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Abstract—For the hyperbolic equation with Bessel operator, we study the initial boundary-
value problem with integral nonlocal condition of the second kind in a rectangular domain.
The integral identity method is used to prove the uniqueness of the solution to the posed
problem. The solution is constructed as a Fourier—Bessel series. To justify the existence of the
solution to the nonlocal problem, we obtain sufficient conditions to be imposed on the initial
conditions to ensure the convergence of the constructed series in the class of regular solutions.
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1. INTRODUCTION

We consider the hyperbolic equation with Bessel operator

Opu(x,t) = uy — xk%(ackur) =0, (1)
where > 0 and k is a given real number, k& > —1, k # 0. Equation (1), which, after Kipriyanov
[1, p. 7], will be called a B-hyperbolic equation, arises, for example, when switching from Cartesian
to cylindrical coordinates in the wave equation while considering radial gas vibrations in a stationary
infinite cylindrical pipe or when switching to spherical coordinates while considering small vibra-
tions of a gas near its equilibrium position inside an impermeable spherical shell [2, pp. 185, 191].
Pul’kin [3] studied the Cauchy and Cauchy—Goursat problems for Eq. (1) with & > 1. The Tri-
comi problem for a mixed-type equation with a hyperbolic part that coincides with Eq. (1) was
considered in [4, 5].

Let D = {(z,t) : 0 <x <1, 0 <t < T} be a rectangular domain in the Ozt coordinate plane,
where [, T > 0 are given real numbers. In the present paper, for Eq. (1) in the domain D, we study

the following initial value problems with a nonlocal boundary condition of the second kind for k£ > 1
and -1 < k<1, k#0.

Problem 1. Let k£ > 1. To determine such a solution u(z,t) of the equation
Opu(z,t) =0, (x,t) € D, (2)

that o
u(x,t) € C*(D)( C?*(D) (3)

and it satisfies the initial conditions
u(z,0) = p(x), ug(x,0) = P(z), 0<z <, (4)
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122 SABITOV, ZAITSEVA

and the integral condition of the second kind
!
uz(l,t) + /u(m,t) 2¥ dx =0, 0<t<T. (5)

0

Problem 2. Let —1 < k < 1, and let k # 0. To determine a solution u(z,t) to Eq. (2) satisfying
conditions (3)—(5) and the condition

lim z"u,(z,t) =0, 0<t<T. (6)
r—0+4

Here (), 1(x) are given sufficiently smooth functions satisfying the relations

l

J(0) + / p@)atdr=0, )+ / (z)a* dx = 0. (7)

0

Pul’kina [6] coined the term “integral condition of the second kind”. In [7] and the monograph [8],
she was also the first to use functional-analysis methods to study the boundary value problems with
integral conditions for Eq. (1) at k = 0, for telegraph equation, and for more general hyperbolic-type
equations with smooth coeflicients

uy — (a(z, t)uy), + c(x, )u = f(x,t).

Mixed problems with integral conditions of the first kind for hyperbolic equations with Bessel
operator were considered in [9, 10], and the boundary value problems equipped with such a condition
for mixed-type equations were studied in [11-13].

In the present paper, based on [11-13], we prove the existence theorem for the solution to
the problem in Egs. (2)-(7) for all £ > —1, with the solution being constructed in the form of
a Fourier—Bessel series and the convergence of the series being substantiated in the class of regular
solutions (2) and (3).

We note that, for the B-elliptic equation

0
Uy + xik%(ackux) =0, (z,t) € D,

at k > 1 by virtue of the results in [14, 3] in the class of bounded solutions, we need not pose
the Dirichlet condition at the boundary x = 0 of the rectangle D. In this case, it was shown
in [3; 15, p. 68] that the derivative along the normal to this interval, i.e., wu,, is zero on the
interval z = 0.

Equation (2) possesses the same property for k& > 1. Separating the variables, we can easily
show that
u.(0,t) =0, 0<t<T, (8)

thereby proving an additional property of the solution to Problem 1. In what follows, the relation in
Eq. (8) can also be taken advantage of in our reasoning. However, with the derivative u, remaining
bounded as x — 0, no need arises to use this relation, as will be shown below.

2. UNIQUENESS OF SOLUTIONS TO PROBLEMS 1 AND 2

Theorem 1. If solutions to Problems 1 and 2 exist then they are unique.

Proof. Let u; and u, be two solutions of the problem in Eq. (2)—(5). Then their difference
u = u; — uy satisfies Eq. (2), inclusion (3), the homogeneous initial conditions

U(ZL‘,O) =0, ut(aj70) =0, 0<z<l (40)
the integral condition in Eq. (5), and condition (8).
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INITTIAL VALUE PROBLEM FOR B-HYPERBOLIC EQUATION 123
We substitute the function u into Eq. (1), multiply the result by x*, and integrate it for a fixed
t € (0,T) over variable = from ¢ to [ — &, where £ > 0 is a sufficiently small number, to obtain
l—e l—e

0
/utta;k dr — / %(mkuw) drx =0

€

or

l—e

0
/utta;k dr — <xk§—z>

€

l—e

~0. 9)

€

Passing to the limit in (9) as € — 0, due to condition (3), we have

dQl

dt?
0

u(z, t)z® de = 1Fu,(1,t). (10)

Substituting the value of the derivative from the integral condition in Eq. (5) into (10), we obtain

l l
2

p7e] /u(m,t)m’~C dx + I /u(m,t) ¥ dx = 0. (11)

0 0

We introduce the notation l

Z(t) = /u(az,t) o* dx
0
to write Eq. (11) as the equation
Z'"t)+1*Z(t) =0
that has a general solution of the form
1
2() = / (e, t) ¥ da = Cy cos(VIFE) + Cy sin(VIF¢), (12)

0

where C; and Cy are arbitrary constants.

With regard to the initial conditions (4,), we determine the constants C; = 0 and C, = 0 from

Eq. (12). As a result, we have
l

/u(m,t) 2¥ dx = 0. (13)

Substituting (13) into condition (5), we obtain
uz(l,t) = 0. (14)

Further, we consider the following identity which can easily be verified by direct differentiation:

10 0
5&[3316(“? +u?)] - %(ﬂfkutux)a

where u(x,t) is an arbitrary function with continuous second derivatives. Since the function u
satisfies Eq. (1), the last expression can be written as

Py, Opgu(x, t) =

0 0
§§[$k(u? +u)] = %(:pkutuz). (15)
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124 SABITOV, ZAITSEVA

Now we integrate identity (15) for a fixed ¢ € (0,T") over the variable x from € to [ — e, where ¢ > 0
is a sufficiently small number, and then pass to the limit as ¢ — 0. By virtue of condition (3),
we have

N —
QD|Q_3

l
t / (2 + u2)a dz = Py (1, a1, 1)
0

or, with regard to (14),
l

1
5% /(ut2 +u?)zh dr = 0,
0

which implies
!

/(uf +u?)zk do = C(x), (16)
0
where C'(z) is a function depending only on the variable . Now we set ¢t = 0 in Eq. (16), and, with
regard to conditions (4¢), obtain the identity

!
/(uf(m,O) +u?(x,0))2" dv = C(z) =0,
0
and, hence, us(x,t) = 0 and wu,(z,t) = 0. Therefore, we have u(z,t) = const, which again implies
the identity u(x,t) = 0 in view of the homogeneous initial conditions (4¢). Thus, u; = us.
The uniqueness of the solution of Problem 2 can be proved similarly. The theorem is proved.

3. EXISTENCE OF SOLUTION TO PROBLEM 1

Particular solutions of Eq. (1) that are nonzero in the domain D and satisfy conditions (3)
and (5) will be sought as products u(x,t) = X (x)T(t). We substitute this expression into Eq. (1)
and into conditions (3) and (8) to obtain the following spectral problem for the unknown X (z):

X"(@) 4 SX/(@) + XX () =0, 0<a<l, (17)
X (0)] < +oc, (18)
X'(0) + / X (2)2* dz = 0, (19)

where \? is the separation constant.
With regard to Eq. (17), from the boundary condition (19) we obtain the relations

X’(l)—i—/lX(m)xkda;:X'(l)—p/l [X"(a:)—k%X'(a:)}mkdx

= X'(0) - /l %(ka’(a:))da; - <1 - i—i)X’(l) = 0.

Hence it follows that, with condition (3) taken into account, the nonlocal integral condition in
Eq. (19) for A # [*/? is equivalent to the local boundary condition of the second kind

X'(1) =0. (20)
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INITIAL VALUE PROBLEM FOR B-HYPERBOLIC EQUATION 125
The solution of Eq. (17) satisfying condition (18) has the form
X(x) = 2" Ty (), (21)

where J,(§) is the Bessel function of the first kind of order v = (k — 1)/2. In this case, it is easy
to see that the function in Eq. (21) satisfies the condition X’(0) = 0, as one should expect due to

relation (8).
Substituting the function in Eq. (21) into the boundary condition in Eq. (20), we obtain
Jierne(p) =0, p=Al (22)

By the Lommel theorem [17, p. 530], Eq. (22) has countably many zeros for (k +1)/2 > —1, with
all zeros being real. Denoting the nth root of Eq. (22) as u,, n € N, we obtain the eigenvalues
of the problem in Egs. (17)—(19). It is also well known [18, p. 317] that the zeros p,, of Eq. (22)
satisfy, for large n, the asymptotic representation

1
fin = Al = 70+ %k+0<ﬁ>. (23)

Then the corresponding system of the eigenfunctions of problem (17), (18), and (20) becomes

X, (z) =202 J0 0y 0 (M), n € N. (24)

For ease of further calculations, we normalize the system of functions (24) as follows:

1 ~

Xn(z) = Xn(), (25)

1 Xall 2, 0.0

where
l

%ol = [ ) ea) iz, o) = o, (26)
0
Let u(x,t) be a solution of problem (2)—(5). Following [19, 20], we consider the functions
I
u,(t) = /u(az,t)kan(a:) dx, n=12..., (27)

0

where X, (z) are determined by Egs. (25) and (26). Based on the functions in Eq. (27), we introduce
the auxiliary functions

l—e
Up () = /U(ZL‘,t)ZL‘an(ZL‘) dz, n=12..., (28)

where € > 0 is a sufficiently small number.

We differentiate identity (28) twice with respect to the variable ¢ for 0 < ¢ < T and, with regard
to Eq. (1), obtain

l—e

—
%ﬂb/@mwﬁnmm=/0m+ggﬁnmm

€

€

l—e

l—¢
= / %(.ﬁkuz)Xn(l') dex = xkugan(x)Vs_s - /':L‘kule;’L(':L‘) d. (29)

€
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126 SABITOV, ZAITSEVA

From Eq. (28), by virtue of Eq. (17), we have

l—e l—e
1 k " k I 1 d ky!
Up () = —)\—?Z u(z,t)x [Xn (x) + ;Xn(x)} dr = —)\—?Z u(m,t)%(:c X, (x))dx
1 l—e
= =3z [u(w,t)ka;(a:)Vag - /:L‘k’LLIX;(ZL‘) dm} ,
which implies
l—e
/ P u, X! (z) do = Nu, (t) + u(x, t) 2" X! (z)]°. (30)
Taking relation (30) into account in representation (29), we obtain
up () = M, X (2) |27 = N o (1) — ulz, )2 X, (2)[7°. (31)

Now, as in the proof of the uniqueness of the solution of the problem, we multiply Eq. (1) by z*
and integrate it for a fixed ¢ € (0,T") over the variable = from ¢ to [ — e, where € > 0 is a sufficiently
small number. As a result, we obtain

l—e

=0.

P

: ou
I u(z, t)x" dx (m 3 )

X

€

Now we pass to the limit as ¢ — 0 in the obtained relation and, by virtue of conditions (3) and

(5), arrive at the equation
2

d
ﬁ(ur(l,t)) + Fu,(1,t) = 0.

We introduce the notation Z(t) = u,(l,t) and, as a result, obtain the ordinary differential equation
Z't)+1"Z(t) = 0,

which has a general solution of the form Z(t) = C; cos(VIF t) 4+ Cy sin(v/IF t), where Cy and C, are
arbitrary constants. Then

uy(1,t) = Cy cos(VIFt) + Cysin(VIF t). (32)

With regard to the initial conditions in Eq. (4), from Eq. (32) we obtain the values of the constants
C, = ¢'(I) and Cy = I7*/2/(1).
It follows from Eq. (25) that X,,(x) = O(1) and X/ (z) = O(x) as  — 0. Then, with regard to

conditions (3), (20) and relation (32), we pass in (31) to the limit as ¢ — 0 and derive the following
equation for determining the functions w,(t):

u (t) + Nu, (t) = Cycos(VIFt) + Cysin(ViFt),  te (0,7T), (33)

where _
Cl = Cll(kJrl)/zJ(k—l)/Q()\nl) = 90/(l)l(k+1)/2j(k—1)/2(>\nl)7

Cy = Col™ 2T 1) jp(Mnd) = ¥ DV 1) 2 (M)
The general solution of a homogeneous equation that corresponds to Eq. (33) has the form
U, (t) = a, cos(A\,t) + b, sin(A\,t),

where a,, and b,, are arbitrary constants.

DIFFERENTIAL EQUATIONS Vol. 54 No.1 2018



INITIAL VALUE PROBLEM FOR B-HYPERBOLIC EQUATION 127
We seek a particular solution of Eq. (33) in the form
v, (t) = Acos(VIFt) + Bsin(VIFt), (34)

where A and B are the coefficients to be determined. Substituting the sought-for solution (34) into
Eq. (33), we obtain

C (1 C W1
A= e _1lk — 2 E)lkl(k+l)/2j(k_1)/2(>\nl), B = e _2lk B 2 E)lk \/Zj(k—l)/2(>\nl)

Then the partial solution (34) of Eq. (33) is determined by the relation

Vi
X2 — Ik

un(t) = (VI (1) cos (VI £) + 9/ (1) sin(VI* 1)) Ty 2 (And), (35)

and its general solution becomes
U (t) = a, cos(A,t) + b, sin(A,t) + v, (). (36)

To determine arbitrary constants a, and b,, we impose the initial conditions (4) on the func-
tions (27), i.e

u,(0) = /lu(a:,O) /lgo x)dr = ¢, (37)
o (0) = / (2, 0)2* X, () d = / V(@) X (2) dz = . (39)

With regard to conditions (37) and (38), from Eqs. (36) and (35) we obtain
_ ' (1) k1) _
u,(0) = a, + 7_1 Ji—1)/2(Anl) = @n,
/ '
un(o) = bn)‘n + L()l k+1)/2J(k71)/2()\nl) = wnv
which implies

¢'(l Vn Yl
An = Pn — )\2 E)lkl(k+1)/2‘](k—1)/2(>\nl)v bn )\_ - ﬁl(kJrl)/zJ(k—l)/Q()\nl)- (39)

Substituting the values (39) into (36), we find the ultimate form of the functions

Up, ( ) Pn COS()\ t) + % S‘n()\ t) %l(k+l)/2j(k1)/2()\nl)(COS(\/l_kt) . COS(}\nt))
¢’(l) l(k+1)/2J 2\l l_k/g . \/l_k 1 . A\ 0
+ N2 _ [k (e-1)72(Anl) sin(ViFt) — X sin(A,t) . (40)

We use the obtained partial solutions in Eqs. (25) and (40) to write the solution of prob-
lem (2)—(5) formally as a series

o0

u(a,t) =Y un(H) X, (2), (41)

n=1

where the functions X,,(x) are determined by formula (25) and the functions w,(t) by formula (40).

DIFFERENTIAL EQUATIONS Vol. 54 No.1 2018



128 SABITOV, ZAITSEVA

Along with the series in Eq. (41), we consider the series

w(m, ) =Y u,(OXa(x),  ualmt) =) un(t) X (x), (42)
u(z,6) = Y ul(OXa(x),  Uselw,t) =Y u(t) X (). (43)

Now we prove the uniform convergence of the series in Eqs. (41)—(43) in the domain D under some
additional conditions imposed on the functions ¢(x) and ¥(z).

Lemma 1. The following estimates hold for sufficiently large n and for any t € [0,T] :

[al\ | '@, [ (0)]
(0] < &l + 2220) o 0L PO (a4)
: CAOINNCAG]
|un(t)| S 02(n|90n| + |¢n|) + ng/g + n5/2 ) (45)
" 'O D)
W(0)] < Coln?lin] +mal) + 320+ g (46)
here and below, C; are positive constants.
Proof. The proof of the estimates in Eqs. (44)-(46) follows from formulas (40) and (23).
Lemma 2. The following estimates hold for sufficiently large n and for all x € [0,1] :
(Xu(@)] <C X (2) < Csny X (2)] < Con® (47)
Proof. It is known that, for large &,
J,(€) = O(E12). (48)
From (26) we obtain
> l
Xollr, = —|J )| 49
[ X5l 2, 0,0 \/§| (o172 ()| (49)
Then it follows from Eqs. (48) and (49) that
1 Xl 2s 00 = O(n™Y?) as n— oc. (50)
With regard to Eq. (49), formula (25) becomes
1 ~ 22 (1=R/2 ], _ An
Xy e — 1 %)= V2 (k-1)/2(An) (51)
1 Xz, 0.0) U1 72 ()|
Then the first estimate in Eq. (47) follows from relations (48), (50), and (51).
Now we calculate _
X/ (z) = =222 Ty p (M), (52)

Then the second estimate in Eq. (4.7) follows from Eqgs. (48), (50), and (52).
Equation (17) implies the relation

k

X

Xi(z) = =X (2) = X} Xy ().

By virtue of the first two estimates, this implies the third estimate in Eq. (47). The lemma is
proved.
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INITIAL VALUE PROBLEM FOR B-HYPERBOLIC EQUATION 129

Lemma 3. If a function p(x) belongs to the space C?[0,1] and its deriative ¢ (x) ewists and
is of finite variation on the interval [0,1]; a function ¥(x) belongs to the space C*[0,1] and its
derivative Y (x) exists and is of finite variation on the interval [0,1]; and the relations

are satisfied, then the following estimates hold true:

C, Cyg
|90n| < VR |¢n| < F (53)

=4

Proof. With regard to Egs. (17) and (20) and the conditions of the lemma, we twice apply
integration by parts to Eq. (37) to obtain

l l l

oo = [ X, @)do = 5 [ pteret | x20) + Ex00)] o = - [t x; @) d
— 5 e X @) - / ¢t X o) do| = 5 / & (@)t X, (2) da

1 k !
= Y] o' (x)2" X, (z) dx — 2 / gpia:) 2" X, () dz.
0 0
We introduce the notation
! 1 /
(2) _ " k _ k _ ¥ (x)
pn = [ @)t Xa(2)dz, g = [ oi(@)atXa(z)de,  pi(2) ===, (54)
0 0
and, as a result, obtain
1 k
Pn = _>\_2901(12) - )\_290171' (55)

By virtue of Egs. (17) and (20), from the first integral in Eq. (54) we obtain the relations

! l
1

o = [ @t Xo@)do = —5; [ ¢ @)X @) do
O n

l l
1 1 ! 1" ! 1 m ! 1(13)
— 5 | @r @l - [ = 5 [ =5, 6

n n
0

where
l

o = / " (2)2* X (z) du.

0
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130 SABITOV, ZAITSEVA

It follows from Eq. (52) that

l

>\TL "
W= _7/90 (@) Ty 2 (M) dr.

1 Xalla 00

Since the function z'/2f(z) = 229" (z)z* = "' (x)x*+1/2 is of bounded variation on the inter-
val [0,1] [21, p. 202], it follows, based on the theorem in [17, p. 653], that

l

" 1
/90 (@) Ty 2 (No) da = O<W>
0

as n — oo. Then, by virtue of the asymptotic relation in Eq. (50), we have ¢(3) = O(1) for large n,
and hence, the following estimate holds true:

0P| < C. (57)

Similarly, from the second relation in Eq. (54), based on Egs. (17), (20) and the conditions of
the lemma, we obtain the integral

o= [ e Xala) do =~ [ er(o)a* X (2)) da

n

l l

L , : , L[ , Pin
— 5 |[p@e Xl - [ @@ ] = 5 [@exi@ e =5 6y
0 " 0 "

where
o = [ el@at X, (o) da,
0

and, in view of Eq. (52), this integral converges.

Now we estimate the integral 30513 for large n. We represent it as

l

An () _
o = 7/<—¢( )> 2F 02 T p (M) dae

HXnHLz,p(OJ) s r

o )\n / |:SDH ZL‘) B gpl(l‘):|m(k+l)/2j(k+l)/2()\nx) dx

||)~(7L||L2,p(0,1) ) T z?

An " (@ _
= 7/z[g0 (x) — m] zk 3)/2J(;€+1)/2()\nm) dx.

HXnHLz,p(OJ) s t

Since ¢’(0) = ¢”(0) = 0 by the condition of the lemma, for x such that 0 <z < §, where 6 > 0
is a sufficiently small number, we obtain

, , 1 0 1 €T 1 "
o) =g+ E 0 o domenye 0<e<n
g0///(91‘)

1!

O (x) = ¢"(0) + x =" (0x)z, 0<0<um.
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In consequence of these representations, the function
/ /
1
{L’l/zf(fl,’) — :1:1/2 |:Q0”(IL’) _ Qpi‘x):|m(k—3)/2 — |}0//(x) _ Qpi‘x)]xk/Z—l — |}0///(9m) . 5('0///(6‘%) xk/z

is of bounded variation on the interval [0,d] as the product of two functions with a finite varia-
tion [21, p. 202].

On the interval [4, 1], we can similarly show that the function /2 f(z) is of finite variation. Then
it is of finite variation on the entire interval [0,{]. Therefore, as in the case of the integral )
we have the estimate

ot | < Cho. (59)
Substituting expressions (56) and (58) into Eq. (55), we arrive the relation

1 koo

which together with inequalities (57) and (59) imply the first estimate in Eq. (53).
Based on the conditions in Eq. (38) for ¢/(I) = 0, after similar calculations, we obtain

— _i /w”(x)kan(g;) dor — — / %ﬂj)kan(m) der = )\12 ”tb 1/111“ (60)

where

!
Y (z
P& = [ (x)2" X, (x)de, Py, = an (z)dzx
0/ /

Now we estimate the integrals 1(?) and 1, in a similar way. Based on formula (25), we have

1
o = [t @)
n || L2, ,(0,0)

The latter and the fact that the function z'/2f(x) = 4" (z)z*/? is of finite variation entail the
estimate
U =01 (61)

as n — oo. Similarly, we have
_ 1 / (k—3)/2 d
7[)171 - W l‘w (l')l' J(k_l)/z()\nl') Z.
La,p(0,]

By the condition of the lemma, ¢'(0) = 0, and hence, the function
xl/zf(a:) — ¢/(x)$k/2_l — ¢//(9x)$k/2, 0<fh<z< 57

where § > 0 is a small number, is of finite variation on the interval [0,¢]. Similarly, the function
x1/2 f(z) is of finite variation on the interval [§,1], and hence, on the entire interval [0,]. Then, for
large n we obtain the estimate

Gin = ONY). (62)
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132 SABITOV, ZAITSEVA

Thus, Eq. (60) and relations (61), (62) imply the second estimate in Eq. (53). The lemma is
proved.
With regard to the conditions of Lemma 3, the coefficients w,(t) of the series in Eq. (41) become

U, (t) = @, cos(Apt) + % sin(\,t). (63)

n

According to Lemmas 1-3, for any (z,t) € D, the series in Eqgs. (41)—(43) can be majorized by
the numerical series Cy; Y. n~2, and hence, converge uniformly in a closed domain D. Thus, we
have proved the following theorem.

Theorem 2. If functions p(x) and (x) satisfy the conditions of Lemma 3, then there exists
a unique solution to problem (2)—(5). This solution can be represented by the series in Eq. (41),

with the sum of the series belonging to the space C?(D).

4. EXISTENCE OF SOLUTION TO PROBLEM 2

As in Problem 1, we substitute the product u(z,t) = X (z)7T'(¢) into Eq. (1) and in conditions (5)
and (6) to obtain the following spectral problem for X (z):

X" (x) + SX'(x) + 22X (z) =0, 0<z<l, (64)

x—0+

I
lim z"X'(x) =0, X'(1)+ /X(a:) ¥ dx =0, 0<t<T. (65)
0

The system of eigenfunctions X, (z) of problem (64), (65) has the form in Eq. (24), and the
eigenvalues A\, = u,/l (n = 1,2,...) are determined as zeros of Eq. (22), with the asymptotic
formula in Eq. (23) holding true for them for large n.

We introduce the norm by formula (26) and then consider the functions in Eq. (25).

As in the preceding problem, we construct the solution of problem (2)-(6) as the sum of the
series

u(@,t) =Y u, ()X, (), (66)

where the functions X, (x) are determined by formula (25) and the functions u,,(t) by formula (40),
where the coefficients ¢,, and 1),, are given by formulas (37) and (38). The functions u, (t) and X, (¢)
satisfy, respectively, the estimates in Lemmas 1 and 2.

We impose the conditions of Lemma 3 on the functions ¢(z) and ¢(x). Then the functions u,, (t)
in the series in Eq. (66) take on the form in Eq. (63). According to Lemmas 1-3, for any (z,t) € D,
the series in Eq. (66) and its derivatives up to the second order inclusively can be majorized by the
numerical series C2 > -, n~2. Therefore, the sum of the series in Eq. (66) satisfies conditions (2)
and (3). We have thus proved the following theorem.

Theorem 3. If functions p(x) and (x) satisfy the conditions of Lemma 3, then there exists
a unique solution of problem (2)-(6). This solution can be represented by the series in Eq. (66),
with the sum of the series belonging to the space C*(D).
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