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ABSTRACT
In this paper, we consider the well-posedness and approxima-
tion for nonhomogeneous fractional differential equations in
Banach spaces E. Firstly, we get the necessary and sufficient
condition for the well-posedness of nonhomogeneous frac-
tional Cauchy problems in the spaces Cb

0ð½0, T�; EÞ: Secondly,
by using implicit difference scheme and explicit difference
scheme, we deal with the full discretization of the solutions of
nonhomogeneous fractional differential equations in time vari-
ables, get the stability of the schemes and the order of
convergence.
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1. Introduction

A lot of works were devoted to the approximations of C0-semigroups, see
[1–5] and the references therein. While, other mathematicians considered
the discrete approximation of integrated semigroups in their papers [6–8].
We all know that Podlubny introduced fractional derivatives, fractional dif-
ferential equations, some methods of their solutions and some of their
applications in his book [9]. Ashyralyev and Cakir considered the numer-
ical solutions of fractional parabolic partial differential equations [10–15].
In papers [16–19], we dealt with the discrete approximation of the homo-
geneous fractional differential equations and semilinear fractional differen-
tial equations in Banach spaces. Especially in [18,19], we get the stability
and the order of convergence of implicit difference scheme and explicit dif-
ference scheme for homogeneous fractional differential equations. In this
paper, we will consider the fulldiscrete approximation of the nonhomoge-
neous fractional differential equation in the space Cð½0,T�; EÞ, which will
be presented in section 3.
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Let 0<a<1, we consider the well-posed nonhomogeneous Cauchy
problem:

ðDa
t uÞðtÞ ¼ AuðtÞ þ f ðtÞ, t 2 ð0,T�; uð0Þ ¼ x, (1.1)

where Da
t is the Caputo-Dzhrbashyan derivative.

In [20], Ashyralyev and Sobolevskii indicated that in the H€older space
Cb
0ð½0,T�;EÞ, the analyticity of a C0-semigroup is equivalent to the coercive

well-posedness of nonhomogeneous problem. Ashyralyev studied the well-
posedness of fractional parabolic partial differential equations [14, 21], and
used modified Gauss elimination method to consider their numerical solu-
tions [14]. In [22], the authors got the maximal regularity as well as
approximation for fractional Cauchy equation in space Cb

0ð½0,T�;EÞ: Here
Cb
0ð½0,T�;EÞ is the Banach space [20] obtained by completion of the set of

E-valued smooth functions uð�Þ on [0,T] in the norm

jjuð�ÞjjCb
0 ð 0,T½ �;EÞ ¼ jjuð�ÞjjCð 0,T½ �;EÞ þ sup

0�t<tþs�T

tbjjuðt þ sÞ�uðtÞjjE
sb

:

So, in the second section, we concentrate on the well-posedness of (1.1)
in the H€older space Cb

0ð½0,T�;EÞ and prove that the analyticity of a-times
resolvent family is the necessary and sufficient condition for the well-pos-
edness of (1.1).

Remark 1.1. The followings are the main differences between this paper
and papers [14, 22].

� In [14], the initial value of the problem is zero and the corresponding
operator is positive. We do not need such assumptions in the pre-
sent paper.

� The authors in [22] got the maximal regularity for fractional Cauchy
equation on space Cb

0ð½0,T�; EÞ when b � a: There is no such restriction
on b in this paper.

� They used the modified Gauss elimination method to study approxima-
tions [14, 22]. While, we consider the L1 difference scheme here.

It was proved in [23] that the homogeneous Cauchy problem

ðDa
t uÞðtÞ ¼ AuðtÞ, t>0; uð0Þ ¼ x, (1.2)

is well-posed iff A generates an a-times resolvent family Sað�,AÞ: We
assume from the beginning that resolvent family Sað�,AÞ satisfies
jjSaðt,AÞjj � Mext, t � 0, for some M � 1,x � 0: In such case, for fka :
Rek>xg � qðAÞ, one has

ka�1ðkaI�AÞ�1x ¼
ð1
0
e�ktSaðt,AÞxdt ¼ dðSaðt,AÞxÞðkÞ, Rek>x, x 2 E,
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where bqð�Þ is denoted the Laplace transform of qð�Þ: In the paper [16], we
have proved that if the operator A generates an a-times resolvent family
Sað�,AÞ which is satisfying jjSaðt,AÞjj � Mext, t � 0, then the operator
A is closed and densely defined.

Definition 1.1. [23] A family fSaðt,AÞgt�0 � BðEÞ is called an a-times
resolvent family generated by A if the following conditions are satisfied:

(a) Saðt,AÞ is strongly continuous for t � 0 and Sað0,AÞ ¼ I;
(b) Saðt,AÞDðAÞ 	 DðAÞ and ASaðt,AÞx ¼ Saðt,AÞAx for all x 2

DðAÞ, t � 0;
(c) for x 2 DðAÞ, Saðt,AÞx satisfies the resolvent equation

Saðt,AÞx ¼ xþ
ðt
0
gaðt�sÞSaðs,AÞAxds, t � 0:

Definition 1.2. An a-times resolvent family Sað�,AÞ is called analytic if
Sað�,AÞ admits an analytic extension to a sector Rh0nf0g for some h0 2
ð0, p=2�, where Rh0 :¼ fk 2 C : jargkj<h0g: An analytic solution operator
is said to be of analyticity type ðh0,x0Þ if for each h<h0 and x>x0, there
is M ¼ Mðh,xÞ such that jjSaðz,AÞjj � MexRez, z 2 Rh:
Note that Saðt,AÞ for bounded operator A is given by Mittag-Leffler

function EaðtaAÞ, i.e. Saðt,AÞ ¼ EaðtaAÞ ¼
P1

j¼0
ðtaAÞj

Cðajþ1Þ :

Definition 1.3. [24] A family fPaðt,AÞgt�0 of strongly continuous function
Pað�,AÞ : ð0,1Þ ! BðEÞ is called an ða, aÞ-times resolvent family generated
by A if there exists x � 0, such that fka : Rek>xg � qðAÞ and

ðkaI�AÞ�1x ¼
ð1
0
e�ktPaðt,AÞxdt,Rek>x, x 2 E:

Remark 1.2. [23–25] If A generates an a-times resolvent family Saðt,AÞ for
the case 1<a<2, then A is also the generator of ða, aÞ-times resolvent fam-
ily Paðt,AÞ and

Paðt,AÞ ¼ ðga�1 
 SaÞðtÞ:
While, when 0<a<1, if A generates an analytic a-times resolvent family

Saðt,AÞ, then it is also the generator of analytic ða, aÞ-times resolvent
family

Paðt,AÞ ¼ 1
2pi

ð
C
ektRðka;AÞdk,

and
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ðg1�a 
 PaÞðtÞ ¼ Saðt,AÞ: (1.3)

For Pað�,AÞ, we have the following properties [24, 25]:

Paðt,AÞx ¼ gaðtÞxþ A
ðt
0
gaðt�sÞPaðs,AÞxds, t>0, for any x 2 E,

APaðt,AÞx ¼ Paðt,AÞAx, for any x 2 DðAÞ:

When 0<a<1, the following lemma holds:

Lemma 1.1. [25] Let A be the generator of analytic resolvent family Saðt,AÞ.
We have

(1) Paðt,AÞ 2 BðEÞ and jjPaðt,AÞjj � Mextð1þ ta�1Þ for any t> 0;
(2) For every x 2 E, Paðt,AÞx 2 DðAÞ and jjAPaðt,AÞjj � Mextð1þ t�1Þ,

for any t> 0;
(3) S0aðt,AÞ ¼ APaðt,AÞ for any t> 0, RðPðlÞa ðt,AÞÞ 	 DðAÞ for any integer

l � 0 and jjAkPðlÞa ðt,AÞjj � Mextð1þ t�l�1�aðk�1ÞÞ for any t> 0, where
k¼ 0, 1.

Remark 1.3. If Sað�,AÞ is bounded, i.e. jjSaðt,AÞjj � M1, t 2 ½0,T�, then
all the items Mext in Lemma 1.1 can be changed by M1.

Definition 1.4. A function uð�Þ 2 Cð½0,T�;EÞ is called a solution to (1.1) in
Cð½0,T�;EÞ, if uð�Þ 2 Cð½0,T�;DðAÞÞ, g1�a 
 ðuðtÞ�xÞ 2 C1ð½0,T�;EÞ
and uð�Þ satisfies (1.1).

Definition 1.5. A function uð�Þ 2 Cb
0ð½0,T�;EÞ is called a solution to (1)

in Cb
0ð½0,T�; EÞ if it is a solution to this problem in Cð½0,T�; EÞ, func-

tions ðDa
t uÞð�Þ and Auð�Þ are belonging to Cb

0ð½0,T�;EÞ:
Obviously, if uð�Þ is a solution to (1.1) in Cb

0ð½0,T�; EÞ, then x 2 DðAÞ
and f ð�Þ 2 Cb

0ð½0,T�; EÞ: Then we can define the well-posedness of the

problem (1.1) in Cb
0ð½0,T�; EÞ as follows.

Definition 1.6. The problem (1.1) is well-posed in Cb
0ð½0,T�; EÞ, if:

1) For any f ð�Þ 2 Cb
0ð½0,T�; EÞ and x 2 DðAÞ, there exists a unique solu-

tion uðtÞ ¼ uðt; f ð�Þ, xÞ to (1.1) in Cb
0ð½0,T�; EÞ;

2) The operator uðt; f ð�Þ, xÞ is continuous as an operator from the space
Cb
0ð½0,T�; EÞ � DðAÞ to the space Cb

0ð½0,T�; EÞ:
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Here Cb
0ð½0,T�; EÞ � DðAÞ is equipped with the norm

jjðf ð�Þ, xÞjjCb
0 ð 0,T½ �;EÞ�DðAÞ ¼ jjf ð�ÞjjCb

0 ð 0,T½ �;EÞ þ jjxjjE:

The semidiscrete approximation on the general discretization scheme of
the problem (1.1) are the Cauchy problems in Banach spaces En:

ðDa
t unÞðtÞ ¼ AnunðtÞ þ fnðtÞ, t 2 ð0,T�; unð0Þ ¼ xn: (1.4)

The general approximation scheme, due to [26], can be described in the
following way. Let En and E be Banach spaces and fpng be a sequence of
linear bounded operators: pn : E ! En, pn 2 BðE,EnÞ, n 2 N, with the prop-
erty jjpnxjjEn ! jjxjjE as n ! 1 for any x 2 E:

Definition 1.7. The sequence of elements fxng, xn 2 En, n 2 N, is said to
be P-convergent to x 2 E iff jjxn�pnxjjEn ! 0 as n ! 1: We write this
as xn!P x:

Definition 1.8. The sequence of bounded linear operators Bn 2 BðEnÞ, n 2
N, is said to be PP-convergent to the bounded linear operator B 2 BðEÞ if
for every x 2 E and for every sequence fxng, xn 2 En, n 2 N, such that

xn!P x, one has Bnxn!P Bx: We write this as Bn!PPB:
The problem of convergence of solutions of semidiscrete approximation

ðDa
t unÞðtÞ ¼ AnunðtÞ, t 2 ð0,T�; unð0Þ ¼ xn,

to solution of problem (1.2) is completely solved by analogy of Theorem
ABC from Appendix [22, 23, 24, 25]. The problem of convergence of solu-
tions of (1.4) in Cð½0,T�; EnÞ to the solution of (1.1) in Cð½0,T�;EÞ can also
be described by ABC Theorem’s terminology using the conditions (A) and
(B). We will address this issue in section 3.

2. Necessary and sufficient condition for the well-posedness
in Cb

0ð½0, T�; EÞ
Obviously, the well-posedness of (1.2) in Cb

0ð½0,T�; EÞ imply the well-posed-
ness of it in Cð½0,T�; EÞ: Then A is the generator of an a-times resolvent
family Saðt,AÞ, and the solution to (1.2) is Saðt,AÞx: Furthermore, it fol-
lows from the well-posedness of (1.2) in Cb

0ð½0,T�; EÞ that
jjSað�,AÞxjjCb

0 ð 0,T½ �;EÞ � �MjjxjjE: (2.1)

Lemma 2.1. Let A be a generator of analytic a-times resolvent family. For
any 0<t<t þ s � T and 0 � b � 1, one has the following inequalities:

NUMERICAL FUNCTIONAL ANALYSIS AND OPTIMIZATION 5



jjSaðt þ s,AÞ�Saðt,AÞjjE!E � M2
sb

tb
; (2.2)

jjAPaðt þ s,AÞ�APaðt,AÞjjE!E � M2
sb

t1þb
; (2.3)

jjga 
 Saðt þ s,AÞ�ga 
 Saðt,AÞjjE!E � M2
sb

tb
; (2.4)

jjPaðt þ s,AÞ�Paðt,AÞjjE!E � M2
sb

t1þb
: (2.5)

Proof. We know that Saðt,AÞ ¼ I þ ga 
 ASaðt,AÞ: Then it follows from
(1.3) that

Saðt,AÞ ¼ I þ ga 
 Ag1�a 
 Paðt,AÞ ¼ I þ g1 
 APaðt,AÞ

¼ I þ
ðt
0
APaðs,AÞds: (2.6)

And, Saðt þ s,AÞ�Saðt,AÞ ¼
Ð tþs
t APaðs,AÞds: From Lemma 1.1, we

know that jjAPaðt,AÞjj � M1ð1þ t�1Þ for any t>0, then

jjSaðt þ s,AÞ�Saðt,AÞjjE!E � M1

ðtþs

t

ds
s
� M1

t

ðtþs

t
ds ¼ M1

s
t
� M2

s
t
:

(2.7)

We also have

jjSaðt þ s,AÞ�Saðt,AÞjjE!E � 2M1 � M2: (2.8)

Interpolating (2.7) and (2.8), we obtain (2.2). It follows from
jjAP0

aðs,AÞjj � M1ð1þ s�2Þ for any s>0, that

jjAPaðt þ s,AÞ�APaðt,AÞjjE!E ¼ jj Ð tþs
t AP0

aðs,AÞdsjjE!E � M1
Ð tþs
t

ds
s2

� M1

t2

ðtþs

t
ds ¼ M1

s
t2
� M2

s
t2
:

(2.9)

From Lemma 1.1 we have

jjAPaðt þ s,AÞ�APaðt,AÞjjE!E � M1

t þ s
þM1

t
� 2M1

t
� M2

t
: (2.10)

Interpolating (2.9) and (2.10), we obtain (2.3). It follows from
jjPaðt,AÞjj � M1ð1þ ta�1Þ for any t>0 that
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jjga 
 Saðt þ s,AÞ�ga 
 Saðt,AÞjjE!E

¼ jj
ðtþs

t
Paðs,AÞdsjjE!E � M1

ðtþs

t
sa�1ds � M1t

a�1
ðtþs

t
ds

¼ M1t
a�1s ¼ M1t

a s
t
� M2

s
t
:

While, jjga 
 Saðt þ s,AÞ�ga 
 Saðt,AÞjjE!E � M1ðt þ sÞa þM1ta � M2,
then similar to the above process, one has (2.4). From the inequalities

jjPaðt þ s,AÞ�Paðt,AÞjjE!E ¼ jj
ðtþs

t
P0aðs,AÞdsjjE!E

� M1

ðtþs

t

ds
s2�a

� M1s
t2�a

¼ M1tas
t2

� M2
s
t2
,

jjPaðt þ s,AÞ�Paðt,AÞjjE!E � M1
ðt þ sÞa
t þ s

þM1
ta

t
� M2

t
,

we get (2.5). w

Remark 2.1. Actually, we can get (2.1) from the above lemma. In fact,

jjSað�,AÞxjjCb
0 ð 0,T½ �;EÞ

¼ sup
0�t�T

jjSaðt,AÞxjjE þ sup
0�t<tþs�T

tbjjSaðt þ s,AÞx�Saðt,AÞxjjE
sb

� M1jjxjjE þ sup
0�t<tþs�T

M2tb

sb
sb

tb
jjxjjE � �MjjxjjE:

The authors in [20] has proved that when the operator A has a bounded
inverse A�1, the well-posedness of

u0ðtÞ ¼ AuðtÞ þ f ðtÞ, t 2 0,T½ �; uð0Þ ¼ x, (2.11)

is valid in Cb
0ð½0,T�; EÞ iff the following coercivity inequality holds

jju0jjCb
0 ð 0,T½ �;EÞ þ jjAujjCb

0 ð 0,T½ �;EÞ � M jjAxjjE þ
1

bð1� bÞ jjf jjCb
0 ð 0,T½ �;EÞ

� �
,

where M is independent of b, u0 and f ð�Þ:
In fact, it is such a strong condition that the operator A has a bounded

inverse A�1: When we consider the problem (2.11), it can be replaced by
the condition that the operator ðkI�AÞ�1 is bounded for some k: The latter
one can be easily satisfied. While, when it comes to the problem (1.1), such
condition can not be replaced. It means that we do not have the bounded-
ness of the operator A�1 in this paper. Then

NUMERICAL FUNCTIONAL ANALYSIS AND OPTIMIZATION 7



jjDa
t uð�ÞjjCb

0 ð½0,T�;EÞþjjAuð�ÞjjCb
0 ð 0,T½ �;EÞ� �M jjAxjjEþ

1
bð1�bÞjjf ð�ÞjjCb

0 ð 0,T½ �;EÞ

� �
,

can not imply that the operator uðt;f ð�Þ,xÞ is continuous. From (1.5) on
page 3 of [20], we see that the well-posedness of (1.1) is valid in
Cb
0ð½0,T�;EÞ iff the following coercivity inequality holds

jjujjCb
0 ð 0:T½ �;EÞþjjDa

t ujjCb
0 ð 0,T½ �;EÞþjjAujjCb

0 ð 0,T½ �;EÞ

� �M jjxjjEþjjAxjjEþ
1

bð1�bÞjjf jjCb
0 ð 0,T½ �;EÞ

� �
, (2.12)

where �M is independent of b,u0 and f ð�Þ:
We are going to show that the analyticity of Saðt,AÞ is a necessary and

sufficient condition for the well-posedness of (1) in Cb
0ð½0,T�; EÞ:

Theorem 2.1. If the problem (1.1) is well posed in Cb
0ð½0,T�;EÞ, then Saðt,AÞ

is an analytic a-resolvent family.

Proof. The problem (1.1) is considered in a complex Banach space E: By
the strong continuity of Saðt,AÞ, kaI�A has a bounded inverse for all com-
plex k with Rek>x: It means that for any u 2 E, kaw�Aw ¼ u has a
unique solution w ¼ ðkaI�AÞ�1u: Clearly, the function uðtÞ ¼ Saðt, kaÞw is
a solution in Cb

0ð½0,T�;EÞ of (1) with f ðtÞ ¼ Saðt, kaÞuanduð0Þ ¼ w:
Actually, for such uð�Þ and f ð�Þ, the coercivity inequality (2.12) provides
the following inequality

jjDa
t ujjCb

0 ð 0,T½ �;EÞ þ jjAujjCb
0 ð 0,T½ �;EÞ � �M jjAxjjE þ

1
bð1� bÞ jjf jjCb

0 ð 0,T½ �;EÞ

� �
,

As the same as the discussion on the page 17 of [20], we get

jjkaSað�, kaÞwjjCb
0 ð 0,T½ �;EÞ þ jjASað�, kaÞwjjCb

0 ð 0,T½ �;EÞ

� �MðjjSað�, kaÞujjCb
0 ð 0,T½ �;EÞ þ jjAwjjEÞ:

Hence,

jkajjjwjjE þ jjAwjjE � �M jjujjE þ jjSað�, kaÞjj�1
Cb
0 ð 0,T½ �;CÞjjAwjjE

h i
,

where

jjSað�, kaÞjjCb
0 ð 0,T½ �;CÞ ¼ sup

0�t�T
jjSaðt, kaÞjj þ sup

0�t<tþs�T

tbjjSaðt þ s, kaÞ�Saðt, kaÞjj
sb

:

8 R. LIU AND S. PISKAREV



Clearly, jjSað�, kaÞjjCb
0 ð½0,T�;CÞ ! 1, as Rek ! 1: Together with w ¼

ðkaI�AÞ�1u, we have, for sufficiently large x1>x and any kwith Rek>x1,
jjka�1ðkaI�AÞ�1jjE!E � M

jkj � M
jk�xj : Then, Saðt,AÞ is analytic. w

Theorem 2.2. Let A be the generator of an analytic a-times resolvent family.
Then (1.1) is well posed in Cb

0ð½0,T�; EÞ and the coercivity inequality
(2.12) holds.

Proof. If uð�Þ is a solution to problem (1.1) in Cb
0ð½0,T�;EÞ, then it is a

solution in Cð½0,T�;EÞ, too. Hence, we have the representation uðtÞ ¼
Saðt,AÞxþ

Ð t
0 Paðt�s,AÞf ðsÞds :¼ wðtÞ þ vðtÞ: We need to show that

AwðtÞ,AvðtÞ,wðtÞ, vðtÞ belongs to Cb
0ð½0,T�; EÞ and (2.12) holds.

Firstly, let us consider the estimate of jjAuð�ÞjjCb
0 ð½0,T�;EÞ: We know that

wðtÞ 2 DðAÞ and jjAwðtÞjjE ¼ jjSaðt,AÞAxjjE � M1jjAxjjE, 0 � t � T:
Applying (2.2), we get that, for 0<t<t þ s � T,

jjAwðt þ sÞ�AwðtÞjjE ¼ jjSaðt þ s,AÞAx�Saðt,AÞAxjjE � M2jjAxjjE
sb

tb
:

Then,

jjAwjjCb
0 ð 0,T½ �;EÞ ¼ sup

0�t�T
jjAwðtÞjjE þ sup

0�t<tþs�T
jjAwðt þ sÞ�AwðtÞjjE

tb

sb

� M1jjAxjjE þ sup
0�t<tþs�T

M2tb

sb
sb

tb
jjAxjjE � �MjjAxjjE:

Since

AvðtÞ ¼
ðt
0
APaðt�s,AÞðf ðsÞ�f ðtÞÞdsþ

ðt
0
APaðt�s,AÞdsf ðtÞ

¼
ðt
0
APaðt�s,AÞðf ðsÞ�f ðtÞÞdsþ ðSaðt,AÞ�IÞf ðtÞ,

we have jjAvðtÞjjE � ðM1 þ 1Þjjf ðtÞjjE þM1
Ð t
0
jjf ðsÞ�f ðtÞjjE

t�s ds: Following from

the definition jjf jjCb
0 ð½0,T�;EÞ ¼ sup

0�t�T
jjf ðtÞjjE þ sup

0�s<t�T

sbjjf ðsÞ�f ðtÞjjE
ðt�sÞb , we

can get that jjf ðsÞ�f ðtÞjjE � jjf jjCb
0 ð½0,T�;EÞ

ðt�sÞb
sb : Hence jjAvðtÞjjE �

ðM1 þ 1Þjjf jjCb
0 ð½0,T�;EÞ þM1

Ð t
0

ds
ðt�sÞ1�bsb

jjf jjCb
0 ð½0,T�;EÞ: While,ðt

0

ds

ðt�sÞ1�bsb
¼

ð1
0

dr

ð1�rÞ1�brb
¼ Cð1�bÞCðbÞ ¼ Cð2�bÞCð1þ bÞ

bð1� bÞ

� N
bð1� bÞ ,
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it follows that for 0 � t � T,

jjAvðtÞjjE �
ðM1 þ 1Þbð1�bÞ þM1N

bð1� bÞ jjf jjCb
0 ð 0,T½ �;EÞ �

M3

bð1� bÞ jjf jjCb
0 ð 0,T½ �;EÞ

�
�M

bð1� bÞ jjf jjCb
0 ð 0,T½ �;EÞ:

Next, we shall estimate the difference Avðt þ sÞ�AvðtÞ, 0<t<t þ s � T:
We consider the cases t � 2s and t>2s, separately. When t � 2s,

jjAvðtþ sÞ�AvðtÞjjE� jjAvðtþ sÞjjEþjjAvðtÞjjE�
2M3

bð1�bÞ jjf jjCb
0 ð 0,T½ �;EÞ

¼ 2M3

bð1�bÞjjf jjCb
0 ð 0,T½ �;EÞs

bs�b� 2bþ1M3

bð1�bÞjjf jjCb
0 ð 0,T½ �;EÞs

bt�b

�
�M

bð1�bÞjjf jjCb
0 ð 0,T½ �;EÞs

bt�b:

When t>2s,

Avðt þ sÞ�AvðtÞ
¼ ðSaðt þ s,AÞ�IÞf ðt þ sÞ�ðSaðt,AÞ�IÞf ðtÞ

þ
ðtþs

0
APaðt þ s�s,AÞðf ðsÞ�f ðt þ sÞÞds�

ðt
0
APaðt�s,AÞðf ðsÞ�f ðtÞÞds

¼ f ðtÞ�f ðt þ sÞ þ Saðt þ s,AÞf ðt þ sÞ�Saðt,AÞf ðtÞ

þ
ðtþs

t�s
APaðt þ s�s,AÞðf ðsÞ�f ðt þ sÞÞdsþ

ðt
t�s

APaðt�s,AÞðf ðtÞ�f ðsÞÞds

þ
ðt�s

0
APaðt þ s�s,AÞðf ðtÞ�f ðt þ sÞÞds

þ
ðt�s

0
AðPaðt þ s�s,AÞ�Paðt�s,AÞÞðf ðsÞ�f ðtÞÞds

:¼ I1 þ I2 þ I3 þ I4 þ I5:

jjI1jjE ¼ jjf ðtÞ�f ðt þ sÞ þ Saðt þ s,AÞf ðt þ sÞ�Saðt,AÞf ðtÞjjE
� jjf ðtÞ�f ðt þ sÞjjE þ jjSaðt þ s,AÞjjE!Ejjf ðt þ sÞ�f ðtÞjjE
þ jjSaðt þ s,AÞ�Saðt,AÞjjE!Ejjf ðtÞjjE
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From (2.2) and the definition of jjf ð�ÞjjCb
0 ð½0,T�;EÞ, we have

jjI1jjE� �Mjjf jjCb
0 ð 0,T½ �;EÞs

bt�b:

jjI2jjE �
ðtþs

t�s
jjAPaðt þ s�s,AÞjjE!Ejjf ðsÞ�f ðt þ sÞjjEds

� M1

ðtþs

t�s

ds

ðt þ s�sÞ1�bsb
jjf jjCb

0 ð 0,T½ �;EÞ

� M1jjf jjCb
0 ð 0,T½ �;EÞ

1

ðt�sÞb
ðtþs

t�s

ds

ðt þ s�sÞ1�b

¼ M1jjf jjCb
0 ð 0,T½ �;EÞ

1

ðt�sÞb
ð2sÞb
b

:

Because t�s ¼ t
2 þ t

2�s> t
2 , then

jjI2jjE � M1jjf jjCb
0 ð 0,T½ �;EÞ

ð2sÞb
bðt2Þb

�
�M
b
jjf jjCb

0 ð 0,T½ �;EÞs
bt�b:

jjI3jjE �
ðt
t�s

jjAPaðt�s,AÞjjE!Ejjf ðsÞ�f ðtÞjjEds

� M1

ðt
t�s

ds

ðt�sÞ1�bsb
jjf jjCb

0 ð 0,T½ �;EÞ

� M1jjf jjCb
0 ð 0,T½ �;EÞ

1

ðt�sÞb
ðt
t�s

ds

ðt�sÞ1�b ¼ M1jjf jjCb
0 ð 0,T½ �;EÞ

sb

bðt�sÞb

� M1jjf jjCb
0 ð 0,T½ �;EÞ

sb

bðt2Þb
�

�M
b
jjf jjCb

0 ð 0,T½ �;EÞs
bt�b:

I4 ¼
ðt�s

0
APaðt þ s�s,AÞðf ðtÞ�f ðt þ sÞÞds

¼
ðtþs

2s
APaðh,AÞdhðf ðtÞ�f ðt þ sÞÞ

¼ ð
ðtþs

0
APaðh,AÞdh�

ð2s
0
APaðh,AÞdhÞðf ðtÞ�f ðt þ sÞÞ

¼ ðSaðt þ s,AÞ�I�Sað2s,AÞ þ IÞðf ðtÞ�f ðt þ sÞÞ
¼ ðSaðt þ s,AÞ�Sað2s,AÞÞðf ðtÞ�f ðt þ sÞÞ:

jjI4jjE � jjSaðt þ s,AÞ�Sað2s,AÞjjE!Ejjf ðtÞ�f ðt þ sÞjjE� �Mjjf jjCb
0 ð 0,T½ �;EÞs

bt�b:
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If b ¼ 1 in (2.3), we obtain

jjI5jjE �
ðt�s

0
jjAðPaðt þ s�s,AÞ�Paðt�s,AÞÞjjE!Ejjf ðsÞ�f ðtÞjjEds

� M2

ðt�s

0

s

ðt�sÞ2
ðt�sÞb
sb

jjf jjCb
0 ð 0,T½ �;EÞds

¼ M2jjf jjCb
0 ð 0,T½ �;EÞ

ðt�s

0

s

ðt�sÞ2�bsb
ds:

While,ðt�s

0

s

ðt�sÞ2�bsb
ds ¼

ð t
2

0

s

ðt�sÞ2�bsb
dsþ

ðt�s

t
2

s

ðt�sÞ2�bsb
ds

� s

ðt2Þ2�b

s1�b

1� b
jt20 þ

s

ðt2Þb
ðt�sÞb�1

1� b
jt�s
t
2

¼ 2s
ð1� bÞt þ

2bsb

ð1� bÞtb�
2s

ð1� bÞt ¼
2bsb

ð1� bÞtb :

Then we get

jjI5jjE�
�M

1� b
jjf jjCb

0 ð 0,T½ �;EÞs
bt�b:

It means that we have proven that for any 0<t<t þ s � T,

jjAvðt þ sÞ�AvðtÞjjE�
�M

bð1� bÞ jjf jjCb
0 ð 0,T½ �;EÞs

bt�b:

Consequently,

jjAvjjCb
0 ð 0,T½ �;EÞ�

�M
bð1� bÞ jjf jjCb

0 ð 0,T½ �;EÞ:

Hence,

jjAujjCb
0 ð 0,T½ �;EÞ� �M jjAxjjE þ

1
bð1� bÞ jjf jjCb

0 ð 0,T½ �;EÞ

� �
: (2.13)

From (1.1), (2.13) and the triangle inequality, we know that

jjDa
t ujjCb

0 ð 0,T½ �;EÞ� �M jjAxjjE þ
1

bð1� bÞ jjf jjCb
0 ð 0,T½ �;EÞ

� �
: (2.14)

Secondly, let us consider the estimate of jjujjCb
0 ð½0,T�;EÞ: We can easily get

the estimate jjwjjCb
0 ð½0,T�;EÞ�

�MjjxjjE: Since
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vðtÞ ¼
ðt
0
Paðt�s,AÞðf ðsÞ�f ðtÞÞdsþ f ðtÞ

ðt
0
Paðt�s,AÞds

¼
ðt
0
Paðt�s,AÞðf ðsÞ�f ðtÞÞdsþ ga 
 Saðt,AÞf ðtÞ,

it follows from jjPaðt,AÞjj � M1ð1þ ta�1Þ for any t>0 that

jjvðtÞjjE � M1t
ajjf ðtÞjjE þM1

ðt
0

jjf ðsÞ�f ðtÞjjE
ðt�sÞ1�a ds

� M1t
ajjf ðtÞjjE þM1

ðt
0

ds

ðt�sÞ1�a�bsb
jjf jjCb

0 ð 0,T½ �;EÞ:

While,
Ð t
0

ds
ðt�sÞ1�a�bsb

¼ ta
Ð 1
0 ð1�rÞaþb�1r�bdr ¼ ta CðaþbÞCð1�bÞ

Cð1þaÞ ¼
ta Cðaþbþ1ÞCð2�bÞ

Cð1þaÞðaþbÞð1�bÞ � Lta
bð1�bÞ : Then,

jjvðtÞjjE � M1ðbð1�bÞ þ LÞta
bð1� bÞ jjf jjCb

0 ð 0,T½ �;EÞ �
M4

bð1� bÞ jjf jjCb
0 ð 0,T½ �;EÞ:

Then we consider vðt þ sÞ�vðtÞ, 0<t<t þ s � T under the case t � 2s
and t>2s, separately. For the case t � 2s one has

jjvðt þ sÞ�vðtÞjjE � jjvðt þ sÞjjE þ jjvðtÞjjE � 2M4

bð1� bÞ jjf jjCb
0 ð 0,T½ �;EÞ

¼ 2M4

bð1� bÞ jjf jjCb
0 ð 0,T½ �;EÞs

bs�b � 2bþ1M4

bð1� bÞ jjf jjCb
0 ð 0,T½ �;EÞs

bt�b

�
�M

bð1� bÞ jjf jjCb
0 ð 0,T½ �;EÞs

bt�b:

When t>2s,

vðt þ sÞ�vðtÞ
¼ ga 
 Saðt þ s,AÞf ðt þ sÞ�ga 
 Saðt,AÞf ðtÞ

þ
ðtþs

0
Paðt þ s�s,AÞðf ðsÞ�f ðt þ sÞÞds�

ðt
0
Paðt�s,AÞðf ðsÞ�f ðtÞÞds

¼ ga 
 Saðt þ s,AÞðf ðt þ sÞ�f ðtÞÞ þ ðga 
 Saðt þ s,AÞ�ga 
 Saðt,AÞÞf ðtÞ
� �
þ
ðtþs

t�s
Paðt þ s�s,AÞðf ðsÞ�f ðt þ sÞÞdsþ

ðt
t�s

Paðt�s,AÞðf ðtÞ�f ðsÞÞds

þ
ðt�s

0
Paðt þ s�s,AÞðf ðtÞ�f ðt þ sÞÞds

þ
ðt�s

0
ðPaðt þ s�s,AÞ�Paðt�s,AÞÞðf ðsÞ�f ðtÞÞds

: ¼ �I1 þ �I2 þ �I3 þ �I4 þ �I5:
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Applying (2.4), we get that

jj�I1jjE ¼ jjga 
 Saðt þ s,AÞðf ðt þ sÞ�f ðtÞÞ
þðga 
 Saðt þ s,AÞ�ga 
 Saðt,AÞÞf ðtÞjjE

� jjga 
 Saðt þ s,AÞjjE!Ejjf ðt þ sÞ�f ðtÞjjE
þjjga 
 Saðt þ s,AÞ�ga 
 Saðt,AÞjjE!Ejjf ðtÞjjE

� M1ðt þ sÞajjf jjCb
0 ð 0,T½ �;EÞs

bt�b þM2jjf jjCb
0 ð 0,T½ �;EÞs

bt�b

� �Mjjf jjCb
0 ð 0,T½ �;EÞs

bt�b:

jj�I2jjE �
ðtþs

t�s
jjPaðt þ s�s,AÞjjE!Ejjf ðsÞ�f ðt þ sÞjjEds

� M1

ðtþs

t�s

ds

ðt þ s�sÞ1�a�bsb
jjf jjCb

0 ð 0,T½ �;EÞ

� M1jjf jjCb
0 ð 0,T½ �;EÞ

1

ðt�sÞb
ðtþs

t�s

ds

ðt þ s�sÞ1�a�b

¼ M1jjf jjCb
0 ð 0,T½ �;EÞ

1

ðt�sÞb
ð2sÞaþb

aþ b

� M1jjf jjCb
0 ð 0,T½ �;EÞ

2aþbsasb

bðt2Þb
�

�M
b
jjf jjCb

0 ð 0,T½ �;EÞs
bt�b:

jj�I3jjE �
ðt
t�s

jjPaðt�s,AÞjjE!Ejjf ðsÞ�f ðtÞjjEds

� M1

ðt
t�s

ds

ðt�sÞ1�a�bsb
jjf jjCb

0 ð 0,T½ �;EÞ

� M1jjf jjCb
0 ð 0,T½ �;EÞ

1

ðt�sÞb
ðt
t�s

ds

ðt�sÞ1�a�b

¼ M1jjf jjCb
0 ð 0,T½ �;EÞ

saþb

ðaþ bÞðt�sÞb

� M1jjf jjCb
0 ð 0,T½ �;EÞ

sasb

bðt2Þb
�

�M
b
jjf jjCb

0 ð 0,T½ �;EÞs
bt�b:

�I4 ¼
ðt�s

0
Paðt þ s�s,AÞðf ðtÞ�f ðt þ sÞÞds ¼

ðtþs

2s
Paðh,AÞdhðf ðtÞ�f ðt þ sÞÞ

¼
�ðtþs

0
Paðh,AÞdh�

ð2s
0
Paðh,AÞdhÞðf ðtÞ�f ðt þ sÞ

�
¼ ðga 
 Saðt þ s,AÞ�ga 
 Sað2s,AÞÞðf ðtÞ�f ðt þ sÞÞ:
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jj�I4jjE � jjga 
 Saðt þ s,AÞ�ga 
 Sað2s,AÞjjE!Ejjf ðtÞ�f ðt þ sÞjjE
� ðjjga 
 Saðt þ s,AÞjjE!E þ jjga 
 Sað2s,AÞjjE!EÞjjf ðtÞ�f ðt þ sÞjjE
� M1ððt þ sÞa þ ð2sÞaÞjjf jjCb

0 ð 0,T½ �;EÞs
bt�b� �Mjjf jjCb

0 ð 0,T½ �;EÞs
bt�b:

Putting b ¼ 1 in (2.5) and using the method similar to what we used to
estimate I5, we obtain

jj�I5jjE�
�M

1� b
jjf jjCb

0 ð 0,T½ �;EÞs
bt�b:

It means that we have proved that for any 0<t<t þ s � T,

jjvðt þ sÞ�vðtÞjjE�
�M

bð1� bÞ jjf jjCb
0 ð 0,T½ �;EÞs

bt�b:

Consequently,

jjvjjCb
0 ð 0,T½ �;EÞ�

�M
bð1� bÞ jjf jjCb

0 ð 0,T½ �;EÞ:

Hence,

jjujjCb
0 ð 0,T½ �;EÞ� �MðjjxjjE þ

1
bð1� bÞ jjf jjCb

0 ð 0,T½ �;EÞÞ: (2.15)

It follows from (2.13); (2.14); (2.15) that (2.12) holds. We proved
the theorem. w

3. The fulldiscrete approximation in Cð½0, T�; EÞ
Assume that the functions fnð�Þ 2 Cð½0,T�; EnÞ converge to the function
f ð�Þ 2 Cð½0,T�; EÞ in the sense supt2½0,T� jjfnðtÞ�pnf ðtÞjjEn ! 0 as n ! 1:
Although Theorems 4.2 and 4.3 hold, when consider the full discretization,
we will impose stronger conditions on operators A,An: First of all, this is
due to the fact that a bounded linear perturbation Aþ B, for bounded B,
remove the problem, in general, from the class of well-posed problems.
Therefore, we assume that the operators A,An generate C0-semigroups. In
such situation, as was shown in [17], one has Paðt,AnÞxn!P Paðt,AÞx for
t>0 as n ! 1, whenever xn!P x for any xn 2 En, x 2 E: Then under condi-
tions ðAÞ and ðB1Þ from Appendix, one can get the convergence of solu-
tions of problems (1.4) to solution of problem (1.1) by major convergence
Theorem. So in this section, we investigate approximation of problems
(1.4) and we consider the full discretization of the problem (1.1) by using
the following implicit difference scheme [18]

Da
tk
�Unð�Þ ¼ An �UnðtkÞ þ fnðtkÞ, tk ¼ ksn, �Unð0Þ ¼ xn, (3.1)
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and explicit difference scheme [18]

Da
tkUnð�Þ ¼ AnUnðtk�1Þ þ fnðtk�1Þ, tk ¼ ksn, Unð0Þ ¼ xn: (3.2)

For any grid function Hnð�Þ the finite difference approximation is
defined by

Da
tkHnð�Þ ¼ 1

Cð2� aÞ R
k�1

j¼0
ðt1�a
jþ1 �t1�a

j ÞHnðtk�jÞ�Hnðtk�j�1Þ
sn

:

We can split the solution of (1.4) by the equa-
tion unðtÞ ¼ Saðt,AnÞxn þ

Ð t
0 Paðt�s,AnÞfnðsÞds :¼ wnðtÞ þ vnðtÞ:

Lemma 3.1. Let xn 2 DðAnÞ and fnð�Þ 2 C2ð½0,T�;EnÞ. Then
jju0nðtÞjj � CðaÞð1þ ta�1ÞmaxfjjAnxnjj, jjfnð�ÞjjC1ð 0,T½ �;EnÞg,
jju00nðtÞjj � CðaÞð1þ ta�2ÞmaxfjjAnxnjj, jjfnð�ÞjjC2ð 0,T½ �;EnÞg:

(3.3)

Proof. Indeed, from Lemma 1.1, we know that jjw0
nðtÞjj ¼ jjS0aðt, AnÞxnjj �

CðaÞð1þ ta�1ÞjjAnxnjj, jjw00
n ðtÞjj ¼ jjS00aðt,AnÞxnjj � CðaÞð1þ ta�2ÞjjAnxnjj:

One can write,

v0nðtÞ ¼ Paðt,AnÞfnð0Þ þ
Ð t
0 Paðs,AnÞf 0nðt�sÞds,

v00nðtÞ ¼ P0aðt,AnÞfnð0Þ þ Paðt,AnÞf 0nð0Þ þ
Ð t
0 Paðs,AnÞf 00nðt�sÞds:

Then we can get

jjv0nðtÞjj �CðaÞð1þ ta�1Þjjfnð0ÞjjþCðaÞð1þ taÞjjf 0nð�ÞjjCð 0,T½ �;EnÞ,

jjv00nðtÞjj �CðaÞð1þ ta�2Þjjfnð0ÞjjþCðaÞð1þ ta�1Þjjf 0nð0ÞjjþCðaÞð1þ taÞjjf 00nð�ÞjjCð 0,T½ �;EnÞ:

Hence, we have (3.3). w

From the above Lemma, we know that when xn 2 DðAnÞ and fnð�Þ 2
C2ð½0,T�;EnÞ, the solution unðtÞ satisfies the estimates (3.3) which is as the
same as it in [19]. From the analysis in [19] and from the estimates (3.3),
one has that �runðksnÞ :¼ ðDa

t unÞðtkÞ�Da
tkunð�Þ ¼ OðsanÞ and

jj�runðksnÞjj � CðaÞsanmaxfjjAnxnjj, jjfnð�ÞjjC2ð 0,T½ �;EnÞg:
First, we approximate the problem (1.4) by implicit scheme (3.1). We

know that (3.1) can be split into

Da
tk
�Wnð�Þ ¼ An �WnðtkÞ, �Wnð0Þ ¼ xn,

and

Da
tk
�Vnð�Þ ¼ An �VnðtkÞ þ fnðtkÞ, �Vnð0Þ ¼ 0:

It is clear that �UnðtkÞ ¼ �WnðtkÞ þ �VnðtkÞ: Then from Proposition 3.1 and
Theorem 3.2 in [18], we have the following theorem.
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Theorem 3.1. For the implicit difference scheme (3.1), i.e. for the system

1
Cð2� aÞ

Xk�1

j¼0

bj
�Unððk�jÞsnÞ��Unððk�j�1ÞsnÞ

san
¼ An �UnðksnÞ þ fnðksnÞ,

�Unð0Þ ¼ xn,

we have that

�UnðksnÞ ¼
Xk
j¼1

cðkÞj Rjxn þ Cð2�aÞsan
Xk
j¼1

Xk�jþ1

i¼1

dðkÞi, j R
ifnðjsnÞ for any k 2 IN,

where cðkÞj , dðkÞi, j are the same as them in [18, 19]. Moreover, for
every k 2 N, cðkÞj >0, j ¼ 1, 2, :::, k, dðkÞi, j � 0, i ¼ 1, :::, k�jþ 1, j ¼ 1, :::, k,
and

Pk
j¼1 c

ðkÞ
j ¼ 1,

Pk
j¼1

Pk�jþ1
i¼1 dðkÞi, j bj�1 ¼ 1:

Now from Theorem 3.1 and Theorem 3.3 in [18], we can easily get the
stability of implicit difference scheme (3.1).

Theorem 3.2. Assume that C0-semigroups etAn satisfy condition ðBÞ with
x ¼ 0. Then the implicit difference scheme (3.1) is stable, i.e.

jj�UnðksnÞjj � Mjjxnjj þMCð1�aÞðksnÞa sup
1�j�k

jjfnðjsnÞjj:

The next theorem gives us the order of convergence of the implicit dif-
ference scheme (3.1). Set �zunðksnÞ ¼ unðksnÞ��UnðksnÞ:
Theorem 3.3. The representation of �zunðksnÞ is:

�zunðksnÞ ¼ Cð2�aÞsan
Xk
j¼1

Xk�jþ1

i¼1

dðkÞi, j R
i�runðjsnÞ,

where dðkÞi, j are the same as they in [18, 19]. Moreover, under conditions of
Theorem 3.2 and xn 2 DðAnÞ, fnð�Þ 2 C2ð½0,T�;EnÞ, we have

jj�zunðksnÞjj � CðaÞsanmaxfjjAnxnjj, jjfnð�ÞjjC2ð 0,T½ �;EnÞg:

Proof. Since �zunðksnÞ ¼ unðksnÞ��UnðksnÞ, one has �UnðksnÞ ¼
unðksnÞ��zunðksnÞ: Then Da

ksnðunð�Þ��zunð�ÞÞ ¼ AnðunðksnÞ��zunðksnÞÞ þ
fnðksnÞ, and Da

tk
�zunð�Þ ¼ An�zunðtkÞ þ Da

tk
unð�Þ�AnunðksnÞ�fnðksnÞ: While

ðDa
t unÞðtkÞ ¼ AnunðksnÞ þ fnðksnÞ, we get the following equation

Da
tk
�zunð�Þ ¼ An�zunðtkÞ þ Da

tk
unð�Þ�ðDa

t unÞðtkÞ ¼ An�zunðksnÞ þ �runðksnÞ:
Then we can get the conclusion of Theorem from the proof of Theorem

3.3 in [19]. w
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Next, the explicit scheme (3.2) can be split into

Da
tkWnð�Þ ¼ AnWnðtk�1Þ, Wnð0Þ ¼ xn,

and

Da
tk
Vnð�Þ ¼ AnVnðtk�1Þ þ fnðtk�1Þ, Vnð0Þ ¼ 0:

Here, UnðtkÞ ¼ WnðtkÞ þ VnðtkÞ: Then we have the following theorem.

Theorem 3.4. For the explicit scheme (3.2), i.e. for the scheme

1
Cð2� aÞ

Xk�1

j¼0

bj
Unððk�jÞsnÞ�Unððk�j�1ÞsnÞ

san
¼ AnUnððk�1ÞsnÞ þ fnððk�1ÞsnÞ,

Unð0Þ ¼ xn,

we have that

UnðksnÞ ¼
Xk
j¼0

�cðkÞj
�Rjxn þ Cð2�aÞsan

Xk�1

j¼0

Xk�j�1

i¼0

�d
ðkþ1Þ
i, jþ1

�RifnðjsnÞ for any k 2 IN,

where �cðkÞj , �d
ðkÞ
i, j are the same as them in [18, 19]. Moreover, for any k ¼

1, 2, 3, :::,�cðkÞj >0, j ¼ 0, 1, ::: , k, �d
ðkþ1Þ
i, jþ1 � 0, i ¼ 0, :::, k�j�1, j ¼ 0, :::, k�1,

and
Pk

j¼0 �c
ðkÞ
j ¼ 1,

Pk�1
j¼0

Pk�j�1
i¼0

�d
ðkþ1Þ
i, jþ1 bj ¼ 1:

Proof. We only need to show that VnðksnÞ ¼
Cð2�aÞ san

Pk�1
j¼0

Pk�j�1
i¼0

�d
ðkþ1Þ
i, jþ1

�RifnðjsnÞ:

(1) For k ¼ 1, we have VnðsnÞ ¼ Cð2�aÞsanfnð0Þ, �d
ð2Þ
0, 1 ¼ 1;

(2) For k ¼ 2, we have Vnð2snÞ ¼ Cð2�aÞsanðð1�b1Þ�Rfnð0Þ
þfnðsnÞÞ, �dð3Þ0, 1 ¼ 0, �d

ð3Þ
1, 1 ¼ 1�b1 � 0, �d

ð3Þ
0, 2 ¼ 1 and ð1�b1Þb0 þ b1 ¼ 1;

While, we know that, when k � 3,

VnðksnÞ

¼ ð1�b1Þ�RVnððk�1ÞsnÞ þ
Xk�1

j¼2

ðbj�1 � bjÞVnððk�jÞsnÞ þ Cð2�aÞsanfnðk�1snÞ:

(3) For k ¼ 3, we have Vnð3snÞ ¼ Cð2�aÞsanððb1�b2Þfnð0Þ
þð1�b1Þ2�R2fnð0Þ þ ð1�b1Þ�RfnðsnÞ þ fnð2snÞÞ, �dð4Þ0, 1 ¼ b1�b2 � 0, �d

ð4Þ
1, 1 ¼ 0,
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�d
ð4Þ
2, 1 ¼ ðb1�b2Þ2, �dð4Þ0, 2 ¼ 0 , �d

ð4Þ
1, 2 ¼ 1�b1 � 0, �d

ð4Þ
0, 3 ¼ 1 and ðb1�b2þ

ð1�b1Þ2Þb0 þð1�b1Þb1 þ b2 ¼ 1;
(4) Assume that VnðksnÞ ¼ Cð2�aÞsan

Pk�1
j¼0

Pk�j�1
i¼0

�d
ðkþ1Þ
i, jþ1

�RifnðjsnÞ holds for
all k � K�1, �d

ðkþ1Þ
i, jþ1 � 0, i ¼ 0, :::, k�j�1, j ¼ 0, :::, k�1, andPk�1

j¼0

Pk�j�1
i¼0

�d
ðkþ1Þ
i, jþ1 bj ¼ 1: Then for k ¼ K,

VnðKsnÞ

¼ ð1�b1Þ�RVnððK�1ÞsnÞþ
XK�1

l¼2

ðbj�1�bjÞVnððK�lÞsnÞþCð2�aÞsanfnððK�1ÞsnÞ

¼Cð2�aÞsanðð1�b1Þ�R
XK�2

j¼0

XK�j�2

i¼0

�d
ðKÞ
i, jþ1

�RifnðjsnÞ

þ
XK�2

l¼2

ðbl�1�blÞ
XK�l�1

j¼0

XK�l�j�1

i¼0

�d
ðK�lþ1Þ
i, jþ1

�RifnðjsnÞþ fnððK�1ÞsnÞÞ

¼Cð2�aÞsan
�XK�2

j¼0

XK�j�1

i¼1

ð1�b1Þ�dðKÞi�1, jþ1
�RifnðjsnÞ

þ
XK�3

j¼0

XK�j�3

i¼0

XK�i�j�1

l¼2

ðbl�1�blÞ�dðK�lþ1Þ
i, jþ1

�RifnðjsnÞþ fnððK�1ÞsnÞ
�

¼Cð2�aÞsan
�XK�3

j¼0

� XK�j�1

l¼2

ðbl�1�blÞ�dðK�lþ1Þ
0, jþ1 þ

XK�j�1

i¼K�j�2

ð1�b1Þ�dðKÞi�1, jþ1
�Ri

þ
XK�j�3

i¼1

ðð1�b1Þ�dðKÞi�1, jþ1þ
XK�i�j�1

l¼2

ðbl�1�blÞ�dðK�lþ1Þ
i, jþ1 Þ�RiÞfnðjsnÞþ fnððK�1ÞsnÞ

�
:

It means that �d
ðKþ1Þ
0, jþ1 ¼ PK�j�1

l¼2 ðbl�1 � blÞ�dðKÞ0, jþ1 � 0, �d
ðKþ1Þ
i, jþ1 ¼

ð1�b1Þ�dðKÞi�1, jþ1 þ
PK�i�j�1

l¼2 ðbl�1 � blÞ�dðK�lþ1Þ
i, jþ1 � 0, i ¼ 1 , :::,K�j�3, �d

ðKþ1Þ
i, jþ1

¼ ð1�b1Þ�dðKÞi�1, jþ1 � 0, i ¼ K�j�2,K�j�1, j ¼ 0, :::,K�1; �d
ðKþ1Þ
0,K�1 ¼ 0, �d

ðKþ1Þ
1,K�1

¼ ð1�b1Þ�dðKÞ0,K�1 � 0; �d
ðKþ1Þ
0,K ¼ 1; and

XK�1

j¼0

XK�j�1

i¼0

�d
ðKþ1Þ
i, jþ1 bj

¼ ð1�b1Þ
XK�2

j¼0

XK�j�2

i¼0

�d
ðKÞ
i, jþ1bj þ

XK�2

l¼2

ðbl�1 � blÞ
XK�l�1

j¼0

XK�l�j�1

i¼0

�d
ðK�lþ1Þ
i, jþ1 bj þ bK�1 ¼ 1:

Thus, by induction, we can obtain our conclusion. w
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Remark 3.1. Here, the solution VnðksnÞ is a little bit different from it in
[18,19]. It is because in general that fnð0Þ 6¼ 0 in the present paper, but
fnð0Þ ¼ 0 in [18, 19].

Theorem 3.5. Let a> 1
2 and let etAn be the C0-semigroups generated by the

operators An. Assume that etAn satisfy condition ðBÞandx ¼ 0. If we have
jjs2a�1

n A2
njj � c, where c is independent of n, then for the scheme (3.2), we

have

jjUnðksnÞjj � �Mjjxnjj þ �MCð1�aÞðksnÞa sup
0�j�k�1

jjfnðjsnÞjj:

Proof. From Theorem 3.5 in [18, 19], we have jjWnðksnÞjj � �Mjjxnjj: We
just need to show jjVnðksnÞjj � �MCð1�aÞðksnÞa sup0�j�k�1 jjfnðjsnÞjj:
Since

Pk�1
j¼0

Pk�j�1
i¼0

�d
ðkþ1Þ
i, jþ1 bj ¼ 1, then we have

Pk�1
j¼1

Pk�j�1
i¼0

�d
ðkþ1Þ
i, jþ1 bj �

1,
Pk�1

i¼0
�d
ðkþ1Þ
i, 1 � 1: We also know that bjb�1

k�1 � 1, when j � k�1, b�1
k�1 �

ka
1�a and b�1

k�1� ka
1�a ask ! 1 (see [27]). Then together with jj�Rijj � �M

from [18], we obtain

jjVnðksnÞjj � �MCð2�aÞsan sup
0�j�k�1

jjfnðjsnÞjj
Xk�1

j¼0

Xk�j�1

i¼0

�d
ðkþ1Þ
i, jþ1

� �MCð2�aÞsanb�1
k�1 sup

0�j�k�1
jjfnðjsnÞjj

Xk�1

j¼0

Xk�j�1

i¼0

�d
ðkþ1Þ
i, jþ1 bj

¼ �MCð2�aÞsanb�1
k�1 sup

1�j�k
jjfnðjsnÞjj

� �MCð2�aÞsan
ka

1� a
sup

0�j�k�1
jjfnðjsnÞjj

¼ �MCð1�aÞðksnÞa sup
0�j�k�1

jjfnðjsnÞjj:

w

From the theorem above and Theorem 3.10 in [18], we have the follow-
ing conclusion.

Theorem 3.6. Assume that analytic C0-semigroups etAn satisfy condition
ðB1Þwithx ¼ 0 and jj Cð2�aÞ

ð1�b1Þ s
a
nAnjj � c. Then there exists a constant �M, such

that

jjUnðksnÞjj � �Mjjxnjj þ �MCð1�aÞðksnÞa sup
0�j�k�1

jjfnðjsnÞjj:
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Now we get the order of convergence of the explicit difference
scheme (3.2).

Theorem 3.7. The representation of the difference zunðksnÞ ¼
unðksnÞ�UnðksnÞ is:

zunðksnÞ ¼ Cð2�aÞsan
Xk
j¼1

Xk�j

i¼0

�d
ðkþ1Þ
i, j

�RirunðjsnÞ, (3.4)

where runðksnÞ ¼ Da
tk
unð�Þ�ðDa

t unÞðtk�1Þ and �d
ðkÞ
i, j are the same as them in

[18, 19]. Then under the assumption of Theorem 3.5 and xn 2 DðA2
nÞ, fnð�Þ 2

C2ð½0,T�;EnÞ, Anfnð�Þ 2 C1ð½0,T�; EnÞ, there are the following estimate for
zunðksnÞ,
jjzunðksnÞjj�CðaÞsanmaxfjjAnxnjj,jjA2

nxnjj,jjfnð�ÞjjC2ð 0,T½ �;EnÞ,jjAnfnð�ÞjjC1ð 0,T½ �;EnÞg:

Proof. Since zunðksnÞ ¼ unðksnÞ�UnðksnÞ, one has that UnðksnÞ ¼
unðksnÞ�zunðksnÞ: Then Da

ksnðunð�Þ�zunð�ÞÞ ¼ Anðunððk�1ÞsnÞ
�zunððk�1ÞsnÞÞ þ fnððk�1ÞsnÞ, and

Da
tk
zunð�Þ ¼ Anzunðtk�1Þ þ Da

tk
unð�Þ�ðDa

t unÞðtk�1Þ
¼ Anzunððk�1ÞsnÞ þ runðksnÞ: (3.5)

Here

runðsnÞ ¼ Da
snunð�Þ�Anunð0Þ�fnð0Þ

¼ s1�a
n

Cð2� aÞ
unðsnÞ�unð0Þ

sn
�Anxn�fnð0Þ

¼ unðsnÞ�xn
Cð2� aÞsan

�Anxn�fnð0Þ:

While we know that unðsnÞ ¼ Saðsn,AnÞxn þ
Ð sn
0 Paðsn�s,AnÞfnðsÞds:

Together with equation (2.6), one has that unðsnÞ ¼ xn þÐ sn
0 APaðs,AnÞxndsþ

Ð sn
0 Paðsn�s,AnÞfnðsÞds: Hence from Lemma

1.1, jjrunðsnÞjj � CmaxfjjAnxnjj, jjfnð�ÞjjCð½0,T�;EnÞg:
For k � 2, one has

runðksnÞ ¼ Da
tk
unð�Þ�ðDa

t unÞðtk�1Þ
¼ Da

tkunð�Þ�ðDa
t unÞðtkÞ þ ðDa

t unÞðtkÞ�ðDa
t unÞðtk�1Þ

¼ �runðksnÞ þ AnunðksnÞ þ fnðksnÞ�Anunððk�1ÞsnÞ�fnððk�1ÞsnÞ
¼ �runðksnÞ þ ðAnu

0
nðnsnÞ þ f 0nðfsnÞÞsn, n, f 2 ððk�1Þ, kÞ

if unð�Þ 2 C1ð½0,T�;DðAnÞÞ and fnð�Þ 2 C1ð½0,T�;EnÞ
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We know from (3.3) that jju0nðtÞjj � Cð1þ ta�1ÞmaxfjjAnxnjj,
jjfnð�ÞjjC1ð½0,T�;EnÞg: Therefore jjAnu0nðtÞjj � Cð1þ ta�1ÞmaxfjjA2

nxnjj,
jjAnfnð�ÞjjC1ð½0,T�;EnÞg: Together with jj�runðksnÞjj � CsanmaxfjjAnxnjj,
jjfnjjC2ð½0,T�;EnÞg, we can get

runðksnÞ�CsanmaxfjjAnxnjj,jjA2
nxnjj,jjfnð�ÞjjC2ð 0,T½ �;EnÞ,jjAnfnð�ÞjjC1ð 0,T½ �;EnÞg,k�2:

Similar to the proof of Theorem 3.7 in [19], we can get our conclu-
sion. w

Theorem 3.8. Under the assumptions of Theorem 3.6 and
xn 2 DðA2

nÞ, fnð�Þ 2 C2ð½0,T�;EnÞ,Anfnð�Þ 2 C1ð½0,T�; EnÞ, one has the follow-
ing estimate for zunðksnÞ :
jjzunðksnÞjj �CðaÞsanmaxfjjAnxnjj, jjA2

nxnjj, jjfnð�ÞjjC2ð 0,T½ �;EnÞ, jjAnfnð�ÞjjC1ð 0,T½ �;EnÞg:

The proof is the same as in Theorem 3.7 just with correspondent
changes of the assumption for stability.

Remark 3.2. In the implicit difference scheme, the error which is
�zunðksnÞ ¼ unðksnÞ��UnðksnÞ, satisfies the estimate

jj�zunðksnÞjj � CðaÞsanmaxfjjAnxnjj, jjfnð�ÞjjC2ð 0,T½ �;EnÞg:

While in the explicit difference scheme, zunðksnÞ ¼ unðksnÞ�UnðksnÞ sat-
isfies the estimate

jjzunðksnÞjj � CðaÞsanmaxfjjAnxnjj, jjA2
nxnjj, jjfnð�ÞjjC2ð 0,T½ �;EnÞ, jjAnfnð�ÞjjC1ð 0,T½ �;EnÞg:
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Appendix

In this part, we recall the following version of Trotter-Kato’s Theorem [28, 29] on general
approximation scheme.

Theorem 4.1. [4] (Theorem ABC) Assume that A 2 CðEÞ,An 2 CðEnÞ and they generate
C0-semigroups. The following conditions (A) and (B) are equivalent to condition ðCÞ:

(A) Consistency. There exists k 2 qðAÞ \ \n qðAnÞ such that the resolvents converge

ðkIn�AnÞ�1!PPðkI�AÞ�1;

(B) Stability. There are some constants M � 1 and x, which are not depending on n and
such that jj exp ðtAnÞjj � M exp ðxtÞ for t � 0 and any n 2 N;

(C) Convergence. For any finite T>0 one has

maxt2 0,T½ � jj exp ðtAnÞu0n�pn exp ðtAÞu0jj ! 0

as n ! 1, whenever u0n!
P
u0 for any u0n 2 En, u0 2 E:

Remark 4.1. In case of approximation of analytic semigroups they have some changes in
formulation of Theorem 4.1:

ðB1Þ Stability. There exist constants M � 1 and x independent of n such that for any
Rek>x, jjðkIn�AnÞ�1jj � M

jk�xj for all n 2 N;

ðC1Þ Convergence. For any finite l>0 and some 0<h< p
2 we have maxg2Rðh,lÞ

jj exp ðgAnÞu0n�pn exp ðgAÞu0jj ! 0 as n ! 1 whenever u0n!
P
u0: Here we denote

Rðh, lÞ ¼ fz 2 RðhÞ : jzj � lg and RðhÞ ¼ fz 2 C : jarg zj � hg:
For the semidiscrete approximation of a-times resolvent family, we have the following

ABC Theorems:
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Theorem 4.2. [16] Suppose that 0<a � 2 and A, An generate exponentially bounded
a-times resolvent families Sað�,AÞ, Sað�,AnÞ in the Banach spaces E, En, respectively. The fol-
lowing conditions (A) and ð~BÞ are equivalent to condition ð~CÞ:

(A) Consistency. There exists k 2 qðAÞ \ \n qðAnÞ such that the resolvents converge

ðkIn�AnÞ�1!PPðkI�AÞ�1;
ð~BÞ Stability. There are some constants M � 1 and x, which are not depending on n and

such that jjSaðt,AnÞjjBðEnÞ � Mext for t � 0, n 2 N;

ð~CÞ Convergence. For some finite x1>0 one has
maxt2½0,1Þe�x1tjjSaðt,AnÞxn�pnSaðt,AÞxjjEn ! 0 as n ! 1, whenever xn!P x for
any xn 2 En, x 2 E:

Theorem 4.3. [17] Suppose that 0<a � 2 and A, An generate exponentially bounded ana-
lytic a-times resolvent families Sað�,AÞ, Sað�,AnÞ in the Banach spaces E, En, respectively. The
following conditions (A) and ðB0Þ are equivalent to condition ðC0Þ:

(A) Consistency. There exists k 2 qðAÞ \ \n qðAnÞ such that the resolvents converge

ðkIn�AnÞ�1!PPðkI�AÞ�1;
ðB0Þ Stability. There are some constants M � 1, 0<h � p=2 and x which are independent of
n, such that the sector ðxþ Rhþp=2Þa is included in qðAnÞ and

sup
k2xþRbþp=2

jjka�1Rðka;AnÞjjBðEnÞ �M=jk�xj for any n2N and for any 0<b<h:

ðC0Þ Convergence. For some finite x1>0 one has

sup
z2Rb

e�x1RezjjSaðz,AnÞxn�pnSaðz,AÞxjjEn ! 0 as n ! 1,

whenever xn!P x for any xn 2 En, x 2 E and for any 0<b<h:
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