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Abstract—The problem of the far field of internal gravity waves generated by a perturbation source of
radial symmetry aroused at an initial instant of time is solved. The constant model distribution of the
buoyancy frequency is considered and, using the Fourier–Hankel transform, an analytical solution to
the problem is obtained in the form of the sum of wave modes. Asymptotics of the solutions that
describe the spatial-temporal characteristics of elevation of the isopycnic lines and the vertical and
horizontal velocity components far from the perturbation source are obtained. The asymptotics of the
components of the wave field are expressed in terms of the square of the Airy function and its deriva-
tives in the neighborhood of the wave fronts of an individual wave mode. The exact and asymptotic
results are compared and it is shown that the asymptotic method makes it possible to calculate effec-
tively the far wave fields at times of the order of ten and more of the Brunt–Väisälä periods.
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The analytical and numerical investigations of the evolution of dispersive internal gravity waves (IGW)
generated by nonlocal perturbation sources in natural stratified media show that the structure of wave pat-
terns at large distances from these sources (much more than their characteristic dimensions) depends only
slightly on their shape and is determined by only the dispersion laws of these media [1–3]. Therefore,
using model representations to describe various sources, in the far zone the wave field can be described
using relatively simple analytical formulas [4–6]. In this case the initial and boundary conditions must be
determined from the results of direct numerical simulation of the near field with account for the nonlinear
hydrodynamic equations or using particularly evaluating (semi-empirical) considerations [6–8]. The
assumption on excitation of IGW packets by the pulse action [4, 5, 9–11] may be considered as a possible
model of wave generation. To carry out estimative calculations of internal gravity waves it is necessary to
select the parameters of the used source model so that to approximate the modeled wave systems to those
observed in reality including the space photos and wave patterns [12–14]. Thus, the mathematical models
of wave generation can be not only verified but also used to carry out the predictive estimations since these
model conditions specified a priori contain a lot of real information on whose base the linear theory can
give satisfactory results far from various perturbation sources [3, 4, 15–18].

The aim of the present study is to construct asymptotics that describe the far fields of linear internal
gravity waves excited by a perturbation source of radial symmetry aroused at an initial instant of time in
the layer of a stratified medium of finite thickness.

1. FORMULATION OF THE PROBLEM
We will consider the layer of a stratified medium of finite thickness H. In the cylindrical coordinates

(r, z) (it is assumed that the quantities are independent of the angle and the z axis is directed upward) in
the Boussinesq approximation the equation for linear internal gravity waves for small perturbations of the
isopycnic elevation  takes the form [1, 6]:η( , , )r z t
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Here and in what follows the Brunt–Väisälä frequency (the buoyancy frequency) is assumed to be con-
stant  = const. The initial and boundary conditions are taken in the form:

where  is the vertical velocity component and the initial perturbation of the isopycnic lines 
is assumed to have radial symmetry. All the unknown functions depend on the radial coordinate ,
time t, and the vertical coordinate z, while there is no dependence on the angle. The solution of the initial-
boundary-value problem obtained will be constructed using the Fourier–Hankel transform [19, 20]. As a
result, we obtain

(1.1)

where J0 is the zero-order Bessel function. Note that the function  is independent of the mode num-
ber n by virtue of constant buoyancy frequency and  for all the numbers n. The expressions
for the vertical velocity component take the form:

(1.2)

The horizontal (radial) velocity component  can be determined from the incompressibility
equation in the cylindrical coordinates [6]

Taking into account the fact that the solution of the equation [19, 20]

is the function  (J1 is the first-order Bessel function), we can obtain

(1.3)

The obtained solutions (1.3) show that the horizontal (radial) velocity component  is equal to
zero at r = 0 and all the values of z, t, i.e., . In dimensionless variables , ,

, and  (in what follows, the symbol “*” will be omitted) the expressions (1.1)–(1.3) can
be represented in the form:
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(1.4)

2. ASYMPTOTICS OF THE SOLUTIONS IN THE NEIGHBORHOOD OF WAVE FRONTS

In the given initial distribution of elevation of the isopycnic lines  we will assumed that the func-
tions  and  are normalized by their maxima (taken in absolute value). Then, we will consider the
following initial radial distribution of the initial perturbation:  (the factor 1/2 is used
for simplicity of algebra). Then from (1.1) we will have: . For large values r ≫ 1 and τ ≫ 1
the integrals (1.4) can be calculated using the steady-state phase method. For this purpose it is necessary
to replace the Bessel function by its asymptotics  [19, 20]. Substituting this
expression in (1.4), we can obtain

For large values of r and τ the integral  is exponentially small since there are no stationary points on
the integration interval. Using the steady-state phase method, we can obtain the following equation for

finding the stationary points: , where . The solution of this equation takes the form: kn(ρ) =

. Finally, we can obtain: , where .
Similarly, using the steady-state phase method, we have , Pn(r, τ) =

–(1 – , and  ≈ . The obtained asymptotic formulas for the
functions , , and  make it possible to calculate the spatial and temporal characteristics
of elevations of isopycnic lines and the vertical and horizontal (radial) velocity components of internal
gravity waves in the approximation of the steady-state phase at a fixed depth far from a nonlocal pertur-
bation source of radial symmetry which is burst at the initial instant of time. However, these asymptotics
cannot be used in the neighborhood of wave fronts [6, 20]. To construct the local asymptotics, i.e., the
asymptotics that describe the field of internal gravity waves, in what follows we will replace the function

 in the integral  for small wavenumbers by the expansion . Then we can
obtain

For small  (in the neighborhood of wave fronts) stationary points tend to zero, i.e., to the edge of the
integration domain and simultaneously to the singularity of the integrand . In this case the steady-state
phase method cannot be used and to construct local asymptotics the original integral has to be reduced to
a more complex standard integral using a suitable change of variables. The choice of the standard integral
is determined by the distribution of the stationary points of the phase function and the singular points of
the integrand as a function of the problem parameters. Construction of local asymptotics is based on
reduction of the original integral to a standard integral, i.e., such a simplest integral which has the required
set of critical points located similarly to their mutual location in the integral under consideration. Thus,
the construction of asymptotics reduces to choice of the corresponding special function and its several
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first derivatives, and to determination of the dependence of arguments of this special function, as well as
the amplitude and phase multiplier as functions of the problem parameters. In this case the model integral
which can be expressed in terms of the square of the Airy function will be the following integral [20, 21]:

The function G(x) must satisfy the equation  that can be solved by the Laplace
method [20, 21]. Then, using the change of variable , we can obtain the following expressions
for local asymptotics in the neighborhood of the wave front that take the form:

(2.1)

For the functions  the local asymptotics in the neighborhood of the wave fronts can be obtained
from (2.1) by means of differentiation with respect to the variable τ (in this case only the function J should
be differentiated)

The expressions for the local asymptotics of the horizontal (radial) velocity component take the form:

We can note that the expressions for the asymptotics of elevation of the isopycnic lines  and the
horizontal (radial) velocity component  coincide correct to the factor n (number of mode).

3. RESULTS OF THE NUMERICAL CALCULATIONS
For the numerical calculations we used the following representation of the function  that has a sin-

gle maximum, namely, , the values of the parameters were as follows: α = 33, β = 57. The
spatial scales used and the character of variability of the initial perturbation of the isopycnic lines corre-
spond to the typical horizontal and vertical scales of real sources of excitation of internal gravity waves in
the Ocean [3–5, 12–14]. In Fig. 1 we have reproduced the results of calculations of the function 
(the first elevation mode) at τ = 30 and τ = 70 (the left- and right-hand pictures, respectively). Continu-
ous curve corresponds to the exact solution and broken curve to the approximation of local asymptotics
on the base of formula (2.1). From the represented results we can see good coincidence of the exact and
asymptotic results in the neighborhood of the wave fronts for large . In Fig. 2 we have reproduced the
results of calculations of the function  (the first elevation mode) at τ = 70. Continuous curve cor-
responds to the exact solution, dashed curve to the calculations based on the steady-state phase method,
and dotted curve to the approximation of local asymptotics from formula (2.1). As shown by the numerical
calculations, the asymptotics obtained make it possible to calculate fairly exactly the far wave fields at
times of the order of ten and more of the Brunt–Väisälä periods. In the neighborhood of the wave fronts
of an individual mode the asymptotics of components of the wave field of internal gravity waves (elevation
of the isopycnic lines and the vertical and horizontal velocity components) can be expressed in terms of
square of the Airy function and its derivatives, the steady-state phase method can be used at large distances
from the wave fronts.

The general scheme of modeling the far fields of internal gravity waves generated by a suddenly appear-
ing nonlocal perturbation source can be represented as follows. Using the numerical solution of the com-
plete system of hydrodynamic equations, the basic characteristics of parameters of the wave field (the iso-
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Fig. 1. Elevation of the first mode: exact solution and local asymptotics on the neighborhood of the front.
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Fig. 2. Elevation of the first mode: exact solution, local asymptotics, and asymptotics of steady-state phase.
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pycnic elevation, the velocity components, the density, and the pressure) can be determined; a certain ini-
tial spatial distribution of these components can be specified [6–8]. Far from the perturbation sources,
assuming the adequacy of using the linear wave dynamics model, the far fields of internal gravity waves
can be calculated from the asymptotic formulas; in this case, as shown by the calculation results, under
the majority of real hydrological conditions of the World Ocean the basic contribution to the far fields is
made only by first several wave modes [3, 4, 16–18].

SUMMARY

The asymptotics of solutions obtained in the present study make it possible effectively to calculate
the wave fields of internal gravity waves far from the nonlocal perturbation sources and qualitatively
estimate the solutions obtained. As a result of carrying out multivariant model calculations on the base
of the asymptotic formulas, the modeled wave system can be approached to the wave systems observed
under the natural conditions. This makes it possible to estimate the physical parameters of real sources
of excitation of internal gravity waves in the ocean. Therefore, the asymptotic results obtained make it
possible to determine the basic characteristics of the initial perturbations by varying the model values
of the initial parameters.
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