the assumptions of GL formalism and requires a
self-consistent solution. We have performed it numerically in
terms of the nonlinear Usadel equations in an iterative manner.
All calculations were performed for 7' = 0.5T¢, &5 = &p,
ygr = 1000, yprs = 0.3,and y = 1.

Calculations show that at the selected transparency of the
tunnel barrier (yg; = 1000) the suppression of superconduc-
tivity in the left electrode is negligibly small. This allows
one to select the thickness of the left S electrode dg; = 2&g
without any loss of generality. On the contrary, proximity of the
right S electrode to the F layer results in strong suppression
of superconductivity at the FS interface. Therefore the pair
potential of the right S electrode reaches its bulk value only at
thickness dgg = 10&s. It is for these reasons we have chosen
dsg = 10&g for the calculations.

Furthermore, the presence of a low-transparency tunnel
barrier in the considered SISFS structures limits the magnitude
of the critical current Jo by a value much smaller than the
depairing current of the superconducting electrodes. This
allows one to neglect nonlinear corrections to coordinate
dependence of the phase in the S banks.

The results of the calculations are summarized in Fig. 5.
Figure 5(a) shows the dependence of J¢ of the SISFS structure
on the F layer thickness df for relatively large d; = 5& (solid)
and small d; = 0.5&¢ (dashed) s film thickness. The letters
on the curves indicate the points at which the coordinate
dependencies of the magnitude of the order parameter, | A(x)],
and phase difference across the structure, x, have been
calculated for the phase difference ¢ = /2. These curves
are shown in Figs. 5(b)-5(f) as the upper and lower plots,
respectively. There is direct correspondence between the
letters, b, ¢, d, e, and f on the J-(dFr) curves and the labels
(b), (¢), (d), (e), and (f) of the panels.

PHYSICAL REVIEW B 88, 144519 (2013)

It is seen that the qualitative behavior of the Jc(dp)
dependence at T = 0.57¢ remains similar to that obtained in
the frame of the GL equations for 7 = 0.97¢ [see Fig. 4(a)].
Furthermore, the modes of operation discussed above remain
relevant too. Figures 5(b)-5(f) make this statement more clear.

At the point marked by the letter b, the s film is sufficiently
thick, d; = 5&g, while the F film is rather thin, dr = 0.3&F,
and therefore the structure is in the O state of mode la. In
this regime the phase mainly drops across the tunnel barrier,
while the phase shifts at the s film and in the S electrodes are
negligibly small [see the bottom plot in Fig. 5(b)].

At the point marked by the letter ¢ (d; = 5&g, dr = &F), the
structure is in the 7 state of mode 1a. It is seen from Fig. 5(c)
that there is a phase jump at the tunnel barrier and an additional
7 shift occurs between the phases of the S and s layers.

For dr = 3&p [Fig. 5(d)] the position of the weak place
shifts from the SIs to the sFS part of the SISFS junction. Then
the structure starts to operate in mode 1b. It is seen that the
phase drop across the SIs part is small, while it is ¢ — x &
/2 across the F layer, as it should be in SFS junctions with
SIs and S electrodes.

At the points marked by the letters e and f, the thickness
of the s layer, d; = 0.5&;, is less than its critical value. Then
superconductivity in the s spacer is suppressed due to the
proximity with the F film and SISFS device operates in the
mode 2. At dp = &p [the point e in Fig. 5(a) and the panel
Fig. 5(e)] the position of the weak place is located in the SIs
part of the structure and there is an additional  shift of phase
across the F film. As a result, the SISFS structure behaves like
an SInFS tunnel 7 junction. The unsuppressed residual value
of the pair potential is due to the proximity with the right
S electrode and it disappears with the growth of the F layer
thickness, which weakens this proximity effect. At dp = 3&p
[Fig. 5(f)] the weak place is located in the F part of IsF trilayer.
Despite strong suppression of the pair potential in the s-layer,
the distribution of the phase inside the IsF weak place has a
rather complex structure, which depends on the thicknesses of
the s and F layers.

A. Temperature crossover from 0 to x states

The temperature-induced crossover from 0 to m states in
SFS junctions was described in Ref. 26 in structures with
sinusoidal CPR. It was found that the transition takes place in
a relatively broad temperature range.

Our analysis of SISFS structure [see Fig. 6(a)] shows that the
smoothness of the 0-to-rr transition strongly depends on the
CPR shape. Note that almost all previous theoretical results
were obtained within a linear approximation, leading to a
sinusoidal CPR. To prove the dependence on the CPR shape,
we have calculated numerically the set of Jo(T') curves for a
number of F layer film thicknesses dr. We have chosen the
thickness of the intermediate superconductor d; = 5& in order
to have the SISFS device in mode la and we have examined
the parameter range 0.3&y < dr < &p, in which the structure
exhibits the first O-to-rr transition. The borders of the d range
are chosen in such a way that the SISFS contact is in either
the O (dr = 0.36f) or the m (dr = &) state in the whole
temperature range. The corresponding Jc(7T') dependencies
[dashed lines in Fig. 6(a)] provide the envelope of a set of
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FIG. 5. (Color online) (a) Magnitude of critical current J¢ of the SISFS structure versus F layer thickness d calculated at T = 0.57¢ for
H =10 T¢, yp; = 1000, y = 1, and two thicknesses of the s film d; = 5&g (solid line) and d; = 0.5&5 (dashed line). The letters on J¢(dF)
give the points at which the coordinate dependencies of the magnitude of the order parameter, | A(x)|, and phase difference across the structure,
X, have been calculated. These curves are shown in the panels (b)—(f) as the upper and lower panels, respectively.

in creation of the temperature range where the O state exists.

Jc(T) curves calculated for the considered range of dp. It is
The point of O-to-rr transition shifts to lower temperatures

clearly seen that in the vicinity of 7¢ the decrease of d results
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FIG. 6. (Color online) (a) Critical current J¢ of the SISFS structure versus temperature 7 for various F layer thicknesses df in the vicinity
of the 0 to & transition. The dashed envelopes show the temperature dependence in the O (top) and 7 (bottom) states. (b) CPR of the structure
with dr = 0.46&F for a set of temperatures in the vicinity of the 0-7 transition. Each curve corresponds to the point marked in (a). Note that
the curves 3 and 4 almost coincide but correspond to different ground states of the junction, O and 7, respectively. The calculations have been
performed numerically for d; = 5&5, H = 10n T¢, yp; = 1000, yg = 0.3, and y = 1.

with decreasing dr. For dr 2 0.5&F the transition is rather
smooth since for 7 > 0.87¢ the junction stays in mode 2 (with
suppressed superconductivity) and deviations of the CPR from
sin(g) are small. Thus the behavior of the J¢(T') dependencies
in this case can be easily described by the analytical results
from Sec. IIIC.

The situation drastically changes at dp = 0.46&F [short-
dashed line in Fig. 6(a)]. For this thickness the point of the O-
to-m transition shifts to T &~ 0.25T¢. This shift is accompanied
by an increase of the amplitudes of the higher harmonics of
the CPR [see Fig. 6(b)]. As a result, the shape of the CPR is
strongly modified, so that in the interval 0 < ¢ < 7 the CPR

curves are characterized by two values J¢; and J¢», asis known
41

[TPRL]

from the case of SFcFS junctions, where “c” is a constriction.
In general, J¢ and J¢; differ both in sign and in magnitude
and Jo = max(|Je1l, |Jez2|). For T > 0.25T¢ the junction is in
the O state and Jc grows with decrease of T upto T ~ 0.57¢.
Further decrease of T is accompanied by suppression of the
critical current. In the vicinity of T =~ 0.257¢ the difference
between |J¢i| and |J¢z| becomes negligible and the system
starts to develop an instability that eventually shows up as a
sharp jump from the O to the 7 state. After the jump, |J¢|
continuously increases as 7' goes to zero.

It is important to note that this behavior should always be
observed in the vicinity of a 0-7 transition, i.e., in the range
of parameters in which the amplitude of the first harmonic
is small compared to higher harmonics. However, the closer
the temperature is to T¢, the less pronounced are the higher
CPR harmonics and the smaller is the magnitude of the jump.
This fact is illustrated by the dash-dotted line showing J¢o(7T')
calculated for dp = 0.48&F. A jump in the curves calculated
for dr > 0.5&F also exists, but it is small and cannot be
resolved on the scale used in Fig. 6(a).

Atdp = 0.45&F (dash-dot-dotted line in Fig. 6) the junction
is always in the O state and there is only small suppression of
the current at low temperatures despite the realization of a
nonsinusoidal CPR. Thus the calculations clearly show that it
is possible to realize a set of parameters of SISFS junctions
where thermally induced O-7 crossover can be observed and
controlled by temperature variation.

B. 0-to-w crossover by changing the effective exchange energy
in an external magnetic field

The exchange field is an intrinsic microscopic parameter of
a ferromagnetic material which cannot be controlled directly
by application of an external field. However, spin splitting in
F layers can be provided by both an internal exchange field
and an external magnetic field,*>** resulting in generation of
an effective exchange field, which is equal to their sum. The
practical realization of this effect is a challenge since it is
difficult to fulfill the special requirements*>** on the thickness
of the S electrodes and the SFS junction geometry.

Another opportunity can be realized in soft diluted fer-
romagnetic alloys like Fego;Pdog9. Investigations of the
magnetic properties** of these materials have shown that
below 14 K they exhibit ferromagnetic order due to the
formation of weakly coupled ferromagnetic nanoclusters. In
the clusters, the effective spin polarization of the Fe ions is
about 4up, corresponding to that in the bulk Pd;Fe alloy.
It was demonstrated that the hysteresis loops of Feg o;Pdg .99
films have the form typical of nanostructured ferromagnets
with weakly coupled grains (the absence of domains; a small
coercive force; a small interval of magnetization reversal,
where the magnetization changes its direction following
changes in the applied magnetic field; and a prolonged part,
where the component of the magnetization vector along the
applied field grows gradually).

The small concentration of the Pd;Fe clusters and their
ability to follow variations in the applied magnetic field may
result in generation of H.g, which is of the order of

}’lTV¢ —n¢V¢
nV '

Here n is the average concentration of electrons within
a physically small volume V, in which one performs an
averaging of the Green’s functions in the transformation to
a quasiclassical description of superconductivity, and n4, | and
V4, are the values describing the spin-polarized parts of #» and
of the volume V, which they occupy, respectively. A similar
kind of Heg nucleates in NF or SF proximity structures, which
are composed from thin layers.**® There is an interval of

Hee ~ H 37
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FIG. 7. (Color online) The magnitude of critical current J¢ of the
SISFS structure versus exchange field H for thick d; = 5&5 (solid),
thin d; = 0.5&5 (dashed) and intermediate d; = 3&g (dash-dotted) s-
layer thickness. The plot demonstrates the possibility of O-7 transition
by varying the effective exchange field. The calculations have been
performed for T = 0.5T¢, dr = 2&F, yp; = 1000, yg = 0.3, y = 1.

applied magnetic fields Hey where the alloy magnetization
changes its direction and the concentrations n, | depend on
the prehistory of application of the field,'®!? providing the
possibility to control H.g by an external magnetic field.
Derivation of the possible relationships between H.g and
H.y is outside the scope of this paper. Below we will
concentrate only on an assessment of the intervals in which
H.g should be changed to ensure the transition of a SISFS
device from the O to the m state. To do this, we calculate
the Jo(H) dependencies presented in Fig. 7. The calculations
have been done for a set of structures with dp = 2&r and
s film thickness ranging from thick, d; = 5&5 (solid line),
to an intermediate value d; = 2&g (dash-dotted line) and
finishing with a thin film having d; = 0.5&s (dashed line).
It is clearly seen that these curves have the same shape as
the Jo(dF) dependencies presented in Sec. III. For d; = 5&5
and H < 7nT¢ the magnitude of J¢ is almost independent
of H, but it changes sign at H & 1.257T¢ due to the 0-7
transition. It is seen that for the transition, while maintaining
the normalized current value at a level close to unity, changes of
H are required approximately of the order of 0.17 7T or 10%.
For d; = 2&5 and H < 37 Tc, it is necessary to change H by
20% to realize such a transition. In this case the value of the
normalized current is at the level 0.4. In mode 2 the transition
requires a 100% change of H, which is not practical.

V. DISCUSSION

We have performed a theoretical study of magnetic SISFS
Josephson junctions. At T < T¢ calculations have been
performed analytically in the frame of the GL equations.
For arbitrary temperatures we have developed a numerical
code for self-consistent solution of the Usadel equations. We
have outlined several modes of operation of these junctions.
For the s layer in the superconducting state they are S-I-sfS
or SIs-F-S devices with the weak place located at the insulator
(mode la) or at the F layer (mode 1b), respectively. For
a small s layer thickness, its intrinsic superconductivity is

PHYSICAL REVIEW B 88, 144519 (2013)

completely suppressed, resulting in formation of an InF weak
place (mode 2). We have examined the shape of Jg(¢) and
the spatial distribution of the modulus of the pair potential
and its phase difference across the SISFS structure in these
modes.

For mode 1 the shape of the CPR can substantially differ
from sinusoidal even in the vicinity of 7¢. The deviations are
largest when the structure is close to the crossover between
the modes la and 1b. This effect results in kinks in the
dependencies of J¢ on temperature and on parameters of the
structure (thickness of the layers dp,d; and exchange energy
H) asillustrated in Fig. 4 on J¢ (dF) curves. The transformation
of the CPR is even more important at low temperatures. For
T < 0.25T¢ a sharp 0-7 transition can be realized induced by
a small temperature variation (Fig. 6). This instability must
be taken into account when using the structures as memory
elements. On the other hand, this effect can be used in detectors
of electromagnetic radiation, where absorption of a photon in
the F layer will provide local heating leading to development
of an instability and subsequent phonon registration.

We have shown that suppression of the order parameter in a
thin s film due to the proximity effect leads to decrease of the
product Jc Ry in both 0 and 7 states. On the other hand, the
proximity effect may also support s layer superconductivity
due to the impact of S electrodes. In mode la the product
JcRy in O and 7 states can achieve values typical for SIS
tunnel junctions.

In mode 2 a sinusoidal CPR is realized. Despite that, the
distribution of the phase difference x(x) in the IsF weak
place may have a complex structure, which depends on the
thickness of the s and F layers. These effects should influence
the dynamics of a junction in its ac state and deserve further
study.

Further, we have also shown that in mode 1a nearly 10%
change in the exchange energy can cause a 0-7 transition, i.e.,
changing the sign of the product J¢ Ry, while maintaining
its absolute value. This unique feature can be implemented in
mode 1a, since in it changes of the exchange energy determine
only the presence or absence of a s shift between s and
S electrodes and do not affect the magnitude of the critical
current of the SIs part of the SISFS junction.

In mode 1b, the F layer becomes a part of the weak-link
area. In this case the & shift initiated by the change in H
must be accompanied by changes of the magnitude of J¢
due to the oscillatory nature of superconducting correlations
in the F film. The latter may lead to a very complex and
irregular dependence J¢(Hext), such as has been observed in
Nb-PdFe-Nb SFS junctions (see Fig. 3 in Ref. 8). In contrast,
the Jeo(Heyx) curves of a SISFS structure with the same PdFe
metal do not demonstrate these irregularities.'*!!

To characterize a junction’s stability with respect to H
variations it is convenient to introduce the parameter n =
(dJc/Jc)/(dH/H) which relates the relative change in the
critical current to the relative change in the exchange energy.
The larger the magnitude of 1 the more intense irregularities
in a SFS junction are expected with variation of H. In Fig. 8
we compare SISFS devices with conventional SFS, SIFS, and
SIFIS junctions making use of two of the most important
parameters: the instability parameter n and the product J¢ Ry,
the value of which characterizes high-frequency properties of
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FIG. 8. (Color online) Comparison of different types of Joseph-
son structures, marked by points on the phase plane, in terms of Jc Ry
and exchange field stability 5. All calculations have been performed
for T =0.5T¢, dr =&, yp; = 1000, yp = 0.3, and y = 1. For
SISFS structures d; = 5&5 and d; = 0.5&g are taken in mode la and
mode 2, respectively.

the structures. The calculations have been done in the frame
of the Usadel equations for the same set of junction parameters,
namely, T = O.STc, H = IOJTTc, dp = Ep, YBI = 1000,
yg =03,and y = 1.

It can be seen that the presence of two tunnel barriers in a
SIFIS junction results in the smallest Jo Ry and strong insta-
bility. The SIFS and SISFS structures in mode 2 demonstrate
better results with almost the same parameters. Conventional
SFS structures have a twice smaller Jc Ry product, having
a higher critical current but lower resistivity. At the same
time, SFS junctions are more stable due to the lack of a
low-transparency tunnel barrier. The latter is the main source
of instability due to sharp phase discontinuities at the barrier I.

In contrast to the standard SFS, SIFS, and SIFIS junctions,
SISES structures achieve JcoRy and stability characteristics
comparable to those of SIS tunnel junctions. This unique
property is favorable for application of SISFS structures in
superconducting electronic circuits.
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APPENDIX: BOUNDARY PROBLEM AT T < T¢

In the limit of high temperature
Gs =G, = Gp = sgn(2) (A1)

and the boundary problem reduces to a system of linearized
equations. Their solution in the F layer (0 < x < dF) has the
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form
VO(x —dr/2) + Deosh VO(x — dF/Z)’
F F

& = Csinh
(A2)

where © = Q sgn(S2). For transparent FS and sF interfaces
(yg = 0), from the boundary conditions (6), (7), and (A2) it is
easy to get that

. d drvO D
5 4 4.(0) = —d,(0)coth TV 4 PsUr) - xq
yv @ dx §F sinhd’%@
F
d divO @0
s — ®g(dr) = Ps(dr)coth ——— — ©_
y«/@ dx EF sinh%@
(Ad)

and thus reduce the problem to the solution of the Ginzburg-
Landau equations in the s and S films:

d2
sé(nﬁm — Ae(AF — 1Ak1P) =0,

) (AS5)
2 _ 8 TC(TC — T)
0 7¢3)
JG * d TL’A%
J=—1 A TY—A;,), Jog=—7——,
A m( sy ") 97 4epsTcEg(T)
(A6)

where £5(T) = w&s/2+/1 — T/ T¢ is the GL coherence length
and k equals s or S for —d; < x < Oand x > df , respectively.
At Is, sF, and FS interfaces the GL equations should be
supplemented by boundary conditions in the form?®’

d ¥1(z)
Es(T)—Ar(z) = b(2)Ar(z), b(2) = ——, (A7)
dx 22(2)
ad d ®i(2) = Dr(2)
D@ = ) &)~ T = Y~
w=—00 w=—00
(A8)
where z = —d;,0,dr. In typical experimental situations,

ypr > 1, y~H > 1, and dpv/ H Z &p. In this case in the
first approximation

d
®s(dr) =0, P,0)=0, —D(—d,)=0,
dx

and in the vicinity of interfaces

S (x —dF)
&s(T)

D,(x) = As(x) = —B

Ps(x) = As(x) =B , dr Sx K E&(T), (A9)

X
s —Es(T) < x 50, (Al0)
&(T)

Di(x) = Ay(x) = Ay(—dy), —d; S, x L —ds +&5(T),
(A11)

where By, By, and A (—d,) are independent of the constants x.

Substitution of the solutions (A9)—(A11) into (15), (A3), and

(A4) gives

d
FBIES(T)aCDs(_ds) = As(_ds) - AO: (A12)
@) B, Bgs cosh ‘IFE—‘F@ (AL3)
qDS F) — - + )
'/O sinh %’5 ['v/O sinh dFE;FF@
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By(0) = S 5 Bs (Al4)
S 1'\/’Se2rsinh%6 F@sinh%@’
(T
Iy = VBIES’ _ vei&(@) (A15)
&(T) €s

From the definition (A7), (A8) of the coefficients b(z) and
expressions (A12)—(A14) it follows that

rmsm —A(—dy) = —[A0 = A=)l (AI6)
q+p
&(T)am@ ~L7Lra - L5 r A,
(A17)
és<T>—As<dF> - %msw) + 2 Lrao,
(A18)
where
nd 1
-1
pl= Ry ——— (A19)
m? ;sz/ﬁcoth%ﬁ
L, 8 & 1
g = SRe (A20)

? ‘50 92/ Qtanh d;f .

In the considered limit both suppression parameters I'g; >
1and I > 1 are large and from relations (15), (A3), and (A4)
in the first approximation on these parameters we get that the
boundary conditions (A16)—-(A18) can be simplified to

d
Es(T)-—As(=dy) =0, As(0) =0, Asldr) =0. (A2])

Taking into account that in this approximation the supercurrent
Jj =0and Ag(oco) = Ay from (AS) and (A21) it follows that

—d
Ap tanh al F

As(x) = 8s(x)explip}, 8s(x) = V2E(TY
S

(A22)
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while

Ag(x) = ds(x)exp{ix},

where 8;(x) is the solution of the transcendental equation

F< 85()6) 83(_ds)> _ X1

8(=dy)’ Aon ) 2E(T)

82(—dy)
Af

(A23)

(A24)

n=,2-

and d;(—d;) is a solution of the same equation at the Sls
boundary x = —dj,

K<8s(_ds)> _ deI
Aon ) V2E(T)

Here F(y,z) and K(z) are the incomplete and complete elliptic
integrals of the first kind, respectively.

Substitution of (A22) and (A23) into (A16)—(A18) gives
that in the next approximation on F_} and T'~!

(A25)

J(— d)—JG it ‘)SI( ), (A26)

J(0)=J(dr) = JGM(S (0)8s(dF) sin(p — x),

0
(A27)
where
5,(0) = — 2b(q — p)2005(¢ - x)2+ 2;1(61 + ) C(A28)
I'l(g + p)* — (g — p)*cos*(¢ — x)]

Ss(dp) = 2b(q + p) + 2a(g — p)cos(¢p — x) (A29)

Tl(q + p)* = (g — p)* cos* (¢ — x)]
are the magnitudes of the order parameters at the FS interfaces,

and
82(—dy) Ay
= —8,(—=dy) |1 -2 —, b=—.
@ = —0( ‘)\/ 202 V2

The phase y of the order parameters of the s layer is determined
from equality of the currents (A26) and (A27).
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