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Abstra
t�For a hyperboli
 equation with a Bessel operator in a re
tangular domain, we study

the initial-boundary value problem in dependen
e of the numeri
 parameter that enters in the

operator. We represent the solution as the Fourier�Bessel series. Using the method of integral

identities, we prove the uniqueness of the problem solution. For proving the existen
e of the

solution, we use estimates of 
oe�
ients of the series and the system of eigenfun
tions; we

establish them on the base of asymptoti
 formulas for the Bessel fun
tion and its zeros. We

state su�
ient 
onditions with respe
t to the initial 
onditions that guarantee the 
onvergen
e

of the 
onstru
ted series in the 
lass of regular solutions. We prove the theorem on the stability

of the solution to the stated problem.

DOI: 10.3103/S1066369X19100086

Key words: hyperboli
 equation, Bessel operator, initial-boundary value problem, uniqueness,

existen
e, Fourier�Bessel series, uniform 
onvergen
e, stability.

INTRODUCTION

One of the most important bran
hes of the modern theory of partial di�erential equations is

the theory of boundary value problems for degenerate equations. This fa
t is due to multiple

appli
ations of this theory in various domains of s
ien
e and te
hnology. The interest towards

degenerate equations is 
onne
ted not only with the ne
essity of solving applied problems, but

also with the intensive development of the theory of mixed-type equations. The �rst boundary

problem for degenerate partial di�erential equations with variable 
oe�
ients was �rst studied

in the paper [1℄. A spe
ial pla
e in this theory belongs to the study of equations that 
ontain

the Bessel di�erential operator. The study of this 
lass of equations was 
ommen
ed by Euler,

Poisson, and Darboux and then developed in the theory of generalized axis-symmetri
 potential

[2�7℄. The importan
e of this 
lass of equations is due to their use in appli
ations to gas dynami
s

and a
ousti
s problems [4�6℄, to the theory of jets in hydrodynami
s [8℄, to linearized Maxwell -

Einstein equations [9, 10℄, and to the elasti
ity and plasti
ity theory [11℄. Equations of three main


lasses that 
ontain the Bessel operator, a

ording to the terminology proposed in [12℄, are 
alled B-
ellipti
, B−hyperboli
, and B-paraboli
. See the paper [13℄ for an extensive study of B-hyperboli

equations, and see [14℄ for a rather 
omplete survey of papers devoted to the study of boundary

value problems for ellipti
 equations with singular 
oe�
ients.

In a re
tangular domain D = {(x, t) | 0 < x < l, 0 < t < T} in the 
oordinate plane Oxt, where
l, T > 0 are given real values, 
onsider the following B-hyperboli
 equation:

�Bu(x, t) ≡ utt − x−k ∂

∂x

(
xkux

)
= 0, (1)
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66 SABITOV, ZAITSEVA

where x−k ∂
∂x

(
xkux

)
is the Bessel operator, while k 6= 0 is a given real value.

Eq. (1) with k = 1 o

urs, for example, when studying free os
illations of a heavy homogeneous

hanging thread under the a
tion of gravity, when studying radial gas vibrations in a �xed unbounded


ylindri
al tube, and (with k = 2) when studying small gas vibrations around its equilibrium position

inside an impermeable spheri
al shell ([15℄, pp. 176, 185, 191). The author of the paper [16℄ was

�rst to thoroughly study Cau
hy and Cau
hy�Goursat problems for Eq. (1) with all k ≥ 1 in the


hara
teristi
 triangle, but authors of [17℄ prove that with k < 0 these problems are ill-posed. The

paper [18℄ is dedi
ated to studying the Tri
omi problem for a mixed-type equation, whose hyperboli


part 
oin
ides with Eq. (1). In papers [19℄ and [20℄ one 
onsiders Diri
hlet and Keldysh problems

for a mixed-type equation with the Bessel operator in a re
tangular domain, and in [21℄ and [22℄

one studies the well-posedness of the initial-boundary value problems with an integral 
ondition for

Eq. (1).

Sin
e one 
an redu
e the initial-boundary value problem with nonlo
al integral 
ondition of the

Samarskii�Ionkin type to mixed problems for Eq. (1), it is ne
essary to thoroughly study initial-

boundary value problems for Eq. (1). The author of this paper is not aware of su
h resear
h.

Therefore in this paper we study the se
ond initial-boundary value problem for the B-hyperboli

equation (1) in a re
tangular domain D with all k 6= 0.

The problem. Find a fun
tion u(x, t) whi
h satis�es the following 
onditions:

u(x, t) ∈ C(D) ∩ C2(D), xkux(x, t) ∈ C(D), (2)

�Bu(x, t) ≡ 0, (x, t) ∈ D, (3)

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x), 0 ≤ x ≤ l, (4)

ux(l, t) = 0, 0 ≤ t ≤ T, (5)

lim
x→0+

xkux(x, t) = 0, 0 ≤ t ≤ T, |k| < 1, (6)

u(0, t) = 0, 0 ≤ t ≤ T, k ≤ −1, (7)

where ϕ(x) and ψ(x) are given su�
iently smooth fun
tions su
h that ϕ′(l) = ψ′(l) = 0.

Problem (2)�(5) with k ≥ 1 is a problem with in
omplete boundary data. In the 
ase of the

B-ellipti
 equation

utt + x−k ∂

∂x

(
xkux

)
= 0

with k ≥ 1 in view of results obtained in papers [1, 23℄ in the 
lass of bounded solutions, the segment

x = 0 of the domain boundary is free of the boundary 
ondition. Moreover, in papers ([23℄, [24℄,

p. 68) one proves that the derivative in the normal dire
tion, i.e., ux, vanishes on the segment x = 0.
An analogous 
ase also takes pla
e for Eq. (1). Separating variables, one 
an easily prove that the

following equality is valid with k ≥ 1:

ux(0, t) = 0, 0 ≤ t ≤ T. (8)

Thus we have proved an additional property of the solution to problem (2)�(5) with k ≥ 1. In

what follows, we either use equality (8) in the proofs or not, depending of the behavior of the

derivative ux with x→ 0. If this derivative remains bounded as x→ 0, then 
ondition (8) be
omes

extra.

1. THE UNIQUENESS OF THE PROBLEM SOLUTION

Theorem 1. If problem (2)�(7) has a solution, then it is unique.
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THE SECOND INITIAL-BOUNDARY VALUE PROBLEM 67

Proof. Let u1 and u2 be two solutions to problem (2)�(7). Then their di�eren
e v = u1 − u2 satis�es

onditions (2), (3), (5), and (6) and homogeneous initial 
onditions

v(x, 0) = 0, vt(x, 0) = 0, 0 ≤ x ≤ l. (40)

In the domain D 
onsider the identity

xkvt�Bv(x, t) =
1

2

∂

∂t

[
xk
(
v2t + v2x

)]
− ∂

∂x

(
xkvtvx

)
≡ 0.

Integrating this identity over the domain Dτ,ε = D ∩ {0 < ε < x < l, 0 < t < τ ≤ T}, where ε
and τ are arbitrary values in the mentioned intervals, we get the 
orrelation

∫

∂Dτ,ε

xk
(
v2x + v2t

)
dx+ 2xkvxvtdt = I1 + I2 + I3 + I4 = 0. (9)

Let us 
al
ulate the following integrals separately:

I1 =

∫ l

0

xk
(
v2x(x, 0) + v2t (x, 0)

)
dx = 0, I2 = 2

∫ τ

0

xkvxvt

∣∣∣
x=l

dt = 0,

I3 = −
∫ l

0

xk
(
v2x + v2t

) ∣∣∣
t=τ

dx, I4 = −
∫ τ

0

2xkvxvt

∣∣∣
x=ε

dt.

Note that lim
ε→0+

I4 = 0, be
ause the produ
t xkvx tends to zero as x→ 0, when k > −1, and this

produ
t is bounded with x→ 0, when k ≤ −1. Then formula (9) with ε→ 0 gives the 
orrelation

∫ l

0

xk
(
v2x + v2t

) ∣∣∣
t=τ

dx = 0.

This means that vx ≡ 0 and vt ≡ 0 on the segment t = τ , and due to the arbitrariness of τ ∈ (0, T ]

we 
on
lude that v(x, t) ≡ const in D. Then in view of zero initial 
onditions (40) we get the identity
v(x, t) ≡ 0. Therefore, u1 ≡ u2.

2. THE EXISTENCE AND STABILITY OF THE PROBLEM SOLUTION WITH K ≥ 1

We seek for partial solutions to Eq. (1), whi
h di�er from zero in the domain D and satisfy


onditions (2) and (5), in the form u(x, t) = X(x)T (t). Substituting this fun
tion in Eq. (1) and


ondition (5) and separating variables, we get the following spe
tral problem with respe
t to the

fun
tion X(x):

X ′′(x) +
k

x
X ′(x) + λ2X(x) = 0, 0 < x < l, (10)

|X(0)| < +∞, X ′(l) = 0; (11)

here λ2 is the separation 
onstant.

Multiplying Eq. (10) by x2 and 
hanging variables as follows:

X(x) = x
1−k
2 Z(ξ), ξ = λx, (12)

we redu
e Eq. (10) to the Bessel equation

ξ2
d2Z

dξ2
+ ξ

dZ

dξ
+ (ξ2 − ν2)Z = 0, ν = (k − 1)/2,

whose general solution takes the form

Z(ξ) = P1Jν(ξ) + P2Yν(ξ); (13)
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68 SABITOV, ZAITSEVA

here Jν(ξ) and Yν(ξ) are Bessel fun
tions of the �rst and se
ond kinds, respe
tively, of the order

ν = (k − 1)/2, while P1 and P2 are arbitrary 
onstant values.

In view of formulas (12) and (13) the general solution to Eq. (10) with k ≥ 1 obeys the formula

X̃(x) = P1x
1−k
2 Jk−1

2

(λx) + P2x
1−k
2 Y k−1

2

(λx). (14)

In order to make fun
tion (14) satisfy the �rst 
ondition in (11), we put P2 = 0 and P1 = 1,
(sin
e eigenfun
tions are de�ned a

urate to a 
onstant fa
tor). Then the solution takes the form

X̃(x) = x
1−k
2 Jk−1

2

(λx). (15)

Note that fun
tion (15) satis�es 
ondition (8). Then by substituting fun
tion (15) in the se
ond


ondition in (11), we get the 
orrelation

λ0 = 0,

X̃ ′(l) =
(
x

1−k
2 Jk−1

2

(λx)
)
′

x

∣∣∣
x=l

= −l 1−k
2 Jk+1

2

(λl),
(16)

when
e it follows that

Jk+1

2

(µ) = 0, µ = λl. (17)

In the theory of Bessel fun
tions, it is known ([25℄, p. 530) that the fun
tion Jν(ξ) with ν > −1
has a 
ountable set of real zeros. Then by denoting the nth root of Eq. (17) by µn with given k we

�nd eigenvalues λn = µn/l of problem (10), (11).

A

ording to ([26℄, p. 317), zeros of Eq. (17) with large n obey the asymptoti
 formula

µn = λnl = πn+
π

4
k +O

(
1

n

)
. (18)

Note that with λ0 = 0 the spe
tral problem (10), (11) has an eigenfun
tion, whi
h identi
ally

equals a 
onstant value; we assume that it equals one. Therefore, the system of eigenfun
tions of

problem (10), (11) takes the form

X̃0(x) = 1, λ0 = 0, (19)

X̃n(x) = x
1−k
2 Jk−1

2

(µnx
l

)
= x

1−k
2 Jk−1

2

(λnx), n ∈ N; (20)

here eigenvalues λn are zeros of Eq. (17).

Note that the system of eigenfun
tions (19) and (20) of problem (10), (11) is orthogonal in the

spa
e L2[0, l] with the weight xk and, moreover, it forms a 
omplete system in this spa
e ([27℄,

p. 343).

In further 
al
ulations we use the following orthonormalized system of fun
tions:

Xn(x) =
1

‖X̃n(x)‖
X̃n(x), n = 0, 1, 2, . . . , (21)

where

‖X̃n(x)‖2 =
∫ l

0

ρ(x) X̃2
n(x) dx, ρ(x) = xk. (22)

A

ording to [28℄, 
onsider fun
tions

un(t) =

∫ l

0

u(x, t)xkXn(x) dx, n = 0, 1, 2, . . . , (23)

where Xn(x) obey formula (21).
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Basing on (23), we introdu
e auxiliary fun
tions

un,ε(t) =

∫ l−ε

ε

u(x, t)xkXn(x) dx, n = 1, 2, . . . , (24)

where ε > 0 is a su�
iently small value.

Twi
e di�erentiating equality (24) in the variable t with 0 < t < T , taking into a

ount Eq. (1),

we get the 
orrelation

u′′n,ε(t) =

∫ l−ε

ε

utt(x, t)x
kXn(x) dx =

∫ l−ε

ε

(
uxx +

k

x
ux

)
xkXn(x) dx =

=

∫ l−ε

ε

∂

∂x
(xkux)Xn(x) dx = xkuxXn(x)

∣∣∣
l−ε

ε
−
∫ l−ε

ε

xkuxX
′

n(x) dx. (25)

Formula (24) in view of Eq. (10) gives the 
orrelation

un,ε(t) = − 1

λ2n

l−ε∫

ε

u(x, t)xk
[
X ′′

n(x) +
k

x
X ′

n(x)

]
dx = − 1

λ2n

l−ε∫

ε

u(x, t)
d

dx

(
xkX ′

n(x)
)
dx =

= − 1

λ2n


u(x, t)xkX ′

n(x)
∣∣∣
l−ε

ε
−

l−ε∫

ε

xkuxX
′

n(x) dx


 ,

when
e we dedu
e that

∫ l−ε

ε

xkuxX
′

n(x) dx = λ2nun,ε(t) + u(x, t)xkX ′

n(x)
∣∣∣
l−ε

ε
.

Substituting the latter equality in (25), we get the formula

u′′n,ε(t) = xkuxXn(x)
∣∣∣
l−ε

ε
− λ2nun,ε(t)− u(x, t)xkX ′

n(x)
∣∣∣
l−ε

ε
. (26)

In view of 
orrelation (2) fun
tions u(x, t) and xkux(x, t) are 
ontinuous in D. Then by pro
eeding

to the limit in formula (26) as ε→ 0, taking into a

ount boundary 
onditions (5) and (11), we get

the following ordinary di�erential equation with respe
t to fun
tions un(t):

u′′n(t) + λ2nun(t) = 0, t ∈ (0, T ).

Its general solution takes the form

un(t) = an cosλnt+ bn sinλnt, (27)

where an and bn are arbitrary 
onstant values, whi
h have to be de�ned. To this end, we subje
t

fun
tions (23) to initial 
onditions (4); we get 
orrelations

un(0) =

∫ l

0

ϕ(x)xkXn(x) dx = ϕn, u′n(0) =

∫ l

0

ψ(x)xkXn(x) dx = ψn. (28)

Formulas (27) and (28) give 
orrelations an = ϕn, bn = ψn/λn. Substituting the 
al
ulated values

in (27), we �nd the �nal representation of fun
tions

un(t) = ϕn cos λnt+
ψn

λn
sinλnt. (29)

Analogously we �nd

u0(t) = ϕ0 + ψ0t, (30)
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70 SABITOV, ZAITSEVA

u0(0) = l−
k+1

2

√
k + 1

∫ l

0

ϕ(x)xkdx = ϕ0, u′0(0) = l−
k+1

2

√
k + 1

∫ l

0

ψ(x)xkdx = ψ0. (31)

Let ϕ(x) = ψ(x) ≡ 0, then formulas (28) and (31) give the 
orrelation ϕn = ψn ≡ 0, while

formulas (29) and (30) imply that un(t) = 0 with all n ∈ N0 = N ∪ {0}. Then formula (23) with

any t ∈ [0, T ] gives the equality

∫ l

0

u(x, t)xkXn(x) dx = 0. Hen
e in view of the 
ompleteness of

system (21) in the spa
e L2[0, l] with the weight xk we 
on
lude that u(x, t) = 0 almost everywhere

on the segment [0, l] with any t ∈ [0, T ]. Sin
e a

ording to formula (2), the fun
tion u(x, t) ∈ C(D),

we 
on
lude that u(x, t) ≡ 0 in D. Thus, we have proved the uniqueness of the solution to

problem (2)�(5), taking into a

ount the 
ompleteness of the system of eigenfun
tions of the s
alar

spe
tral problem.

On the base of obtained partial solutions we �nd a solution to problem (2)�(5) as the Fourier�

Bessel series, namely,

u(x, t) = u0(t)X0(x) +

∞∑

n=1

un(t)Xn(x); (32)

here fun
tions un(t) obey formula (29), Xn(x), n = 0, 1, 2, . . . , do formula (21), and the fun
tion

u0(t) does formula (30).

Together with series (32), let us 
onsider the following series:

ut(x, t) = ψ0X0(x) +
∞∑

n=1

u′n(t)Xn(x), ux(x, t) =
∞∑

n=1

un(t)X
′

n(x); (33)

utt(x, t) =

∞∑

n=1

u′′n(t)Xn(x), uxx(x, t) =

∞∑

n=1

un(t)X
′′

n(x). (34)

Let us prove the uniform 
onvergen
e of series (32)�(34) in the domain D, provided that fun
tions

ϕ(x) and ψ(x) satisfy 
ertain additional 
onditions.

Formulas (29) and (18) imply the following lemma.

Lemma 1. For su�
iently large n and any t ∈ [0, T ], bounds

|un(t)| ≤ C1 (|ϕn|+ |ψn|/n) , (35)

|u′n(t)| ≤ C2 (n|ϕn|+ |ψn|) ,

|u′′n(t)| ≤ C3

(
n2|ϕn|+ n|ψn|

)

are valid; hereinafter Ci are positive 
onstant values.

Lemma 2 ([22℄). For su�
iently large n and with all x ∈ [0, l] the following bounds are valid:

|Xn(x)| ≤ C4, |X ′

n(x)| ≤ C5n, |X ′′

n(x)| ≤ C6n
2.

A

ording to lemmas 1 and 2, with any (x, t) ∈ D series (32) is majorized by the series

C7

∞∑

n=1

(|ϕn|+ |ψn|/n) , (36)

while series (33) and (34) are majorized, respe
tively, by series

C8

∞∑

n=1

(n|ϕn|+ |ψn|) , (37)
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C9

∞∑

n=1

(
n2|ϕn|+ n|ψn|

)
. (38)

Let us study the 
onvergen
e of series (36)�(38).

Lemma 3 ([22℄). If a fun
tion ϕ(x) ∈ C2[0, l] and the derivative ϕ′′′(x) exists and has a �nite

variation on [0, l], a fun
tion ψ(x) ∈ C1[0, l] and the derivative ψ′′(x) exists and has a �nite variation

on [0, l], and

ϕ′(0) = ϕ′′(0) = ψ′(0) = ϕ′(l) = ψ′(l) = 0,

then

|ϕn| ≤ C10n
−4, |ψn| ≤ C11n

−3. (39)

A

ording to Lemma 3, series (36)�(38) are majorized by the numeri
 series

C14

∞∑

n=1

n−2, (40)


onsequently, series (32)�(34) 
onverge uniformly in the 
losed domain D.

Therefore, the fun
tion u(x, t) de�ned by series (32) satis�es all 
onditions of problem (2)�(5).

Thus, the next theorem is proved.

Theorem 2. If fun
tions ϕ(x) and ψ(x) satisfy 
onditions of Lemma 3, then problem (2)�(5) has

a unique solution u(x, t); it is de�ned by series (32) and satis�es the in
lusion u(x, t) ∈ C2(D).

Theorem 3. The solution to problem (2)�(5) satis�es the bound

‖u(x, t)‖ ≤ C15(‖ϕ(x)‖ + ‖ψ(x)‖), (41)

where ‖f(x)‖2 =
∫ l

0
ρ(x)|f(x)|2dx, ρ(x) = xk.

Proof. In view of formula (35), 
orrelation (32) implies that

‖u‖2 =

∫ l

0

xku2(x, t) dx =

∫ l

0

xk
∞∑

n=0

un(t)Xn(x)
∞∑

m=0

um(t)Xm(x) dx =

=

∞∑

n=0

u2n(t) = u20(t) +

∞∑

n=1

u2n(t) ≤ (ϕ0 + ψ0t)
2 + C2

1

∞∑

n=1

(
|ϕn|+

|ψn|
n

)2

≤

≤ C0(ϕ
2
0 + ψ2

0) + 2C2
1

∞∑

n=1

(
|ϕn|2 +

1

n2
|ψn|2

)
≤

≤ C0(ϕ
2
0 + ψ2

0) + 2C2
1

(
∞∑

n=1

ϕ2
n +

∞∑

n=1

ψ2
n

)
= C15

(
‖ϕ‖2 + ‖ψ‖2

)
. �

3. THE EXISTENCE AND STABILITY OF THE PROBLEM SOLUTION WITH

−1 < k < 1, k 6= 0

Separating variables in Eq. (1), we get the following spe
tral problem with respe
t to the fun
tion

X(x):

X ′′(x) +
k

x
X ′(x) + λ2X(x) = 0, 0 < x < l, (42)

lim
x→0+

xkX ′(x) = 0, X ′(l) = 0. (43)
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Let us de�ne the general solution to Eq. (42) with |k| < 1, k 6= 0, by the formula

X̃(x) = P1x
1−k
2 J 1−k

2

(λx) + P2x
1−k
2 Jk−1

2

(λx); (44)

sin
e the value

1−k
2

is not integer, J 1−k
2

(λx) and Jk−1

2

(λx) are linearly independent solutions to the

Bessel equation.

This formula allows us to 
al
ulate

X ′(x) = P1λx
1−k
2 J

−
k+1

2

(λx)− P2λx
1−k
2 Jk+1

2

(λx).

Sin
e xkX ′(x) = O(P1 + P2x
k+1) as x→ 0, by putting P1 = 0 we make fun
tion (44) satisfy the

�rst 
ondition in (43). Put P2 = 1.

Then the solution to Eq. (42) satisfying the �rst 
ondition in (43) obeys the equality;

X(x) = x
1−k
2 Jk−1

2

(λx),

it formally 
oin
ides with (15), but here −1 < k < 1 and k 6= 0.

Let us now require that this fun
tion should satisfy the se
ond boundary 
ondition in (43),

namely,

dX(x)

dx

∣∣∣∣
x=l

=
(
x

1−k
2 Jk−1

2

(λx)
)
′

∣∣∣∣
x=l

= −λl 1−k
2 Jk+1

2

(λl) = 0, (45)

when
e it follows that

λ0 = 0,

Jk+1

2

(µn) = 0, µn = λnl. (46)

Therefore, the system of eigenfun
tions of problem (42), (43) takes the form

X̃0(x) = 1, λ0 = 0,

X̃n(x) = x
1−k
2 Jk−1

2

(µnx
l

)
= x

1−k
2 Jk−1

2

(λnx), n ∈ N,

where eigenvalues λn are zeros of Eq. (46).

Analogously to the 
ase when k ≥ 1, we get the following assertions.

Theorem 4. If fun
tions ϕ(x) and ψ(x) satisfy 
onditions of Lemma 3, then problem (2)�(6) has

a unique solution u(x, t) whi
h is de�ned by series (32) and satis�es the in
lusion u(x, t) ∈ C2(D).

Theorem 5. The solution to problem (2)�(6) satis�es bound (41).

4. THE EXISTENCE AND STABILITY OF THE PROBLEM SOLUTION WITH k ≤ −1

Let us seek for partial solutions to Eq. (1) whi
h di�er from zero in the domain D and satisfy


onditions (2), (5), and (7) in the form of the produ
t u(x, t) = X(x)T (t). Substituting this

expression in Eq. (1) and 
onditions (5) and (7), we state the following problem with respe
t

to the unknown fun
tion X(x):

X ′′(x) +
k

x
X ′(x) + λ2X(x) = 0, 0 < x < l, (47)

X(0) = 0, X ′(l) = 0. (48)

In view of 
orrelation (13) the general solution to Eq. (47) with k ≤ −1 obeys the formula

X(x) = P1x
1−k
2 J 1−k

2

(λx) + P2x
1−k
2 Y 1−k

2

(λx). (49)
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Cal
ulate

X ′(x) = P1λx
1−k
2 J

−
k+1

2

(λx) + P2λx
1−k
2 Y

−
k+1

2

(λx).

Sin
e with x→ 0 the fun
tion X(x) = O(P1x
1−k + P2) = O(1), while its derivative X ′(x) =

O(P1x
−k + P2x) = O(x), for ful�lling the �rst 
ondition in (48), one should 
hoose values of


onstants in formula (49) as follows: P1 = 1 and P2 = 0. As a result, this solution takes the

form

X̃(x) = x
1−k
2 J 1−k

2

(λx). (50)

Substituting fun
tion (50) in the se
ond boundary 
ondition in formula (48), we get 
orrelations

λ0 = 0,

J
−

k+1

2

(µn) = 0, µn = λnl. (51)

However with λ0 = 0 the spe
tral problem (47), (48) has only the trivial solution, 
onsequently, it is

not an eigenfun
tion. Therefore, the system of eigenfun
tions of problem (47), (48) takes the form

X̃n(x) = x
1−k
2 J 1−k

2

(µnx
l

)
= x

1−k
2 J 1−k

2

(λnx), n ∈ N, (52)

where eigenvalues λn are zeros of Eq. (51). The system of fun
tions (52), being a solution to the

Sturm�Liouville problem for Eq. (47) with boundary 
onditions (48), is orthogonal and 
omplete

in the spa
e L2[0, l] with the weight xk. Note also that a

ording to ([26℄, p. 317), zeros of Eq. (51)

with large n satisfy the asymptoti
 formula

µn = λnl = πn− π

4
k − π

2
+O

(
1

n

)
. (53)

In what follows, we 
onsider the orthonormalized system of eigenfun
tions

Xn(x) = X̃n(x)/‖X̃n‖, n ∈ N, (54)

where the norm obeys formula (22).

Taking into a

ount formula (54), we introdu
e fun
tions

un(t) =

∫ l

0

u(x, t)xkXn(x) dx, n = 1, 2, . . . . (55)

Analogously to the solution of the problem with k ≥ 1, taking into a

ount Eqs. (1) and (47),

we get the equality

u′′n,ε(t) = xkuxXn(x)
∣∣∣
l−ε

ε
− λ2nun,ε(t)− u(x, t)xkX ′

n(x)
∣∣∣
l−ε

ε
. (56)

Formula (52) implies that Xn(x) = O(x1−k) and X ′

n(x) = O(x−k) as x→ 0. Pro
eeding to the

limit in formula (56) as ε→ 0, in view of 
onditions (2), (5), (7), and (48) we get the 
orrelation

u′′n(t) + λ2nun(t) = 0, t ∈ (0, T ). (57)

Furthermore, assuming that fun
tion (55) satis�es initial 
onditions (4), we get equalities (28). The

unique solution to problem (57), (28) obeys formula (29).

Basing on the 
al
ulated partial solutions (54) and (29), let us formally write the solution to

problem (2)�(5), (7) as the Fourier�Bessel series

u(x, t) =

∞∑

n=1

un(t)Xn(x). (58)
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Coe�
ients of this series satisfy bounds established in Lemmas 1 and 2, 
onsequently, with any

(x, t) ∈ D series (58) and those obtained from it by termwise di�erentiation of the �rst and se
ond

orders are majorized by the series

C16

∞∑

n=1

(
n2|ϕn|+ n|ψn|

)
. (59)

Lemma 4. Assume that a fun
tion ϕ(x) ∈ C2[0, l], the derivative ϕ′′′(x) exists and has a �nite

variation on [0, l], there exists a fun
tion ψ(x) ∈ C1[0, l], the derivative ψ′′(x) exists and has a �nite

variation on [0, l], and

ϕ(0) = ψ(0) = ϕ(l) = ψ(l) = ϕ′(0) = ψ′(0) = ϕ′(l) = ψ′(l) = ϕ′′(0) = ϕ′′(l) = 0,

then estimates (39) are valid.

The proof is analogous to that proposed in the paper [29℄.

A

ording to Lemma 4, series (59) is majorized by the 
onverging numeri
 series (40),


onsequently, the sum of series (58) belongs to the 
lass C2(D). The 
onstru
ted fun
tion u(x, t)
de�ned by series (58) satis�es all 
onditions of problem (2)�(5), (7). Therefore, the following theorem

is proved.

Theorem 6. If fun
tions ϕ(x) and ψ(x) satisfy 
onditions of Lemma 4, then there exists a unique

solution u(x, t) to problem (2)�(5), (7); it is de�ned by series (58), while u(x, t) ∈ C2(D).

Theorem 7. The solution to problem (2)�(5), (7) satis�es the bound

‖u‖ ≤ C17(‖ϕ‖ + ‖ψ‖), (60)

where the 
onstant C17 is independent of fun
tions ϕ(x) and ψ(x).

The proof is similar to the proof of Theorem 3.
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