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Abstract — Optimal strategy of development of oil fields is 

constructed for one-dimensional the Buckley-Leverett model. The 

obtained results are intended for use in field development 

conventional or heavy oil alternating parallel rows of vertical 

production and injection wells and alternating trunks or vertical 

cracks hydraulic fracturing in the bottom-hole zones of horizontal 

production and injection wells. 

Index Terms Multiphase flow, Buckley-Leverett model, porous 

medium.  

INTRODUCTION 

In this paper we consider the Buckley-Leverett model 

[1,2,3] for the filtration of a two-phase system (water – oil) 

under the assumption that the liquids are incompressible and 

immiscible, and without capillary forces.  

We consider the case where there is one injection well 

and one producing well.  

For this model, various optimal control regimes have 

been investigated, delivering the maximum production level at 

the second well. 

THE MODEL 

Let  𝑢𝑖 , 𝑖 = 1,2  be the filtration rate (that is, the 

volume of fluid passing through the unit surface per unit time, 

and 𝑠𝑖  is the saturation (i.e., part of the volume) of the i-th 

component. By 𝜌𝑖 , 𝜇𝑖  we denote the pressure and viscosity of 

the i-th component respectively.  

Neglecting the capillary forces, we assume that 

𝑝1 = 𝑝2 = 𝑝. 

In addition, since 𝑠1 + 𝑠2 = 1, we assume that 

𝑠1 = 𝜍, 𝑠2 = 1 − 𝜍.  

The Buckley-Leverett system of equations consists of 

two sets of equations that reflect the Darcy law and the law of 

conservation of mass.  

In our case, we assume that the Darcy law for each 

component has the form: 

𝑢1 = −
𝑘

𝜇1
𝑓1 𝜍 grad𝑝1 ,                          (1) 

𝑢2 = −
𝑘

𝜇2
𝑓2(𝜍)grad𝑝2 ,                       (2) 

where k is a coefficient of hydraulic conductivity, and 𝑓𝑖(𝜍) is a 

phase permeability. 
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The second group of equations that reflect the law of 

conservation of mass has the form: 

 

 

                Fig. 1. Graph of the function  𝐹 𝜍 . 

 

𝑚
∂𝑠1

∂𝑡
+ div𝑢1 = 0,                           (3) 

𝑚
∂𝑠2

∂𝑡
+ div𝑢2 = 0,                           (4) 

where m is the porosity of the medium, i.e. coefficient that 

indicates what part of the environment occupy the pores. 

Adding Eq.3 and Eq.4 and, using the fact that  

𝑠1 + 𝑠2 = 1, 

we obtain the following relation: div 𝑢 = 0, where 𝑢 = 𝑢1 +
𝑢2 is a total filtration rate.  

Accordingly, equation (3) takes the form 

𝑚𝜍𝑡 + 𝑑𝑖𝑣(𝐹(𝜍)𝑢) = 0                         (5) 

where  

𝐹 𝜍 =
𝑓1 𝜍 

𝑓1 𝜍 + 𝜇𝑓2 𝜍 
, 𝜇 =

𝜇1

𝜇2

.  

 

Adding now Eq.1 and Eq.2 under the assumption of 

absence of capillary forces, i.e. 

𝑝1 = 𝑝2 = 𝑝, 

we obtain Darcy's law for the total filtration rate: 

𝑢 = −𝑓(𝜍)∇𝑝, 
where  

𝑓(𝜍) =
𝑘

𝜇1

𝑓1(𝜍) +
𝑘

𝜇2

𝑓2(𝜍). 

 

                  Fig. 2. Graph of the function  𝐹′′ 𝜍 . 

We call the resulting system the Buckley–Leverett 

system (see [2]): 

 
𝑚𝜍𝑡 + 𝑈𝐹′(𝜍)𝜍𝑥 = 0,

𝑢 = −𝑓(𝜍)∇𝑝,
𝑢𝑥 = 0.

  

 Note that knowing the total filtration rate u, we can 

restore the phase filtration rates 𝑢1 and 𝑢2  as follows: 

𝑢1 = 𝐹(𝜍)𝑢,    𝑢2 = (1 − 𝐹(𝜍))𝑢2. 
In this paper we consider only the one-dimensional 

case, typical of filtration processes, when the development of 

oil fields is made using alternating rows of vertical and 

horizontal trunks of production and injection wells and 

alternating vertical cracks hydraulic fracturing in the bottom-

hole zones of production and injection horizontal wells.  

Then the condition 

𝑑𝑖𝑣 𝑢 = 𝑢𝑥 = 0 

means that the total filtration rate depends on time only: 

𝑢 = 𝑢(𝑡). We introduce the function 𝜏 𝑡  such that  

𝑢 = 𝜏  𝑡 ,     𝜏(0) = 0. 
In what follows we assume that 𝑢 > 0, i.e. that the 

function 𝜏 𝑡  is monotonically increasing.  

Under these assumptions, we can represent the 

saturation function 𝜍 𝑡, 𝑥  in the following form: 

𝜍(𝑡, 𝑥) = 𝑎(𝜏(𝑡), 𝑥), 
where the function 𝑎(𝜏, 𝑥)  satisfies the analogue of Eq.5: 

𝑚
∂𝑎

∂𝜏
+ 𝐹′(𝑎)

∂𝑎

∂𝑥
= 0. 

 

 

     Fig. 3. Graph of the function  ϕ α . 

BOUNDARY VALUE PROBLEM 

Suppose that the injection well is at the point 𝑥0, and 

the producing well is at the point 𝑥1, where 𝑥1 > 𝑥0.  

Suppose also that the saturation 𝑠1 = 𝜍 is given at the 

point 𝑥0, i.e. 𝜍(𝑡, 𝑥0) = 𝛼(𝑡) for some function 𝛼.  

Then the solution 𝜍(𝑡, 𝑥) of Eq.5, under the 

assumption that the function 𝜏 𝑡  is known, can be found by 

the method of characteristics. 

Namely, the characteristic equations for equation (13) 

have the form 

𝜏 = 1, 𝑥 =
1

𝑚
𝐹′ 𝑎 , 𝑎 = 0 



and we see that  

𝑥1(𝜏1) − 𝑥0(𝜏0) =
𝐹′(𝑎0)

𝑚
(𝜏1 − 𝜏0),                 (6) 

where a function 𝑎0 = 𝑎(𝜏0, 𝑥(𝜏0)) is constant along the 

characteristic. 

Consider a characteristic starting at the point (𝑥0 , 𝑡0)  

and ending at the point (𝑥1 , 𝑡1). Then from Eq.6 we obtain: 

𝑥1 − 𝑥0 =
𝐹′(𝑎0)

𝑚
(𝜏(𝑡1) − 𝜏(𝑡0)), 

or 

𝜏 𝑡1 − 𝜏 𝑡0 = 𝜙 𝛼 𝑡0  ,                      (7) 

where 

𝜙 𝛼 =
𝑚 𝑥1 − 𝑥0 

𝐹′ 𝛼 
. 

In addition, the saturation value of the first phase 

𝜍(𝑡, 𝑥1) = 𝛽 𝑡  at the second well is equal to 𝛽(𝑡1) = 𝛼(𝑡0). 
By 𝜋0(𝑡) and 𝜋1 𝑡  we denote  the value of the 

pressure gradient at the first and second wells, respectively: 

∇𝑝|𝑥=𝑥0
= 𝜋0 𝑡 , ∇𝑝|𝑥=𝑥1

= 𝜋1(𝑡). 

Then from Darcy's law it follows that 

𝑈|𝑥=𝑥0
= 𝜏′(𝑡) = −𝑓(𝛼(𝑡))𝜋𝑜(𝑡),

𝑈|𝑥=𝑥1
= 𝜏 ′ 𝑡 = −𝑓 𝛽 𝑡  𝜋1 𝑡 ,

 

or 

𝑓 𝛼 𝑡  𝜋0(𝑡) = 𝑓(𝛽(𝑡))𝜋1(𝑡). 

In particular, the condition 𝑢 > 0 is satisfied if and 

only if the functions 𝜋0(𝑡)and 𝜋1(𝑡) take only negative values. 

 

VARIATIONAL PROBLEM 

Suppose that the quantity of water  𝑐𝑉 is given, where 

𝑉 is the volume of the well pumped into the first well for a 

fixed time T, i.e. assume that 

𝐼𝑤 =  
𝑇

0

𝛼 𝑡0 𝑑𝑡0 = 𝑐. 

Then amount of oil available for production in the 

second well is 

𝐼𝑜 =  
𝑇2

𝑇1

(1 − 𝛽(𝑡1))𝑑𝑡1, 

where the time intervals 𝑇,𝑇1 ,𝑇2are related by the relation 

Eq.7, namely 
𝜏 𝑇1 = 𝜙 𝛼0 ,

𝜏 𝑇2 = 𝜏 𝑇 + 𝜙 𝛼1 ,
 

where 𝛼0 = 𝛼 0 ,  𝛼1 = 𝛼 𝑇 .  
Let us find the injection mode at the first well (i.e., the 

function 𝛼(𝑡)), such that the value of 𝐼0  should be maximal for 

the given value of 𝐼𝑤 .  

Taking into account Eq.7, we obtain 

𝑑𝑡1 =
𝜏′(𝑡0) + 𝜙′(𝛼(𝑡0))𝛼′(𝑡0)

𝜏′(𝑡1)
𝑑𝑡0. 

Accordingly, the integral 𝐼𝑤  takes the following form: 

 

𝐼𝑤 =  
𝑇

0

(1 − 𝛼(𝑡0))
𝑓(𝛼(𝑡0))𝜋0 − 𝜙′(𝛼(𝑡0))𝛼′(𝑡0)

𝑓(𝛽(𝑡1))𝜋1(𝑡)
𝑑𝑡0. 

 

Further, 𝛽(𝑡1) = 𝛼(𝑡0) and assuming that 

 𝜋1 𝑡 = const = 𝜋1, 

we rewrite 𝐼𝑤  in the following form: 

 

𝐼𝑤  =
1

𝜋1

 
𝑇

0

(1 − 𝛼(𝑡))(𝜋9(𝑡) − 𝐺(𝛼(𝑡0))𝛼′(𝑡0))𝑑𝑡0, 

 

 

         Fig. 4. Graph of the function  G α . 

 

where  

𝐺 𝛼 =
𝜙 ′ 𝛼 

𝑓 𝛼 
= −

𝑚 𝑥1 − 𝑥0 

𝑓(𝛼)𝐹′(𝛼)2
𝐹′′  𝛼 . 

  

Let 

 𝐿 𝑡0,𝛼,𝛼  =
1

𝜋1
 1 − 𝛼  𝜋0 𝑡0 − 𝐺 𝛼 𝛼  . 

Then the desired optimal value 𝛼 𝑡  is a solution of the 

following variational problem: 

 

 
𝑇

0
𝐿 𝑡0,𝛼,𝛼  𝑑𝑡0 → 𝑚𝑎𝑥,  

𝑡

0
𝛼𝑑𝑡0 = 𝑐 = const.     (8) 

 

The Euler-Lagrange equation for this problem has the 

form: 
∂𝐿

∂𝛼
(𝐿 − 𝜆𝛼) −

𝑑

𝑑𝑡

∂𝐿

∂𝛼 
= 𝜆, 

where 𝜆 is Lagrange’s multiplier, or 
𝜋0(𝑡)

𝜋1

= 𝜆. 

Thus, we obtain the following result. 

 

Theorem. The boundary conditions 𝜍 that solve the variational 

problem Eq.8 for the maximum volume of incoming oil to the 

second well, subject to a predetermined injection time T and 

the amount of injected water c, and a constant pressure 

gradient 𝜋1  at the second well, should be such that the pressure 

gradient at the first well will be a constant too: 𝜋0(𝑡) = 𝜋0 =
𝑐𝑜𝑛𝑠𝑡. 
 



 

Fig. 5. Graph of the function 𝐻(α), α 0 = 0.3. 

 

 

Corollary. For the optimal injection mode the following 

conditions are fulfilled: 

𝜋𝑓(𝛽(𝑡1)) = 𝜋𝑓(𝛽(𝑡0)). 
Assuming now that the gradient𝜋0(𝑡) = 𝜋0 = const, 

we calculate the integral 𝐼0: 

𝐼0 =
𝜋0

𝜋1

(𝑇 − 𝑐) −
1

𝜋1

𝐻(𝛼1), 

where 

𝐻(𝛼) =  
𝛼

𝛼(0)

(1 − 𝛼)
𝜙′(𝛼)

𝑓(𝛼)
𝑑𝛼. 

 

CONCLUSION 

The constructed method allows us to find the optimum 

strategy of management of developments of oil fields. This 

method can be used for domains with many wells and in case of 

not isothermal filtration too [4]. 
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