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INTRODUCTION

The identification of structural defects and their
localization within the bulk of single crystals is one of
the greatest problems of physical materials science.
The most widespread diagnostic methods are X�ray
topographic and polarization�optical analyses.
Among the topographic methods, it is possible to
highlight X�ray topography based on the Borrmann
effect, which exhibited good results in studying low�
dislocation�density and dislocation�free materials [1].
In this method, the contrast formed by the structural
defects of single crystals has the form of intensity
rosettes. In this case, the shape and number of petals
thereof depends heavily on the defect type and its
arrangement in the single�crystal bulk, and the sizes
are determined by the single�crystal type. Structural�
defect identification is simplified by the fact that the
theoretical contrast thereof can be simulated from
modified Indenbom–Chamrov equations [1] and the
digital processing of experimental contrast. The latter
is intended to enhance its quality and remove the main
noise�induced factors, such as low�level contrast,
background inhomogeneity, and photoemulsion
graininess.

Digital processing of the contrast can be based on
the brightness and frequency characteristics of the
contrast under analysis, i.e., involve wavelet and Fou�
rier transforms [2–4]. In [2], main focus was placed on
the digital processing of topographic and polarization�
optical contrasts of promising materials in electronic
engineering, which contain images of structural
imperfections of different types, with the help of digi�
tal methods relying on the analysis of brightness char�

acteristics and the wavelet transform. Moreover, the
authors demonstrated the possibility of increasing the
reliability and unambiguity of identifying different
structural imperfections. In [3, 4], the problem of recov�
ery of the internal structure of weakly absorbing objects
using X�ray phase�contrast data and analysis of the influ�
ence of statistical noise on the recovery accuracy by
means of the Fourier transform was considered.

This work is the logical continuation of studies of
authors devoted to the digital processing of defects in
crystalline structures and considers Fourier analysis of
the contrast as applied to achieving the aforemen�
tioned purpose.

FOURIER FILTERING
OF A DISCRETE IMAGE

Images of topographic and polarization�optical
contrasts can be qualitatively improved via Fourier fil�
tering of a discrete image. It is assumed that the Fou�
rier filtering algorithm includes the discrete Fourier
transform (DFT), a correction to the DFT coeffi�
cients, and image reconstruction (i.e., recovery) via
the inverse DFT [1]. Filtered images contain most of
the main characteristics of the initial image, enabling
us to rather reliably identify imperfections in the struc�
ture of a single crystal. In so doing, only the absolute
values of the complex coefficients of the DFT are cor�
rected, and their arguments remain unchanged.

The contrast (image) analyzed can be interpreted
as a real function of two variables  Therefore,( ), .f x y
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with the use of the DFT, the aperiodic 2D real
sequence

 (1)

which is created from values of function  at
equidistant nodes  of a rectangular mesh with
the quantization steps  should be transformed
by adding zero samples to a periodic sequence with the
period 

 (2)

Here, jx = 0, 1, 2, …, N1 – 1, jy = 0, 1, 2, …, N2 – 1,

  are the

periods of the indices  and , respectively.

The periodic 2D real and complex sequences
 and , respectively, satisfy the

DFT:

 (3)

where  is the imaginary unit, lx = 0, 1, 2, …,
N1 – 1, ly = 0, 1, 2, …, N2 – 1; and the DFT coeffi�
cients of the indices  and  have the periods  and

, respectively.

The DFT coefficients can be filtered as follows:

 (4)

where  is the real filtering multiplier. Hence,
the absolute value and argument of the corrected DFT
coefficients are expressed as

 (5)

 (6)

For the periodic 2D sequences of complex and real
functions designated respectively by  and

 the inverse DFT is valid:

 (7)
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Afterward, a discrete filtered image is generated,
namely,

 (8)

where jx = 0, 1, 2, …, Nx – 1, jy = 0, 1, 2, …, Ny – 1.
The Fourier filtering of a discrete image can be per�

formed using the fast Fourier�transform algorithm by
means of the Mathcad mathematical package involv�
ing built�in functions of the forward and inverse DFTs
[5–7]. Function  calculates the 2D forward
DFT of an  real matrix. The calculated result
is an , complex matrix of DFT coefficients.
Function  calculates the 2D inverse DFT
of an  complex matrix of DFT coefficients.
The calculated result is an , real matrix. The
functions  and  are inverse to
each other:

 (9)

In the case where diffraction�contrast�formation
theory was investigated by the example of ordinary
photographic images, the author of [8] presented data
on how a 2D signal phase behaves during its Fourier
analysis and demonstrated that the signal phase con�
tains important information on the image structure
and is responsible for the transmission of the main dis�
tinctive features enabling its identification. In the
example under study, the Fourier analysis of two pho�
tographs (images 1 and 2) was accompanied by image
recovery based on combined coefficients; i.e., phase
and amplitude coefficients taken from images 1 and 2,
respectively. Upon recovery, image 1 was constructed,
but the detail in terms of the brightness characteristics
thereof was somewhat worse.

Let us consider the proposed approach to image
reconstruction by the example of structural�defect
identification based on the technique whereby the
noise contamination of a theoretical contrast is fitted
to an experimental contrast with subsequent digital
processing [9]. Let us try to reveal what role is played
by the phase (argument of complex DFT coefficients)
in reconstructing the topographic and polarization�
optical images via a procedure incorporating test
images, the kind, sizes, and mutual positions of which
are primarily different with the subsequent transfer�
ence of structural defects to the theoretical and exper�
imental contrasts.

ROLE OF THE ARGUMENT OF DFT 
COEFFICIENTS IN THE CASE OF THE 

FOURIER TRANSFORM OF TEST IMAGES

Two  8�bit contrasts with object images
differing in shape, size, intensity, background inten�
sity, and with different variants of mutual arrangement
were chosen as test objects. Forward and inverse DFT
were carried out for each contrast, and reconstruction
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assumed the use of absolute values of the DFT coeffi�
cients of one contrast and their arguments of the other.
The results of the given processing are presented in
Tables 1–4, where the 8�bit image is characterized by
the intensity I of gray gradation.

The contrasts under analysis can be interpreted as
two�variable functions  and  In this( )1 ,f x y ( )2 , .f x y

case, with the use of the DFT, the aperiodic 2D real
sequences

 (10)

 (11)

which are generated from the values of functions f1(x, y)
and  at the equidistant nodes  of a rect�

( ){ }1 , , 0 1, 0 1,x y x x y yf j j j N j N≤ ≤ − ≤ ≤ −

( ){ }, , ,2 0 1 0 1,x y x x y yf j j j N j N≤ ≤ − ≤ ≤ −
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Table 1. Results of the Fourier transform of test objects with similar shapes

No.
Contrast 1 

Imax = 166, Imin = 64
Contrast 2 

Imax = 217, Imin = 127

Reconstruction 12 (absolute 
values of and arguments 
of coefficients belonging 

to contrasts 1 and 2, 
respectively)

Reconstruction 21 (abso�
lute values and arguments 
of coefficients belonging 

to contrasts 2 and 1, 
respectively) 

1

2

3

4

5

6

7
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angular mesh with the quantization steps 
should be transformed by adding zero samples into the
periodic sequences with the period 

 (12)

 (13)

Here, jx = 0, 1, 2, …, N1 – 1, jy = 0, 1, 2, …, N2 – 1;

  and 
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Here,  is an imaginary unit, lx = 0, 1, 2, …,
N1 – 1, ly = 0, 1, 2, …, N2 – 1; and  and  are the
periods of the DFT coefficients of indices  and ,
respectively.

The DFT coefficients of the first and second con�
trasts can be combined as follows:

 (16)
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 (17)

( ){ }2 ,p x yf j j

( ){ }2 ,p x yF l l

( ) ( ) ( )

( )[ ]

− −

= =

=

× − π +

∑ ∑, ,
1 21 1

1 1 2 1

0 0

1 2

1

exp 2 ,
x y

N N

p x y p x y

j j

x x y y

F l l N N f j j

i j l j l N N

( ) ( ) ( )

( )[ ]

, ,
1 21 1

2 1 2 2

0 0

1 2

1

exp 2 .

x y

N N

p x y p x y

j j

x x y y

F l l N N f j j

i j l j l N N

− −

= =

=

× − π +

∑ ∑

1 2( 1)i = −

1,N 2N

xl yl

( ) ( ) ( )( )[ ]12 1 2, , exp arg , ,p x y p x y p x yF l l F l l i F l l=

( ) ( ) ( )( )( )21 2 1, , exp arg , .p x y p x y p x yF l l F l l i F l l=

Table 2. Results of the Fourier transform of test objects with similar shapes and sizes under the condition of partially
and completely overlapped images

No. Contrast 1 Contrast 2
Reconstruction 12 (absolute values 

and arguments of coefficients belonging 
to contrasts 1 and 2, respectively) 

1

2

3

4
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Table 3. Results of the Fourier transform of centered test objects with similar shapes, different sizes, and the contrasts
of different intensity under the condition of complete overlapping

No. Contrast 1 (IP 1) Contrast 2 (IP 2)

Reconstruction 1 
(absolute values 

and arguments of co�
efficients belonging 
to contrasts 1 and 2, 
respectively) (IP 3)

Reconstruction 2 
(absolute values 

and arguments of co�
efficients belonging 
to contrasts 1 and 2, 
respectively) (IP 4)

IP 1–4

1 

I0 = 89, I1 = 242
ΔI = 25, I0 = 89,

I1 = 242, I2 = 217,

I3 = 191, I4 = 166

 2

I0 = 89, I1 = 242
ΔI = 15, I0 = 89,

I1 = 242, I2 = 227,

I3 = 212, I4 = 197

 3

I0 = 89, I1 = 242 ΔI = 5, I0 = 89,

I1 = 242, I2 = 237,

I3 = 232, I4 = 227

 4

I0 = 140, I1 = 166 ΔI = 25, I0 = 89,

I1 = 242, I2 = 217,

I3 = 191, I4 = 166

5

I0 = 89, I1 = 227 ΔI = 5, I0 = 89,

I1 = 242, I2 = 237,

I3 = 232, I4 = 227
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For two pairs of the periodic 2D sequences of com�
plex and real functions designated respectively by

 and  and complex and real
sequences  and  respectively),
the inverse DFTs are valid:

 (18)

 (19)

After, discrete processed images are formed, namely,

 (20)

 (21)

where jx = 0, 1, 2, …, Nx – 1, jy = 0, 1, 2, …, Ny – 1.

ROLE OF THE ARGUMENT OF THE DFT 
COEFFICIENTS IN THE CASE

OF THE FOURIER TRANSFORM 
OF A TEST CONTRAST

Let us discuss a practical use for the relationships
derived above and give several examples that illustrate
the results obtained by combining the DFT coeffi�
cients of the first and second contrasts.

At the beginning, let us consider test objects with
similar shapes (Table 1). By analyzing the results of the
Fourier transform of the test objects (Table 1, rows 1–
5), it is possible to infer that the reconstructed con�
trasts reliably visualize objects resembling those of the
contrasts used to create the arguments of the DFT
coefficients. It should be emphasized that objects,
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including those located at different points of the spa�
tial region under analysis (Table 1, row 4), and even
small details on the initial contrast (Table 1, row 5,
where image elements are designated by arrows), are
correctly recovered. The results from Table 1 clearly
demonstrate that the phase is indeed most informative
upon recovery of the shape, sizes, and geometric posi�
tion of the object being analyzed.

At the same time, the reconstructed contrasts con�
tain numerous interfering aperiodic artifacts. More�
over, the larger an object on the initial contrast, the
clearer the artifacts that are on the recovered contrast.
In addition, the artifacts undergo changes and their
periods are shifted with respect to the image center if
the objects are displaced inside the analyzed spatial
region. Their appearance is caused by sharp bound�
aries between the object and the surrounding back�
ground, the existence of which is predicted by Fourier
transform theory. Continuous broadening of the
boundary�blurring region leads to the gradual disap�
pearance of artifacts.

The aforementioned Fourier transform technique
was also applied to test objects with completely differ�
ent shapes (Table 1, rows 6, 7). The reconstructed
images exhibited practically the same result as test
objects with analogous shapes: the recovered images
are comprised of elements of the contrasts used to
specify the argument (phase) of DFT coefficients,
although artifacts are manifested not as noticeably as
compared to objects with identical and similar shapes.

In the analysis of experimental X�ray topographic
and polarization�optical contrasts incorporating
images of defects in a single�crystal structure, a situa�
tion is rather frequently met when defect rosettes of
the same and different types are partially or fully over�
lapped. This greatly hinders the identification and sep�
aration of defects and their localization in the single�
crystal bulk. In this context, it is of interest to apply the
Fourier transform technique proposed above to test
objects with partially overlapped elements whose
shapes are similar to each other.

On the basis of the reconstructed contrasts, images
of individual elements could not be revealed in an
explicit form (in this case, recovery occurred using
absolute values of the DFT coefficients of the contrast
with partial element overlapping and the correspond�
ing arguments of the contrast involving a single super�
imposed element). However, according to the indirect
criterion consisting in the fact that the image of
another superimposed element is symmetrically dou�
bled with respect to the center of an element, which is
revealed on the reconstructed contrast, defect identifi�
cation is still possible (Table 2, rows 1, 2).

In the case where the Fourier transform is applied
to centered test objects with similar shapes, different

I0 = 89

I2 
I4 

I3 
I1 

Fig. 1. Example of the numbering of circular centered
intensities in the test contrast from Table 3. The intensity�
level step is ΔI = 25. I1 = 242, I2 = 217, I3 = 191, I4 = 166.
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(b) (c)(а)

100 µm

(b) (c)(а)

(b) (c)(а)

g

g

g
100 µm

1

2

3

Fig. 2. Images of intensity rosettes around the (1) edge and (2, 3) screw dislocations in the silicon�carbide single crystal. Line 1
consists of (a) theoretical contrast and (b) noisy theoretical contrast, line 2 includes (a) theoretical contrast and (b) experimental
contrast, and line 3 incorporates (a) noisy theoretical contrast and (b) experimental contrast. Lines 1–3 involve (c) images recon�
structed with absolute values of the DFT coefficients of the contrast (a) and arguments of the DFT coefficients of the contrast (b).

sizes, and complete overlapping (Table 2, rows 3, 4),
the reconstructed contrasts involve images resembling
the initial one but with distorted artifacts. The image
intensity of the element (the argument of the DFT
coefficients of its contrast (contrast 2) were used dur�
ing recovery) is closer to the initial contrast intensity.
Moreover, the recovered image contains all distinctive
features of the initial contrast.

Let us analyze the results of the Fourier transform
of centered test objects with similar shapes, different
sizes, and contrasts of different intensity under the
condition of complete overlapping (Table 3, rows 1–3).
The overlay includes four centered circles with differ�
ent diameters and different intensity levels. The inten�
sities are numbered from the periphery to the center
(Fig. 1). From comparison between contrasts, the
intensity�level step  was fixed and took values from
25 to 1. The reconstruction process was implemented
using (i) the unit absolute values of the DFT coeffi�
cients and (ii) the absolute values of the DFT coeffi�
cients of the contrast incorporating the image of one of

IΔ

the superimposed circles. The results from Table 3
enable us to infer that, in reconstructing the contrast
with unit absolute values and absolute values of the
DFT coefficients of the image containing the circle of
the largest diameter, the superimposed circle bound�
aries are observed only down to the intensity step

. At the same time, the initial contrast makes
it possible to identify the circle boundaries at an inten�
sity step of  Moreover, the recovered contrast
includes barely any artifacts. If recovery was based on
the absolute values of the DFT coefficients for the
image incorporating the circle of the least diameter,
the reconstructed contrast would contain a significant
number of artifacts, but the superimposed circle
boundaries manifest themselves on the PC display
even if the intensity step is . This is confirmed by
intensity jumps inherent to the recorded intensity pro�
files (IPs) (Table 3, rows 4, 5).

In constructing the IPs of the images presented in
Table 3, the horizontal coordinates N of pixels and the
intensities I of gray gradation (0–255) were plotted on

15,IΔ =

5.IΔ =

1,IΔ =
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the abscissa and ordinate axes, respectively. The IPs
were precisely recorded along the central horizontal
line of all images from left to right.

ROLE OF THE ARGUMENT OF THE DFT 
COEFFICIENTS IN THE CASE 

OF THE FOURIER TRANSFORM 
OF AN EXPERIMENTAL CONTRAST

The Fourier�analysis approach discussed above can
be employed to reconstruct a noisy theoretical con�
trast. The reconstruction process will be performed
using absolute values of the DFT coefficients of the
theoretical contrast and the arguments of the DFT
coefficients of the noisy theoretical contrast (Fig. 2,
line 1). Comparison between the initial (Fig. 2a) and
recovered noisy (Fig. 2b) images indicates that the
reconstructed image contains all of the basic features
of the initial image (Fig. 2a) in the near and far
regions; this is evidence of the fact that a defining role
is played by the arguments of the DFT coefficients of
the contrast.

Analogous results were also obtained via the pro�
posed Fourier�transform technique as applied to
experimental contrasts [10] (Fig. 2, lines 2, 3). For
6H–SiC single crystals, all experimental contrasts
were measured using X�ray topography based on the
Borrmann effect.

In the case of silicon�carbide single crystals, the
recovered experimental contrasts provide higher�
quality images of the intensity rosettes around struc�
tural defects (Fig. 2, images 2c, 3c; Fig. 3d; Figs. 4c–

4k), making it possible not only to determine the shape
and sizes of the rosettes more accurately but also to
identify the defect type and its localization in the bulk
of the single�crystal sample under study. The contrast
of intensity rosettes on the recovered images (Fig. 2,
images 2c, 3c) can be qualitatively improved if recon�
struction is performed using absolute values of the
DFT coefficients of noise�free (Fig. 2, image 2a) and
noisy (Fig. 2, image 3a) theoretical contrasts.

An interesting result was obtained in recovering the
experimental contrast of the intensity rosette around
an embedded microdefect in a silicon�carbide single
crystal [10] (Fig. 3). In this case, the initial contrast
was reconstructed using absolute values of the DFT
coefficients of the contrast of the noisy theoretical
intensity at a microdefect depth of  where 
is the inclusion radius.

The recovered contrast (Fig. 3d) exhibits high sym�
metry of the upper and lower petals. This is evidence
that the microdefect is closer to the surface than was
expected.

The obtained result was employed to recover the
experimental contrast of the intensity rosette around
the embedded microdefect in the silicon�carbide sin�
gle crystal (Fig. 4). This process was carried out using
absolute values of the DFT coefficients for the con�
trast of the noisy theoretical intensity at a microdefect
depth of  (Fig. 4b),  (Fig. 4d), 
(Fig. 4f),  (Fig. 4h), and  (Fig. 4j).
The intensity�rosette images on the reconstructed
experimental contrasts are very alike (Figs. 4c–4g)

00.2 ,z r= 0r

0z = 00.2z r= 00.4z r=

01.7z r= 02.6z r=

(b)

(c)

(а)

50 µm
g

(d)

Fig. 3. Images of the intensity rosette around the embedded microdefect in a silicon�carbide single crystal: (a) theoretical con�
trast, (b) noisy theoretical contrast, (c) experimental contrast, and (d) rosette reconstructed with absolute values of the DFT coef�
ficients of the contrast (b) and the arguments of the DFT coefficients of the contrast (c).
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even if the existence of artifacts is taken into account
and confirm that the identified microdefect is always
arranged closer to the surface. Moreover, from analysis
of the results of the Fourier transform of the contrasts
(Fig. 4), it can be asserted that a high similarity
between the images of defects of the theoretical and
experimental contrasts leads to a decrease in the num�
ber of artifacts in the reconstructed contrasts.

CONCLUSIONS

From analysis of the reconstructed test images and
recovered theoretical and experimental contrasts con�
taining images of the main types of structural defects,
the following conclusions can be made:

(i) Basic information on the image structure is
included in the arguments of discrete Fourier�trans�
form coefficients.

(ii) The above�discussed Fourier analysis of topo�
graphic images, which is based on a combination of
absolute values of the DFT coefficients of a theoretical
contrast and arguments of the DFT coefficients of an
experimental contrast under image reconstruction,
enables the more reliable identification of a defect and
its localization in the bulk of a single crystal.

(iii) The structural�defect identification technique,
which was proposed in [9] and relies on simulating the
noise�induced factors of a theoretical contrast and
comparing the theoretical and experimental contrasts
with subsequent digital processing, can be employed
together with the Fourier transform. In so doing, argu�
ments of the DFT coefficients of the experimental
contrast and absolute values of the DFT coefficients of
the theoretical contrast similar to that under analysis
are chosen. Thus, there is no need for additional selec�
tion of the theoretical contrast.

Visually undefinable changes in the intensity of the
reconstructed image are reliably fixed by quantitative
criteria via the construction of intensity profiles and
brightness characteristics.

Investigations of digital processing applied to topo�
graphic and polarization�optical images to improve
their quality carried out previously [2, 10] make it pos�
sible to assume that discrete wavelet analysis can
become an efficient tool for digitally processing exper�
imental contrasts. This is explained by the fact that, as
opposed to Fourier analysis which uses trigonometric
basis, wavelet analysis involves a large packet of differ�
ent short functions that can be adapted to solving the
problems discussed above.
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