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Îáñóæäåíà àêòóàëüíîñòü âîïðîñîâ, ñâÿçàííûõ ñ èçó÷åíèåì êîëåáàíèé
óïðóãèõ òåë è êîíñòðóêöèé. Ïðîâåäåí àíàëèç ïóáëèêàöèé è ïîëó÷åííûõ ðå-
çóëüòàòîâ â äàííîé îáëàñòè. Îòìå÷åíî, ÷òî îäíîé èç îáùèõ õàðàêòåðíûõ ÷åðò,
ïðèñóùåé âñåì ïðèáëèæåííûì ìåòîäàì ðåøåíèÿ êðàåâûõ çàäà÷, ÿâëÿåòñÿ
íåêîòîðàÿ íåîäíîçíà÷íîñòü â ôîðìóëèðîâêå êîíå÷íîìåðíûõ àïïðîêñèìàöèé
ðåøåíèÿ. Ñôîðìóëèðîâàíà êðàåâàÿ çàäà÷à íàõîæäåíèÿ ñîáñòâåííûõ ÷àñòîò
îäíîðîäíîé ìåìáðàíû. Îñíîâíàÿ èäåÿ ðàññìîòðåííûõ â ýòîé ðàáîòå ïîäõî-
äîâ ñîñòîèò â òîì, ÷òî èñïîëüçóåìûå â óðàâíåíèÿõ ìàòåìàòè÷åñêîé ôèçèêè
ïåðåìåííûå âñåãäà ìîæíî ðàçäåëèòü íà äâå ãðóïïû, îäíà èç êîòîðûõ ñîñòîèò
èç òàê íàçûâàåìûõ èçìåðÿåìûõ ïåðåìåííûõ, òàêèõ êàê ñìåùåíèå, ñêîðîñòü,
òåìïåðàòóðà è ò.ä.; äðóãàÿ − èç íåèçìåðÿåìûõ âåëè÷èí: íàïðÿæåíèå, èìïóëüñ,
òåïëîâîé ïîòîê è ò. ä. Èññëåäîâàíû âîïðîñû, ñâÿçàííûå ñ ðàçëè÷íûìè êëàñ-
ñè÷åñêèìè ôîðìóëèðîâêàìè ñïåêòðàëüíûõ çàäà÷, âîçíèêàþùèõ â òåîðèè óï-
ðóãîñòè. Îïèñàí ìåòîä èíòåãðîäèôôåðåíöèàëüíûõ ñîîòíîøåíèé, êîòîðûé ÿâ-
ëÿåòñÿ àëüòåðíàòèâíûì ê êëàññè÷åñêèì ÷èñëåííûì ïîäõîäàì. Èññëåäîâàíû
âîçìîæíîñòè ïîñòðîåíèÿ ðàçëè÷íûõ äâóñòîðîííèõ ýíåðãåòè÷åñêèõ îöåíîê
òî÷íîñòè ïðèáëèæåííûõ ðåøåíèé, âûòåêàþùèõ èç ìåòîäà èíòåãðîäèôôåðåí-
öèàëüíûõ ñîîòíîøåíèé. Ââåäåíî îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî êâàäðàòè÷-
íûõ íåîòðèöàòåëüíûõ ôóíêöèîíàëîâ, óñëîâèÿ ñòàöèîíàðíîñòè êîòîðûõ ñîâ-
ìåñòíî ñ èíòåãðîäèôôåðåíöèàëüíûìè îãðàíè÷åíèÿìè ñîñòàâëÿþò ïîëíóþ ñè-
ñòåìó óðàâíåíèé, îïèñûâàþùóþ äèíàìè÷åñêîå ïîâåäåíèå óïðóãèõ òåë. Ðàñ-
ñìîòðåí ïðîåêöèîííûé ïîäõîä äëÿ ðåøåíèÿ ñïåêòðàëüíûõ çàäà÷ ëèíåéíîé
òåîðèè óïðóãîñòè. Íà ïðèìåðå çàäà÷è î ñâîáîäíûõ êîëåáàíèÿõ êðóãëîé ìåì-
áðàíû ïîêàçàíà ýôôåêòèâíîñòü ìåòîäà èíòåãðîäèôôåðåíöèàëüíûõ ñîîòíîøå-
íèé. Ïðåäëîæåíû ðàçíîîáðàçíûå ýíåðãåòè÷åñêèå îöåíêè òî÷íîñòè ïðèáëèæåí-
íîãî ðåøåíèÿ, ïîñòðîåííîãî ñ èñïîëüçîâàíèåì ïîëèíîìèàëüíûõ àïïðîêñèìà-
öèé èñêîìûõ ôóíêöèé. Ïîêàçàíî, ÷òî ïðèìåíåíèå ñòàíäàðòíîé òåõíèêè ìåòî-
äà Áóáíîâà − Ãàëåðêèíà ê çàäà÷å î ñâîáîäíûõ êîëåáàíèÿõ ïðèâîäèò ê âîçíèê-
íîâåíèþ êîìïëåêñíûõ ñîáñòâåííûõ ÷àñòîò, ïðè÷åì äåéñòâèòåëüíàÿ ÷àñòü ñîá-
ñòâåííîãî ÷èñëà ÿâëÿåòñÿ åãî ïðèáëèæåííûì çíà÷åíèåì, à ìíèìàÿ ÷àñòü ñëó-
æèò îöåíêîé òî÷íîñòè ðåøåíèÿ. Ïðåäëîæåííûé ÷èñëåííûé àëãîðèòì ïîçâî-
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ëÿåò îäíîçíà÷íî îöåíèòü ëîêàëüíîå è èíòåãðàëüíîå êà÷åñòâî ïîëó÷åííûõ
÷èñëåííûõ ðåøåíèé.

Êëþ÷åâûå ñëîâà: ïðîåêöèîííûå ïîäõîäû, ìåòîä èíòåãðîäèôôåðåíöèàëü-
íûõ ñîîòíîøåíèé, ýíåðãåòè÷åñêèå îöåíêè òî÷íîñòè, èçìåðÿåìûå è íåèçìå-
ðÿåìûå âåëè÷èíû.

Ââåäåíèå

Ïðè àíàëèçå ñâîáîäíûõ êîëåáàíèé óïðóãèõ òåë è êîíñòðóêöèé ÷àñòî èñïîëüçó-
þò âàðèàöèîííûå ïîäõîäû. Ñðåäè íåäîñòàòêîâ ýòèõ ìåòîäîâ ìîæíî îòìåòèòü, ÷òî
íå âñå çàäà÷è ìàòåìàòè÷åñêîé ôèçèêè ïîçâîëÿþò ñôîðìóëèðîâàòü âàðèàöèîííûå
ïðèíöèïû. Ïðè ýòîì äîâîëüíî òðóäíî ïîñòðîèòü äîñòîâåðíûå îöåíêè òî÷íîñòè ðå-
øåíèÿ.

Ïðîåêöèîííûå ìåòîäû, òàêèå êàê ìåòîäû Ãàëåðêèíà [1, 2], Ïåòðîâà − Ãàëåðêèíà
[3−5], èìåþò ðÿä ïðåèìóùåñòâ ïî îòíîøåíèþ ê âàðèàöèîííûì ïîäõîäàì. Âî-ïåð-
âûõ, ýòè ìåòîäû ïðèìåíèìû äëÿ çàäà÷, äëÿ êîòîðûõ âàðèàöèîííûå ïðèíöèïû åùå
íå ñôîðìóëèðîâàíû. Âî-âòîðûõ, ïðîåêöèîííûå ìåòîäû ÿâëÿþòñÿ áîëåå ãèáêèìè
ïðè ñîñòàâëåíèè ñèñòåìû óïðàâëÿþùèõ óðàâíåíèé. Íåäàâíåå èññëåäîâàíèå è îá-
çîð, êàñàþùèéñÿ ðàçðûâíûõ ìåòîäîâ Ãàëåðêèíà, ìîæíî íàéòè â [6, 7].

Ó ïðîåêöèîííûõ ïîäõîäîâ, áåçóñëîâíî, åñòü ñâîè íåäîñòàòêè. Â ÷àñòíîñòè,
âûáîð òåñòîâûõ è ïðîáíûõ ôóíêöèé ïðåäñòàâëÿåò ñîáîé ïðîöåäóðó, êîòîðàÿ íå âñåã-
äà îäíîçíà÷íà è ïðîñòà. Èíîãäà áûâàåò òðóäíî îáåñïå÷èòü óñòîé÷èâîñòü ÷èñëåí-
íûõ àëãîðèòìîâ è èõ ñõîäèìîñòü, îñîáåííî â íåëèíåéíûõ çàäà÷àõ. Òàê æå, êàê è äëÿ
âàðèàöèîííûõ ïîäõîäîâ, çà÷àñòóþ äîâîëüíî òðóäíî ïîñòðîèòü íàäåæíûå îöåíêè
òî÷íîñòè ïðèáëèæåííîãî ðåøåíèÿ. Ìàòåìàòè÷åñêèå àñïåêòû ïðîåêöèîííûõ ïîä-
õîäîâ äåòàëüíî îáñóæäàþòñÿ â ðàáîòàõ [8−10].

Îäíîé èç îáùèõ õàðàêòåðíûõ ÷åðò, ïðèñóùåé âñåì âûøåóïîìÿíóòûì ìåòîäàì,
ÿâëÿåòñÿ íåêîòîðàÿ íåîäíîçíà÷íîñòü â ôîðìóëèðîâêå êîíå÷íîìåðíûõ àïïðîêñèìà-
öèé ðåøåíèÿ. Íå ÿñíî, êàêèå èç ñîîòíîøåíèé íóæíî îñëàáëÿòü, à êàêèå äîëæíû
áûòü âûïîëíåíû òî÷íî. Ïðè ñîñòàâëåíèè ïðîåêöèîííîé ñèñòåìû óðàâíåíèé èìååò
áîëüøîå çíà÷åíèå ñîîòâåòñòâóþùèé âûáîð ïðîáíûõ è òåñòîâûõ ôóíêöèîíàëüíûõ
ïðîñòðàíñòâ.

Ñëåäóåò îòìåòèòü, ÷òî â íàó÷íîé ëèòåðàòóðå ìîæíî íàéòè ìíîãî ðåçóëüòàòîâ â
îáëàñòè àíàëèçà êîëåáàíèé ìåìáðàí, êàê àíàëèòè÷åñêèõ, òàê è ÷èñëåííûõ (ñì., íà-
ïðèìåð, [11−15]).

Â ñòàòüå çíà÷èòåëüíîå âíèìàíèå óäåëÿåòñÿ îáñóæäåíèþ òåõíèêè ðåøåíèÿ ñïåêò-
ðàëüíûõ çàäà÷ íà îñíîâå ìåòîäà èíòåãðîäèôôåðåíöèàëüíûõ ñîîòíîøåíèé è ïðîåê-
öèîííûõ ïîäõîäîâ. Îäíîé èç ïåðâûõ ðàáîò â ýòîé îáëàñòè áûëà ñòàòüÿ [16]. Äåòàëü-
íî îáñóæäàþòñÿ ïðèåìû, ïîçâîëÿþùèå îäíîçíà÷íî ñôîðìóëèðîâàòü êðàåâóþ çàäà-
÷ó íàõîæäåíèÿ ñîáñòâåííûõ çíà÷åíèé è ôîðì, âûáðàòü ïðîñòðàíñòâà òåñòîâûõ è
ïðîáíûõ ôóíêöèé, à òàêæå ïîñòðîèòü ýíåðãåòè÷åñêèå êðèòåðèè òî÷íîñòè ïðèáëè-
æåííûõ ðåøåíèé.

1. Ýíåðãåòè÷åñêèå îöåíêè òî÷íîñòè ïðèáëèæåííûõ ðåøåíèé

Îñíîâíàÿ èäåÿ ðàññìîòðåííûõ â íàñòîÿùåé ñòàòüå ïîäõîäîâ ñîñòîèò â òîì, ÷òî
èñïîëüçóåìûå â óðàâíåíèÿõ ìàòåìàòè÷åñêîé ôèçèêè ïåðåìåííûå âñåãäà ìîæíî ðàç-
äåëèòü íà äâå ãðóïïû: ïåðâàÿ ãðóïïà ñîñòîèò èç òàê íàçûâàåìûõ èçìåðÿåìûõ ïåðå-
ìåííûõ, òàêèõ êàê ñìåùåíèå, ñêîðîñòü, òåìïåðàòóðà è ò.ä.; âòîðàÿ − èç íåèçìåðÿå-
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ìûõ âåëè÷èí: íàïðÿæåíèå, èìïóëüñ, òåïëîâîé ïîòîê è ò.ä. Â òî æå âðåìÿ ðàçðåøàþ-
ùèå óðàâíåíèÿ ìîæíî ðàçäåëèòü íà òðè ãðóïïû:

− óðàâíåíèÿ ñîñòîÿíèÿ, ñâÿçûâàþùèå èçìåðÿåìûå è íåèçìåðÿåìûå íåèçâåñò-
íûå;

− íà÷àëüíûå è ãðàíè÷íûå óñëîâèÿ;
− çàêîíû áàëàíñà è íåïðåðûâíîñòè.
Óðàâíåíèÿ èç ïåðâîé ãðóïïû ñîäåðæàò èíôîðìàöèþ î âíóòðåííèõ ñâîéñòâàõ

èññëåäóåìîãî îáúåêòà. Âòîðîé òèï óðàâíåíèé îòðàæàåò âëèÿíèå ñðåäû íà ðàññìàò-
ðèâàåìóþ ñèñòåìó. Òðåòèé − îïèñûâàåò ôóíäàìåíòàëüíûå ôèçè÷åñêèå ÿâëåíèÿ. Çà-
ìåòèì, ÷òî çàêîíû èç âòîðîé è òðåòüåé ãðóïï íå çàâèñÿò îò ñâîéñòâ ñðåäû. Â âû÷èñ-
ëèòåëüíîé ôèçèêå ïðåäïîëàãàåòñÿ, ÷òî íåêîòîðûå îïðåäåëÿþùèå ñîîòíîøåíèÿ îñ-
ëàáëÿþòñÿ. Íàïðèìåð, â ëèíåéíîé òåîðèè óïðóãîñòè ïðèíöèï ìèíèìàëüíîé ïîòåí-
öèàëüíîé ýíåðãèè [17] îòðàæàåò ðàâíîâåñíîå ñîñòîÿíèå òåëà â èíòåãðàëüíîì ñìûñ-
ëå è îòíîñèòñÿ ê òðåòüåé ãðóïïå óðàâíåíèé. Ñóòü ìåòîäà èíòåãðîäèôôåðåíöèàëü-
íûõ ñîîòíîøåíèé [17, 18], ñîñòîèò â òîì, ÷òî òîëüêî óðàâíåíèÿ ïåðâîãî òèïà ðàñ-
ñìàòðèâàþòñÿ â èíòåãðàëüíîé ôîðìå, òîãäà êàê äðóãèå óðàâíåíèÿ äîëæíû áûòü òî÷íî
âûïîëíåíû. Íà÷àëüíî-êðàåâàÿ çàäà÷à, ìîäèôèöèðîâàííàÿ â ñîîòâåòñòâèè ñ ýòèì
ïîäõîäîì, ìîæåò áûòü, íàïðèìåð, ñâåäåíà ê ìèíèìèçàöèè íåîòðèöàòåëüíîãî ôóíê-
öèîíàëà îòíîñèòåëüíî âñåõ äîïóñòèìûõ ïåðåìåííûõ [19−21].

Êàê óæå óïîìèíàëîñü, ðàçðåøàþùèå óðàâíåíèÿ ìîæíî ðàçäåëèòü íà òðè ãðóï-
ïû. Îáñóäèì òàêîå ðàçäåëåíèå íà ïðèìåðå çàäà÷è ëèíåéíîé óïðóãîñòè, ãäå óðàâíå-
íèÿ ñîñòîÿíèÿ
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Âîçâåäÿ â êâàäðàò ëåâóþ ÷àñòü ïåðâîãî ñîîòíîøåíèÿ èç óðàâíåíèé (1), ïîëó-
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Âåëè÷èíà Td, ðàâíàÿ íóëþ ïðè òî÷íîì ðåøåíèè ñèñòåìû (1)−(5), äëÿ ïðèáëèæåííî-
ãî ðåøåíèÿ îòðàæàåò ðàññîãëàñîâàíèå ïëîòíîñòåé êèíåòè÷åñêèõ ýíåðãèé ñèñòåìû.
Ïðåäïîëàãàåòñÿ, ÷òî p(x) è u(x) ÿâëÿþòñÿ ïåðåìåííûìè çàäà÷è. Ìîæíî âûäåëèòü
òðè ýíåðãåòè÷åñêèõ ÷ëåíà, èìåþùèõ ðàçëè÷íóþ ôèçè÷åñêóþ òðàêòîâêó:

− Tp = p2/(2ρ) − ïëîòíîñòü êèíåòè÷åñêîé ýíåðãèè, çàâèñÿùàÿ òîëüêî îò íåèçìå-
ðÿåìûõ ïåðåìåííûõ, à èìåííî èìïóëüñîâ;

− )//2)(( tTpu ∂∂= up − ïëîòíîñòü ýíåðãèè, âûðàæåííàÿ ÷åðåç èçìåðÿåìûå (ñêî-
ðîñòè òî÷åê òåëà) è íåèçìåðÿåìûå âåëè÷èíû;

− 2)/)(2/( tTu ∂∂ρ= u  − ïëîòíîñòü ýíåðãèè, çàâèñÿùàÿ òîëüêî îò ãåîìåòðè÷åñ-
êèõ (èçìåðÿåìûõ) ïåðåìåííûõ.

Êâàäðàò ëåâîé ÷àñòè âòîðîãî óðàâíåíèÿ â (1) îòðàæàåò íåâÿçêó â ïëîòíîñòÿõ
óïðóãîé ýíåðãèè ñèñòåìû:

.0
2

::
2
:ˆ

2
2

ˆ::ˆ
2

:ˆ:ˆ(: 01001001 )(:)
≥+−=

−−
=Π

−−− εCεεσσCσεCσεCσC
d (7)

Çäåñü ïðåäïîëàãàåòñÿ, ÷òî )(ˆ xσ è u(x) ÿâëÿþòñÿ ïåðåìåííûìè çàäà÷è. Êàê è â ïðå-
äûäóùåì ñëó÷àå, ìîæíî âûäåëèòü òðè ðàçëè÷íûõ ýíåðãåòè÷åñêèõ ÷ëåíà:

− 2/ˆ::ˆ 1 σCσ −
 − ïëîòíîñòü óïðóãîé ýíåðãèè, çàâèñÿùàÿ òîëüêî îò íåèçìåðÿåìûõ

ïåðåìåííûõ, à èìåííî îò íàïðÿæåíèé;
− 2/:ˆ 2εσ  − ïëîòíîñòü ýíåðãèè, âûðàæåííàÿ ÷åðåç èçìåðÿåìûå (äåôîðìàöèè) è

íåèçìåðÿåìûå âåëè÷èíû;
− 2/:: 010 εCε −

 − ïëîòíîñòü ýíåðãèè, çàâèñÿùàÿ îò ãåîìåòðè÷åñêèõ (èçìåðÿå-
ìûõ) ïåðåìåííûõ.

Ïðåäñòàâëåíèå íåâÿçîê â êâàäðàòè÷íîì âèäå (6) è (7) îáëàäàåò ðÿäîì ïðåèìó-
ùåñòâ. Âî-ïåðâûõ, ïðè ëþáûõ ïðèáëèæåííûõ äåéñòâèòåëüíûõ ïîëÿõ ïåðåìåùåíèé
íàïðÿæåíèé è èìïóëüñîâ ýòè âåëè÷èíû íåîòðèöàòåëüíû, êàê êâàäðàòû ôóíêöèé.
Âî-âòîðûõ, äëÿ òî÷íîãî ðåøåíèÿ çàäà÷è (1)−(5) çíà÷åíèÿ íåâÿçîê Td è Πd ñòðîãî
ðàâíû íóëþ. Äðóãèìè ñëîâàìè, äëÿ äîâîëüíî òî÷íûõ àïïðîêñèìàöèé èñêîìûõ ôóíê-
öèé ,σ̂  u è p âåëè÷èíû Td è Πd èìåþò ìàëûå çíà÷åíèÿ, òî åñòü ñïðàâåäëèâû ñîîòíî-
øåíèÿ:
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⎟
⎠
⎞

⎜
⎝
⎛
∂
∂ρ

<<
∂
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t

TT ddd
uupp (8)

äëÿ êèíåòè÷åñêîé ýíåðãèè è

2
::,

2
:ˆ

,
2

ˆ::ˆ 01001 εCεεσσCσ −−

<<Π<<Π<<Π ddd (9)

äëÿ ïîòåíöèàëüíîé ýíåðãèè. Íåðàâåíñòâà (8) è (9) ïîçâîëÿþò ïîñòðîèòü ðàçíîîá-
ðàçíûå îöåíêè òî÷íîñòè ïðèáëèæåííîãî ðåøåíèÿ. Ñëåäóåò îòìåòèòü, ÷òî â íåêîòî-
ðûå ìîìåíòû âðåìåíè çíà÷åíèÿ ïîòåíöèàëüíîé è êèíåòè÷åñêîé ýíåðãèè ìîãóò áûòü
ðàâíû íóëþ. Îäíàêî ýòî îáñòîÿòåëüñòâî íå ñíèæàåò îáùíîñòè îöåíîê (8) è (9).
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2. Ôîðìóëèðîâêà êðàåâîé çàäà÷è
î ñîáñòâåííûõ êîëåáàíèÿõ ìåìáðàíû

Ïî àíàëîãèè ñ ôîðìóëèðîâêîé íà÷àëüíî-êðàåâîé çàäà÷è ëèíåéíîé òåîðèè óï-
ðóãîñòè (1)−(5) ìîæíî îïèñàòü ñâîáîäíûå êîëåáàíèÿ ìåìáðàí.

Ðàññìîòðèì óïðóãóþ ìåìáðàíó, çàíèìàþùóþ îáëàñòü Ω(x1, x2) ñ ãðàíèöåé Γ.
Îïðåäåëÿþùåå ñîîòíîøåíèå ìåæäó ôèçè÷åñêèìè è ãåîìåòðè÷åñêèìè ïàðàìåòðà-
ìè ìîæíî çàïèñàòü â âèäå

.εσ τ= (10)
Çäåñü σ  − âåêòîð-ôóíêöèÿ íàïðÿæåíèé ñ êîìïîíåíòàìè

,,
2

2
1

1 x
w

x
w

∂
∂

τ=σ
∂
∂

τ=σ (11)

τ − − − − − íàòÿæåíèå, ε  − âåêòîð-ôóíêöèÿ äåôîðìàöèé ñ êîìïîíåíòàìè
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T

21 ⎭
⎬
⎫

⎩
⎨
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∂
∂

∂
∂

=
x
w

x
wε (12)

w − êîìïîíåíòà âåêòîðà ïåðåìåùåíèé u â íàïðàâëåíèè îñè x3. Äèíàìè÷åñêîå óðàâ-
íåíèå ìåìáðàíû âûðàæàåòñÿ ÷åðåç âåêòîð íàïðÿæåíèé:

,0=
∂
∂

−⋅∇
t
pσ (13)

ãäå p − ôóíêöèÿ ïëîòíîñòè èìïóëüñà,

.
t
wp
∂
∂

ρ= (14)

Áóäåì èññëåäîâàòü êîëåáàíèÿ êðóãëîé ìåìáðàíû ñ ïîñòîÿííîé òîëùèíîé è ðà-
äèóñîì r ïðè ρ = τ = r = 1. Ââåäåíèå ðåàëüíûõ çíà÷åíèé ïàðàìåòðîâ ïðèâåäåò ê
èçìåíåíèþ ðåçóëüòèðóþùèõ ÷èñëåííûõ çíà÷åíèé, íî íå èçìåíèò êà÷åñòâåííóþ êàð-
òèíó ñîáñòâåííûõ êîëåáàíèé ìåìáðàíû è òî÷íîñòü ðåøåíèÿ. Ñ÷èòàåòñÿ, ÷òî ìåìá-
ðàíà çàùåìëåíà ïî êîíòóðó

.0),( 121 2
2

2
1

=
=+ xxxxw (15)

Ôîðìóëèðîâêà çàäà÷è î ñîáñòâåííûõ êîëåáàíèÿõ ìåìáðàíû ïîëó÷àåòñÿ ñ ïîìî-
ùüþ ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ. Ïðåäñòàâèì âñå íåèçâåñòíûå ôóíêöèè â âèäå

),,(~e),,(),,(~e),,( 21212121 xxpxxtpxxwxxtw titi ωω ==

).,(~e),,(),,(~e),,( 212212211211 xxxxtxxxxt titi σ=σσ=σ ωω (16)

Ïîäñòàíîâêà (16) â ñîîòíîøåíèÿ (10)−(14) ïîçâîëÿåò ñôîðìóëèðîâàòü êðàåâóþ
çàäà÷ó î ñîáñòâåííûõ êîëåáàíèÿõ ìåìáðàíû:

,,
2

2
1

1 x
w

x
w

∂
∂

τ=σ
∂
∂

τ=σ (17)

,0=ωρ− wip (18)

0
21

=ω−
∂
σ∂

+
∂
σ∂ pi

xx
(19)

c ãðàíè÷íûìè óñëîâèÿìè (15). Çäåñü è â äàëüíåéøåì çíàê òèëüäà îïóùåí.
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3. Ïðîåêöèîííàÿ ôîðìóëèðîâêà çàäà÷è
î ñîáñòâåííûõ êîëåáàíèÿõ ìåìáðàíû

Äëÿ ïîñòðîåíèÿ ïðîåêöèîííîãî àëãîðèòìà ïðåäïîëàãàåòñÿ, ÷òî ñîîòíîøåíèÿ
(17) è (18) âûïîëíåíû òî÷íî. Òîãäà óðàâíåíèå êîëåáàíèé ìåìáðàíû èìååò âèä

.,0 2
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⎝

⎛
∂
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+
∂
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τ+ρω=η=η
x
w

x
ww (20)

Äëÿ ðåøåíèÿ çàäà÷è ïðèìåíÿåòñÿ êîíå÷íîìåðíàÿ ïîëèíîìèàëüíàÿ àïïðîêñèìàöèÿ
ôóíêöèè ïåðåìåùåíèé

.1
0

21
)(2

2
2
1 )( ∑

=+

−+=
wN

lk

lkkl xxwxxw (21)

Çäåñü w (kl) − íåèçâåñòíûå êîýôôèöèåíòû, Nw > 0 − ñòåïåíü ïîëèíîìèàëüíîé àï-
ïðîêñèìàöèè. Êîëè÷åñòâî ÷ëåíîâ nw â ðàçëîæåíèè (21) îïðåäåëÿåòñÿ ôîðìóëîé

.
2

21 ))(( ++
= ww

w
NNn (22)

Âèäíî, ÷òî àïïðîêñèìàöèÿ (21) òî÷íî óäîâëåòâîðÿåò ãðàíè÷íîìó óñëîâèþ (15). Ïîñëå
ïîäñòàíîâêè (21) â (20) ïîëó÷àåòñÿ ñëåäóþùåå ñîîòíîøåíèå:

,,),,(),,( 2

0
2121 ω=λλϕ=λΦ=η ∑

=

wn

i
iiw xxaxx (23)

êîòîðîå íóæíî ïðèáëèçèòü ê íóëþ ñîîòâåòñòâóþùèì âûáîðîì êîýôôèöèåíòîâ ai èç
âåêòîðà ïðîåêòíûõ ïàðàìåòðîâ a, ñîñòàâëåííîãî èç âñåõ ïàðàìåòðîâ w (kl). Â ñîîò-
âåòñòâèè ñ îñíîâíîé èäååé ìåòîäà Ãàëåðêèíà â êà÷åñòâå áàçèñíûõ ôóíêöèé èñïîëü-
çóþòñÿ ïîëèíîìû ϕi(x1, x2, λ) èç (23). Ñèñòåìà ëèíåéíûõ óðàâíåíèé äëÿ íàõîæäå-
íèÿ êîíñòàíò ai ïîëó÷àåòñÿ â ñîîòâåòñòâèè ñ ôîðìóëîé

....,,1,0),,(),,( 212121 wjw njdxdxxxxx ==λϕλΦ∫
Ω

(24)

Îòìåòèì, ÷òî â êëàññè÷åñêîì ïîäõîäå, îñíîâàííîì íà ïðèíöèïå Ãàìèëüòîíà,
ñîáñòâåííûå ÷èñëà λ ëèíåéíî âõîäÿò â ðàçðåøàþùèå óðàâíåíèÿ. Â íàøåì ñëó÷àå
ïàðàìåòð λ âõîäèò êâàäðàòè÷íî â óðàâíåíèÿ (24). Ñîáñòâåííûå ÷èñëà λ j,  j = 1, 2,
…, 2N, íàõîäÿòñÿ èç óñëîâèÿ ðàâåíñòâà íóëþ äåòåðìèíàíòà ýòîé ñèñòåìû.

Ìîæíî ïîêàçàòü, ÷òî åñëè âåêòîð a ÿâëÿåòñÿ òî÷íûì íåòðèâèàëüíûì ðåøåíèåì
ñèñòåìû (24), òî çíà÷åíèå èíòåãðàëà

∫
Ω

Ωη= dI 2 (25)

ðàâíî íóëþ.
Ñëåäóþùèé åñòåñòâåííûé êðèòåðèé

,~Re,~Re )( )(
ii

i
M aI μ<λ=Δ (26)

ãäå μi − ïîëîæèòåëüíàÿ äåéñòâèòåëüíàÿ âåëè÷èíà, õàðàêòåðèçóþùàÿ òî÷íîñòü ðå-
øåíèÿ. Îäíàêî ïðè âñåé ñâîåé ïðîñòîòå ýòà îöåíêà îáëàäàåò ñóùåñòâåííûì íåäî-
ñòàòêîì, òàê êàê ñîáñòâåííûé âåêòîð ,)(ia  âõîäÿùèé â âûðàæåíèå (26), çàâèñèò îò
îäíîé íåîïðåäåëåííîé êîíñòàíòû. Ïðè ýòîì ìíèìàÿ ÷àñòü ñîáñòâåííîãî çíà÷åíèÿ
Im λi ìîæåò ñëóæèòü íåÿâíîé îöåíêîé òî÷íîñòè ðåøåíèÿ. Äëÿ ïîñòðîåíèÿ îöåíîê
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òî÷íîñòè ïðèáëèæåííîãî ðåøåíèÿ â êà÷åñòâå ñîáñòâåííîãî ÷èñëà λ áóäåì èñïîëü-
çîâàòü åãî äåéñòâèòåëüíóþ ÷àñòü .Re~

λ=λ  Â äàëüíåéøåì çíàê òèëüäà îïóñêàåòñÿ.
Âîçâåäåì â êâàäðàò ëåâóþ ÷àñòü óðàâíåíèÿ ñîñòîÿíèÿ (18):

.
2

)( 2
2

ρ
ρω−

=ξ
wip (27)

Â ñîîòâåòñòâèè ñ (6) âûðàæåíèå äëÿ ξ2 ÿâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé òðåõ
ðàçëè÷íûõ ôóíêöèé ïëîòíîñòåé êèíåòè÷åñêîé ýíåðãèè Tp, Tpw, Tw.

Çàìåòèì, ÷òî çàäà÷à (20) çàâèñèò òîëüêî îò ïåðåìåùåíèé. Ïðè ýòîì èìïóëüñû p
íå âõîäÿò ÿâíî â ýòó ôîðìóëèðîâêó. ×òîáû èñêëþ÷èòü ôóíêöèþ ïëîòíîñòè èìïóëü-
ñà p èç ñîîòíîøåíèÿ (27), ðàññìîòðèì ñîîòíîøåíèå (19). Ïîäñòàâèì â íåãî âûðàæå-
íèÿ äëÿ êîìïîíåíò íàïðÿæåíèé (17) è âûðàçèì èìïóëüñû p èç ýòîãî ñîîòíîøåíèÿ:
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Ïðèíèìàÿ âî âíèìàíèå (28), âûðàæåíèå äëÿ ýíåðãåòè÷åñêîé íåâÿçêè (27) çàïèøåì
â âèäå
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Ó÷èòûâàÿ, ÷òî çàäà÷à ñôîðìóëèðîâàíà òîëüêî â ïåðåìåùåíèÿõ, âûðàæåíèÿ äëÿ êè-
íåòè÷åñêèõ ýíåðãèé ìîæíî ïðåäñòàâèòü òàê:
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Òîãäà âûðàæåíèÿ (29) ñ èñïîëüçîâàíèåì (30) ïðèìóò âèä

.02 ][2 ≤+−−=ξ wpwp TTT (31)

Èñïîëüçóÿ ôîðìóëû (29) è (30), ìîæíî îïðåäåëèòü îòíîñèòåëüíûå ýíåðãåòè-
÷åñêèå ïîãðåøíîñòè ïðèáëèæåííîãî ðåøåíèÿ
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p TTT
(32)

Çàìåòèì, ÷òî ÷èñëà, îïðåäåëåííûå â (32), íå çàâèñÿò îò íåîïðåäåëåííîé êîíñòàíòû,
êîòîðàÿ âõîäèò â âûðàæåíèå äëÿ ñîáñòâåííîãî âåêòîðà.

Äëÿ òîãî ÷òîáû èñïîëüçîâàòü îòíîñèòåëüíûå ïîãðåøíîñòè (32) â êðèòåðèÿõ òî÷-
íîñòè, íóæíî ââåñòè ìàëûå ïîëîæèòåëüíûå ÷èñëà μp > 0, μpw > 0 è μw > 0. Òîãäà
óäîâëåòâîðèòåëüíûì ðåøåíèåì áóäåì ñ÷èòàòü òàêîå, äëÿ êîòîðîãî ñïðàâåäëèâî õîòÿ
áû îäíî èç ñîîòíîøåíèé

.,, wwpwpwpp μ≤ςμ≤ςμ≤ς (33)

Íà ðèñ. 1à ïðåäñòàâëåíû çàâèñèìîñòè ìíèìûõ ÷àñòåé ïåðâûõ ïÿòè ñîáñòâåí-
íûõ çíà÷åíèé (îòìå÷åíû ñîîòâåòñòâóþùèìè íîìåðàìè) îò çíà÷åíèÿ ñòåïåíè ïîëèíî-
ìèàëüíîé àïïðîêñèìàöèè ïåðåìåùåíèé Nw. Ñòîèò îòìåòèòü áûñòðîå óìåíüøåíèå
ìíèìîé ÷àñòè ñ ðîñòîì Nw, ñêîðîñòü åå ñòðåìëåíèÿ ê íóëþ âûøå ýêñïîíåíöèàëüíîé
(âûïóêëîñòü ââåðõ). Òàê, óæå ïðè Nw = 16 îòíîñèòåëüíàÿ ïîãðåøíîñòü âû÷èñëåíèÿ
ïÿòîãî ñîáñòâåííîãî çíà÷åíèÿ (λ = −40,706) íå ïðåâîñõîäèò 10−15%.
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Çàâèñèìîñòè, ïîêàçàííûå íà ðèñ. 1á, òàêæå õàðàêòåðèçóþò ñêîðîñòü ñõîäèìîñ-
òè ïðèáëèæåííûõ ñîáñòâåííûõ çíà÷åíèé.

Íà ýòîì ðèñóíêå ïîêàçàíû ëèíèè, ñîåäèíÿþùèå íà êîìïëåêñíîé ïëîñêîñòè ñîá-
ñòâåííûå çíà÷åíèÿ, ïîëó÷åííûå ïîñëåäîâàòåëüíî äëÿ ðàçëè÷íûõ ñòåïåíåé ïîëèíî-
ìèàëüíîé àïïðîêñèìàöèè Nw = 1, 2, …, 8. Âèäíî, ÷òî ëèíèè «âòûêàþòñÿ» âåðòè-
êàëüíî â äåéñòâèòåëüíóþ îñü (íàêëîí êàñàòåëüíûõ ê ýòèì ëèíèÿì áëèçîê ê 90°).

Íà ðèñ. 2à ïðåäñòàâëåíû â ëîãàðèôìè÷åñêîì ìàñøòàáå çàâèñèìîñòè èíòåãðàëà
I, ââåäåííîãî ñîîòíîøåíèåì (25), îò ñòåïåíè àïïðîêñèìàöèè Nw äëÿ ðàçëè÷íûõ ñîá-
ñòâåííûõ ÷èñåë. Èç âèäà ïðåäñòàâëåííûõ çàâèñèìîñòåé ñëåäóåò, ÷òî îíè êà÷åñòâåí-
íî ïîâòîðÿþò ïîâåäåíèå êîìïëåêñíûõ ÷àñòåé ñîáñòâåííûõ çíà÷åíèé λi, ïîêàçàí-
íûõ íà ðèñ. 1á. Êîëè÷åñòâåííî ýòè çàâèñèìîñòè çíà÷èòåëüíî ðàçëè÷àþòñÿ. Îäíàêî
ñðàâíèòåëüíûé àíàëèç çíà÷åíèé êîìïëåêñíûõ ÷àñòåé ñîáñòâåííûõ ÷èñåë è âåëè÷èí
îòíîñèòåëüíûõ ïîãðåøíîñòåé I ïîçâîëÿåò ñäåëàòü ïðåäïîëîæåíèå, ÷òî ñïðàâåäëè-
âî ñëåäóþùåå ñîîòíîøåíèå:

.Im I≈λ (34)

Íà ðèñ. 2á ïîêàçàíà ðàçíîñòü ,Im 1λ−I  âû÷èñëåííàÿ äëÿ ïåðâîãî ñîáñòâåí-
íîãî ÷èñëà, äëÿ ðàçëè÷íûõ çíà÷åíèé ñòåïåíè àïïðîêñèìàöèè.

Ðèñ. 2

2            4            6           Nw                   2             4             6             Nw
à)                                                              á)

I

−20

−10

0

1 2

3

4

5

−0,0010

−0,0005

√I −Im λ1

Ðèñ. 1

2           4           6           Nw                     −40        −30        −20       −10  Re λ

Im λ

−15

−10

−5

0

0

2

4

2

1

3 4

5

2

1

3

4

à)                                                                     á)

Im λ
6
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Ñëåäóåò îòìåòèòü, ÷òî ñîáñòâåííûé âåêòîð âû÷èñëÿåòñÿ ñ òî÷íîñòüþ äî îäíîé
ñâîáîäíîé êîíñòàíòû Ci, ãäå i − íîìåð ñîáñòâåííîãî çíà÷åíèÿ. Äëÿ òîãî ÷òîáû ñî-
õðàíèòü êîððåêòíîñòü âûðàæåíèÿ (34), ýòîò ïàðàìåòð íàõîäèòñÿ èç óñëîâèÿ

.1),( 2
21 )( =Ω∫

Ω

dxxwC ii (35)

Çäåñü wi(x1, x2) − ôóíêöèÿ ïåðåìåùåíèé, ñîîòâåòñòâóþùàÿ ñîáñòâåííîìó çíà÷åíèþ
ñ íîìåðîì i. Íà ðèñ. 2á âèäíî, ÷òî ñ óâåëè÷åíèåì çíà÷åíèÿ ïàðàìåòðà Nw ðàçíèöà
ìåæäó êâàäðàòíûì êîðíåì èç âåëè÷èíû îòíîñèòåëüíîé ýíåðãåòè÷åñêîé îöåíêè è
ìíèìîé ÷àñòüþ ñîáñòâåííîãî ÷èñëà áûñòðî ñòðåìèòñÿ ê íóëþ. Ýòî ïîäòâåðæäàåò
ñïðàâåäëèâîñòü ñîîòíîøåíèÿ (34) è òîò ôàêò, ÷òî ìíèìàÿ ÷àñòü ñîáñòâåííîãî ÷èñëà
ñëóæèò îöåíêîé òî÷íîñòè ïðèáëèæåííîãî ðåøåíèÿ.

Çàêëþ÷åíèå

Ðàññìîòðåíà ìîäèôèêàöèÿ ïðîåêöèîííîãî ïîäõîäà äëÿ ðåøåíèÿ ñïåêòðàëüíûõ
çàäà÷. Íà ïðèìåðå çàäà÷è î ñâîáîäíûõ êîëåáàíèÿõ êðóãëîé ìåìáðàíû ïîêàçàíà ýô-
ôåêòèâíîñòü ðàçðàáîòàííîé ìåòîäèêè. Ïðåäëîæåíû è îáîñíîâàíû ðàçíîîáðàçíûå
ýíåðãåòè÷åñêèå îöåíêè òî÷íîñòè ïðèáëèæåííîãî ðåøåíèÿ, êàê èíòåãðàëüíûå (ýíåð-
ãåòè÷åñêèå), òàê è ëîêàëüíûå. Ïîêàçàíî, ÷òî äåéñòâèòåëüíàÿ ÷àñòü ñîáñòâåííîãî
÷èñëà ÿâëÿåòñÿ åãî ïðèáëèæåííûì çíà÷åíèåì, à ìíèìàÿ ÷àñòü ñëóæèò îöåíêîé òî÷-
íîñòè ðåøåíèÿ.

Ðàçðàáîòàííûé ïîäõîä ðåøåíèÿ êðàåâûõ çàäà÷ ìîæåò ïðèìåíÿòüñÿ áåç ñóùå-
ñòâåííîé ìîäèôèêàöèè è äëÿ äðóãèõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè, â òîì ÷èñëå è
íåëèíåéíûõ.
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ON THE APPLICATION OF GALERKIN'S METHOD TO ANALYZING
EIGEN VIBRATIONS OF ELASTIC BODIES

Saurin V.V.

Ishlinsky Institute for Problems in Mechanics of the Russian Academy of Sciences,
Moscow, Russian Federation

The topicality of the issues related to studying vibrations of elastic bodies and structures is discussed.
The publications and results obtained in this field have been analyzed. It is noted that one of the
common characteristics of all the approximate methods of analyzing boundary-value problems is
certain ambiguity in formulating finite-dimensional approximations of the solution. A boundary-
value problem of determining eigen-frequencies of a homogeneous membrane has been formulated.
The basic idea of the approaches in question is that variables used in equations of mathematical
physics can always be divided into two groups, one of which consists of the so-called measureable
variables, such as displacement, velocity, temperature etc., and the other one includes non-
measureable ones, such as stress, pulse, heat flow etc. Issues related to various classical formulations
of spectral problems arising in the theory of elasticity have been investigated. The method of
integral-differential relations is described, which is an alternative to classical numerical approaches.
The possibility of constructing various bilateral energy-based evaluations of the accuracy of
approximate solutions, following from the method of integral-differential relations has been studied.
A one-parameter family of quadratic non-negative functionals has been introduced, the stationarity
condition of which together with integral-differential constraints form a complete equation set
describing dynamic behavior of elastic bodies. A projection approach to analyzing spectral problems
of linear plasticity theory has been considered. Using the example of the problem of free vibrations
of a circular membrane, the effectiveness of the method of integral-differential relations is
demonstrated.  Various energy-based evaluations of an approximate solution constructed using
polynomial approximations of the sought functions are proposed. Application of the standard
technique of Bubnov-Galerkin's method to the problem of free vibrations is shown to lead to the
appearance of complex eigen-frequencies, the real part of the eigenvalue being its approximate
value, whereas its imaginary part being able to serve as an evaluation of the accuracy of the solution.
The proposed numerical algorithm makes it possible to uniquely evaluate the integral quality of
the obtained numerical solutions.

Keywords: projection approaches, integral-differential relation method, energy-based evaluations
of accuracy, measureable and non-measureable values.


